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�+FMQrH2/;2K2Mib

h?Bb /Bbb2`i�iBQM `2T`2b2Mib rQ`F �++QKTHBb?2/ BM #m`bib Q7 +`2�iBp2 2M2`;v BMi2`@
bT2`b2/ rBi? HQM; T2`BQ/b Q7 T`Q+`�biBM�iBQM- b2H7@HQ�i?BM;- �M/ 2tBbi2MiB�H /2bT�B`
UBM i?�i T`2+Bb2 Q`/2`VX A i?BMF A +�M b�72Hv +H�BK +`2/Bi 7Q` �HH i?2 iBK2 A bT2Mi `mKB@
M�iBM; QM i?2 K2�MBM;H2bbM2bb Q7 2tBbi2M+2 �M/ bBKBH�`Hv +?22`v �p2Mm2b Q7 i?Qm;?i
U�Hi?Qm;? `2T2�i r�i+?2b Q7 "QD�+F >Q`b2K�M +2`i�BMHv /B/ ?2HTV #mi i?2 /Bbb2`i�@
iBQM Bib2H7 rQmH/ MQi ?�p2 #22M TQbbB#H2 rBi?Qmi i?2 2zQ`ib Q7 b2p2`�H T2QTH2- bQK2
Q7 r?QK A bBKTHv ?�p2 iQ K2MiBQMX
AǶK BKK2Mb2Hv ;`�i27mH iQ Kv bmT2`pBbQ`- "2MD�KBM- 7Q` 2p2`vi?BM; ?2 ?�b i�m;?i K2-
7Q` �Hr�vb ?�pBM; iBK2 7Q` � /Bb+mbbBQM- 7Q` ?Bb T�iB2M+2 BM �Mbr2`BM; [m2biBQMb UbQK2
Q7 r?B+? r2`2 bQ B/BQiB+- i?2v K�F2 K2 rBb? A ?�/ �++2bb iQ i?2 L2m`�Hvx2` 7`QK
J2M BM "H�+FV- �M/ 7Q` K�FBM; Kv S?X.X � rQM/2`7mH 2tT2`B2M+2X 1p2`v /Bbb2`i�iBQM
�+FMQrH2/;2K2Mi AǶp2 2p2` `2�/ K�F2b Bi � TQBMi iQ i?�MF i?2 bmT2`pBbQ`- r?B+? Bb
bi`�M;2 bBM+2 i?2 H�r Q7 H�`;2 MmK#2`b rQmH/ bm;;2bi i?�i �i H2�bi bQK2 Q7 i?2b2
bmT2`pBbQ`b Kmbi #2 /QBM; � #�/ DQ#- #mi A `2�HHv /Q ?�p2 iQ b�v i?�i rBi?Qmi
"2MD�KBMǶb �/pB+2- bm;;2biBQMb �M/ ?2HT- i?Bb /Q+mK2Mi rQmH/ #2 bmBi�#H2 QMHv �b
FBM/HBM;X J2`+B pB2HK�H "2M5
�//BiBQM�HHv- A rBb? iQ �+FMQrH2/;2 irQ T2QTH2 r?QǶp2 ?�/ �M 2MQ`KQmb BM~m2M+2 QM
Kv ;`Qri? �b � K�i?2K�iB+B�M, �`MmH7 C2Mix2M- r?Q i�m;?i K2 i?2 p�Hm2 Q7 `B;Qm`
�M/ T`2+BbBQM r?2M Bi +QK2b iQ r`BiBM; 7Q`K�HHv +Q``2+i K�i?2K�iB+b- �M/ s�pB2`
*H�2vb r?Q ;�p2 K2 � rQM/2`7mH BMi`Q/m+iBQM iQ 7mM+iBQM�H �M�HvbBb 7Q` S.1b �M/
#QmM/�`v BMi2;`�H 2[m�iBQMb- r?Q ?Qbi2/ K2 BM S�`Bb �M/ r?Q ?�b �Hr�vb #22M
2t+22/BM;Hv ;2M2`Qmb BM b?�`BM; ?Bb 2tT2`iBb2 �M/ iBK2 rBi? K2X 6m`i?2`KQ`2- A
rQmH/ HBF2 iQ i?�MF upQM J�/�v 7Q` i�FBM; �M BMi2`2bi BM Kv rQ`F- 7Q` b?�`BM; ?Bb
BKK2Mb2 2tT2`B2M+2- �M/ 7Q` p2`v ;2M2`QmbHv ?QbiBM; K2 �i lSJ*X h?�MFb �`2 �HbQ
/m2 iQ :�#`B2H2 *B�`�K2HH� 7Q` BMpBiBM; K2 b2p2`�H iBK2b iQ EQMbi�Mx- r?B+? ?�b
`2bmHi2/ BM � 7`mBi7mH +QHH�#Q`�iBQM- iQ "û`2M;2` "`�K�b 7Q` ?Bb ?2HT QM �/�TiBM; i?2
a+�H6JJ HB#`�`v- iQ CmHB2M hQmHQmb2 7Q` Q`;�MBbBM; UirB+25V i?2 :._ *P__1G
rQ`Fb?QTb �M/ BMpBiBM; K2 iQ �ii2M/- �M/ iQ .�pB/ :QMiB2` �M/ JB+?�2H >2`#bi 7Q`
K�Mv mb27mH +QKK2MibX 6BM�HHv- A rBb? iQ i?�MF 1`B+ *�M+ĕb �M/ _�H7 >BTiK�B` 7Q`
p2`v FBM/Hv �;`22BM; iQ `2pB2r Kv /Bbb2`i�iBQMX
PM � T2`bQM�H H2p2H- A rBb? iQ i?�MF Kv 7`B2M/b �M/ 7�KBHv r?Q- /2bTBi2 Kv 2+@
+2Mi`B+BiB2b �M/ ;2M2`�H b2H7@+2Mi`2/M2bb- ?�p2 #22M � rQM/2`7mH bQm`+2 Q7 bmTTQ`iX
hQ b?�K2H2bbHv TH�;B�`Bx2 q2b �M/2`bQM- i?2v `2KBM/ K2 i?�i ǳi?2`2 �`2 biBHH 7�BMi
;HBKK2`b Q7 +BpBHBx�iBQM H27i BM i?Bb #�`#�`B+ bH�m;?i2`?Qmb2 i?�i r�b QM+2 FMQrM �b
?mK�MBivǴX 6BM�HHv- A rQmH/ #2 `2KBbb B7 A /B/MǶi K2MiBQM Kv T�`2MibX Ai i�F2b �
bT2+B�H FBM/ Q7 +Qm`�;2 7Q` � KB//H2@+H�bb 7�KBHv BM i?2 i?B`/ rQ`H/ iQ 2M+Qm`�;2 i?2B`
bQM iQ bim/v K�i?2K�iB+b- �M/ AǶHH �Hr�vb #2 ;`�i27mH 7Q` i?2B` bmTTQ`iX
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wmb�KK2M7�bbmM;

.B2b2 .Bbb2`i�iBQM #27�bbi bB+? BM 2`bi2` GBMB2 KBi /2` �M�Hvb2 pQM K�i?2K�@
iBb+?2M JQ/2HH2M- /B2 #2B /2` lMi2`bm+?mM; /2` TQH�`BbB2`#�`2M 1H2Fi`Qbi�iBF
2Mibi2?2M- 2Mir2/2` BK wmb�KK2M?�M; KBi /B2H2Fi`Bb+?2M h2BH+?2M- /B2 bB+?
;2;2Mb2BiB; TQH�`BbB2`2M- Q/2` KBi BKTHBxBi2M aQHp�iBQMbKQ/2HH2M BM /2` i?2Q@
`2iBb+?2M *?2KB2X .�b >�mTixB2H mMb2`2` �`#2Bi Bbi 2b xm p2`bi2?2M- rB2 /B2
:2M�mB;F2Bi mM/ /2` _2+?2M�m7r�M/ /2` MmK2`Bb+?2M J2i?Q/2M- /B2 xm` Gƺ@
bmM; /2` H2Bi2M/2M :H2B+?mM;2M BM #2B/2M 6 HH2M p2`r2M/2i r2`/2M- KBi /2`
�Mx�?H /2` P#D2Fi2 BK S`Q#H2K bF�HB2`2MX lK /2M G2b2` xm mMi2`biɃix2M-
?�#2M rB` /B2 .Bbb2`i�iBQM BM /`2B r2Bi;2?2M/ mM�#? M;B;2 h2BH2 ;2;HB2/2`i,
AK 2`bi2M h2BH /B2b2` .Bbb2`i�iBQM UE�TBi2H 2−5V �M�HvbB2`2M rB` 2BM2 _�M/BM@
i2;`�H;H2B+?mM;- /B2 /B2 2H2Fi`Qbi�iBb+?2 q2+?b2HrB`FmM; xrBb+?2M N /B2H2F@
i`Bb+?2M Fm;2H7ƺ`KB;2M h2BH+?2M KQ/2HHB2`i- /B2 bB+? ;2;2Mb2BiB; TQH�`BbB2`2MX
lMb2` >�mTi2`;2#MBb Bbi /2` L�+?r2Bb- /�bb mMi2` ;22B;M2i2M ;2QK2i`Bb+?2M
�MM�?K2M /B2 /`2B rB+?iB;bi2M :`ƺĽ2M- /B2 7Ƀ` /B2b2b S`Q#H2K pQM AMi2`@
2bb2 bBM/- M KHB+? /B2 BM/mxB2`i2 P#2`~ +?2MH�/mM; �m7 D2/2K h2BH+?2M- /B2
;2b�Ki2 2H2Fi`Qbi�iBb+?2 1M2`;B2 /2b avbi2Kb mM/ /B2 �m7 D2/2b h2BH+?2M rB`F@
2M/2M 2H2Fi`Qbi�iBb+?2M E` 7i2- KBi HBM2�`2` aF�HB2`mM; BM /2` :2M�mB;F2Bi
#2`2+?M2i r2`/2M FƺMM2M- /X?X 2b bBM/ Mm` O(N) PT2`�iBQM2M 2`7Q`/2`HB+?-
mK L ?2`mM;2M /B2b2` :`ƺĽ2M KBi 2BM2K ;2;2#2M2M mM/ 72bi2M `2H�iBp2M
62?H2` xm #2`2+?M2MX
AK xr2Bi2M h2BH /B2b2` .Bbb2`i�iBQM UE�TBi2H 6 − 8V 7Ƀ?`2M rB` 2BM2 aF�HB2`@
#�`F2Bib�M�Hvb2 /2` T�`�HH2H2M a+?r�`x@J2i?Q/2 /m`+?- /B2 xm` GƺbmM;
/2b BKTHBxBi2M aQHp�iBQMbKQ/2HHb pQM *PaJP 7Ƀ` /�b _2�FiBQMbTQi2MiB�H
p2`r2M/2i rB`/- /�b pQM 2BM2K ;2Hƺbi2M JQH2FɃH KBi 2BM2` ;2;2#2M2M
G�/mM;bp2`i2BHmM;- /�b BM 2BM TQH�`BbB2`#�`2b J2/BmK 2BM;2#2ii2i Bbi- 2`x2m;i
rB`/X lMb2` >�mTi2`;2#MBb Bbi /B2 EQMbi`mFiBQM 2BM2b M2m2M- bvbi2K�iBb+?2M
_�?K2Mb- /2` 2b mMb 2`H�m#i- /B2 LQ`K /2b a+?r�`x@PT2`�iQ`b 7Ƀ` :2#B2i2
xm +?�`�Fi2`BbB2`2M- /B2 ;2Hƺbi2 JQH2FɃH2 `2T` b2MiB2`2M- BM /2M2M K2?`2`2
�iQK2 2BM2 ;2K2BMb�K2 ɂ#2`H�TTmM; ?�#2M mM/ �iQK2 pQHHbi M/B; BK AM@
M2`2M /2b JQH2FɃHb Q?M2 wm;�M; xmK  mĽ2`2M J2/BmK 2BM;2#2ii2i b2BM FƺM@
M2MX
.2` /`Bii2 h2BH /B2b2` .Bbb2`i�iBQM UE�TBi2H 9V bi2HHi 2BM2 �#F2?` pQM /2M h?2@
K2M /2` TQH�`BbB2`#�`2M 1H2Fi`Qbi�iBF mM/ /2` aF�HB2`#�`F2Bib�M�Hvb2 /�`- /B2
bB+? �m7 /B2 h2BH2 A mM/ AA #2xB2?2M- �#2` bQrQ?H KBi /2M AMi2;`�HQT2`�iQ`2M
�Hb �m+? KBi /2` :2#B2ibx2`H2;mM; BM 2BM2K �HH;2K2BM2M aBMM p2`#mM/2M bBM/X
lMb2` >�mTi2`;2#MBb Bbi ?B2` /B2 1i�#HB2`mM; 2BM2` 7mM/�K2Mi�H2M EQMiBMm@
Bi ib2B;2Mb+?�7i 7Ƀ` _B2bx@SQi2MiB�H2 �m7 TQHv;QM�H2M _ M/2`M BM xr2B ` mK@
HB+?2M .BK2MbBQM2MX �Hb b+?r�+? bBM;mH `2 AMi2;`�HQT2`�iQ`2M FƺMM2M _B2bx@
SQi2MiB�H2 p2`r2M/2i r2`/2M- mK 2tTQM2MiB2HH FQMp2`;2Mi2- MB+?i Ƀ#2`H�T@
T2M/2 :2#B2ibx2`H2;mM;bK2i?Q/2M 7Ƀ` /B2 >2HK?QHix@:H2B+?mM; xm FQMbi`m@
B2`2M- mM/ mMb2` 1`;2#MBb 7ɃHHi 2BM2 GɃ+F2 BM /2` �M�Hvb2 bQH+?2` J2i?Q/2MX
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�#bi`�+i

h?Bb /Bbb2`i�iBQM Bb T`BK�`BHv +QM+2`M2/ rBi? i?2 �M�HvbBb Q7 K�i?2K�iB+�H
KQ/2Hb i?�i �`Bb2 BM i?2 bim/v Q7 TQH�`Bb�#H2 2H2+i`Qbi�iB+b- 2Bi?2` BM i?2 +QM@
i2ti Q7 /B2H2+i`B+ T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQM Q` BKTHB+Bi bQHp�@
iBQM KQ/2HHBM; BM i?2Q`2iB+�H +?2KBbi`vX h?2 K�BM Q#D2+iBp2 Q7 Qm` rQ`F Bb
iQ mM/2`bi�M/ ?Qr i?2 �++m`�+v �M/ +QKTmi�iBQM�H +Qbi Q7 i?2 MmK2`B+�H
K2i?Q/b mb2/ iQ bQHp2 i?2 ;Qp2`MBM; 2[m�iBQMb BM #Qi? +�b2b b+�H2 rBi? i?2
MmK#2` Q7 Q#D2+ib BM i?2 T`Q#H2KX hQ �B/ i?2 `2�/2`- r2 ?�p2 /BpB/2/ i?2
/Bbb2`i�iBQM BMiQ i?`22 #`Q�/Hv BM/2T2M/2Mi T�`ib,
AM i?2 }`bi T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2`b k@8V- r2 �M�Hvb2 � #QmM/�`v
BMi2;`�H 2[m�iBQM i?�i KQ/2Hb i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M N /B2H2+@
i`B+ bT?2`B+�H T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX Pm` K�BM `2bmHi Bb iQ
T`Qp2 i?�i mM/2` �TT`QT`B�i2 ;2QK2i`B+�H �bbmKTiBQMb- i?2 i?`22 F2v [m�M@
iBiB2b Q7 BMi2`2bi BM i?Bb T`Q#H2K- M�K2Hv- i?2 BM/m+2/ bm`7�+2 +?�`;2 QM 2�+?
T�`iB+H2- i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 bvbi2K- �M/ i?2 2H2+i`Qbi�iB+ 7Q`+2b
�+iBM; QM 2�+? T�`iB+H2 +�M #2 +QKTmi2/ rBi? HBM2�` b+�HBM; BM �++m`�+v- BX2X- Bi
`2[mB`2b QMHv O(N) QT2`�iBQMb iQ +QKTmi2 �TT`QtBK�iBQMb Q7 i?2b2 [m�MiBiB2b
rBi? � ;Bp2M �M/ }t2/ `2H�iBp2 2``Q`X
AM i?2 b2+QM/ T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2`b e@3V- r2 T2`7Q`K � b+�H@
�#BHBiv �M�HvbBb Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ r?B+? Bb mb2/ iQ bQHp2 i?2
*PaJP BKTHB+Bi bQHp�iBQM KQ/2H 7Q` i?2 `2�+iBQM TQi2MiB�H ;2M2`�i2/ #v �
bQHmi2 KQH2+mH2 rBi? � ;Bp2M +?�`;2 /Bbi`B#miBQM 2K#2//2/ BM � TQH�`Bb�#H2
K2/BmKX Pm` K�BM `2bmHi Bb iQ +QMbi`m+i � M2r- bvbi2K�iB+ 7`�K2rQ`F i?�i
�HHQrb mb iQ +?�`�+i2`Bb2 i?2 MQ`K Q7 i?2 a+?r�`x QT2`�iQ` 7Q` /QK�BMb `2T@
`2b2MiBM; bQHmi2 KQH2+mH2b BM r?B+? KmHiBTH2 �iQKb ?�p2 � +QKKQM Qp2`H�T
�M/ �iQKb +�M #2 +QKTH2i2Hv #m`B2/ BM i?2 BMi2`BQ` Q7 i?2 KQH2+mH2 rBi? MQ
�++2bb iQ i?2 2ti2`M�H K2/BmKX
h?2 i?B`/ T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2` NV Bb � /2T�`im`2 7`QK i?2 i?2K2b
Q7 TQH�`Bb�#H2 2H2+i`Qbi�iB+b �M/ b+�H�#BHBiv �M�HvbBb i?�i `2H�i2 S�`ib A �M/ AA
#mi Bb +QMM2+i2/ iQ #Qi? BMi2;`�H QT2`�iQ`b �M/ /QK�BM /2+QKTQbBiBQM BM �
;2M2`�H b2Mb2X Pm` K�BM `2bmHi ?2`2 Bb iQ 2bi�#HBb? � 7mM/�K2Mi�H +QMiBMmBiv
T`QT2`iv 7Q` _B2bx TQi2MiB�Hb QM TQHv;QM�H #QmM/�`B2b BM irQ bT�iB�H /BK2M@
bBQMbX �b r2�FHv bBM;mH�` BMi2;`�H QT2`�iQ`b- _B2bx TQi2MiB�Hb +�M #2 mb2/ iQ
+QMbi`m+i 2tTQM2MiB�HHv +QMp2`;2Mi- MQM@Qp2`H�TTBM; /QK�BM /2+QKTQbBiBQM
K2i?Q/b 7Q` i?2 >2HK?QHix 2[m�iBQM- �M/ Qm` `2bmHi }HHb � ;�T BM i?2 �M�HvbBb
Q7 bm+? K2i?Q/bX



*QMi2Mib

R :2M2`�H AMi`Q/m+iBQM R
RXR Pp2`pB2r X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B� X X X X X X X X X X X X X X X X X X X X X X X e
RXj J�i?2K�iB+�H S`2HBKBM�`B2b X X X X X X X X X X X X X X X X X X X X X X X X X X R9
RX9 AMi`Q/m+iBQM iQ "QmM/�`v AMi2;`�H PT2`�iQ`b X X X X X X X X X X X X X X X X k9

A AMi2;`�H 1[m�iBQMb 7Q` N@"Q/v SQH�`Bb�#H2 1H2+i`Qbi�iB+b jR

k AMi`Q/m+iBQM jj
kXR Pp2`pB2r �M/ JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
kXk S.1@#�b2/ 6Q`KmH�iBQM Q7 i?2 N @"Q/v .B2H2+i`B+ aT?2`2b S`Q#H2K X X X X jd
kXj AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N @"Q/v .B2H2+i`B+ aT?2`2b S`Q#H2K 9k
kX9 1tBbiBM; GBi2`�im`2 QM AMi2;`�H 1[m�iBQMb 7Q` N @"Q/v S`Q#H2Kb �M/ Bib

GBKBi�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

j 1``Q` �M�HvbBb Q7 i?2 AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N@"Q/v
.B2H2+i`B+ aT?2`2b S`Q#H2K 8R
jXR J�BM h?2Q`2iB+�H _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
jXk amTTQ`iBM; LmK2`B+�H 1pB/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X 8d
jXj S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8N
jX9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j

9 *QKTH2tBiv �M�HvbBb Q7 i?2 AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N@
"Q/v .B2H2+i`B+ aT?2`2b S`Q#H2K 38
9XR "`B27 _2+�T X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e
9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b X X X X 3d
9Xj LmK2`B+�H 1tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry8
9X9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRk

8 � GBM2�` a+�HBM; BM �++m`�+v LmK2`B+�H J2i?Q/ 7Q` *QKTmiBM; i?2
1H2+i`Qbi�iB+ 6Q`+2b BM i?2 N@"Q/v .B2H2+i`B+ aT?2`2b S`Q#H2K RR8
8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+ 6Q`+2b X X X X X X X RR8
8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b X X X X X X X X X X X X X X X X X X Rk8
8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib X X X X X X X X X X X X X X X X X X X R9y
8X9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9N

pBBB
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AA .QK�BM .2+QKTQbBiBQM BM AKTHB+Bi aQHp�iBQM JQ/2Hb R8R

e AMi`Q/m+iBQM R8j
eXR :2M2`�H *QMi2ti X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8j
eXk h?2 *PaJP AKTHB+Bi aQHp�iBQM JQ/2H X X X X X X X X X X X X X X X X X X X X R8e
eXj a+?r�`x .QK�BM .2+QKTQbBiBQM J2i?Q/b X X X X X X X X X X X X X X X X X X R83
eX9 //*PaJP, � .QK�BM .2+QKTQbBiBQM ai`�i2;v 7Q` aQHpBM; *PaJP X X X ReR
eX8 1tBbiBM; GBi2`�im`2 QM i?2 a+�H�#BHBiv Q7 .QK�BM .2+QKTQbBiBQM J2i?Q/b Re8

d h?2 a+�H�#BHBiv Q7 i?2 a+?r�`x J2i?Q/ BM PM2 .BK2MbBQM ReN
dXR a2iiBM; �M/ J�BM _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X ReN
dXk S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RdR

3 h?2 a+�H�#BHBiv Q7 i?2 a+?r�`x J2i?Q/ BM >B;?2` .BK2MbBQMb Rdd
3XR h?2 a+?r�`x J2i?Q/ BM hrQ .BK2MbBQMb X X X X X X X X X X X X X X X X X X X Rdd
3Xk 1ti2MbBQMb iQ JQ`2 :2M2`�H a2iiBM;b X X X X X X X X X X X X X X X X X X X X X RN3
3Xj LmK2`B+�H 1tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky8
3X9 �TTHB+�iBQM iQ "BQ@JQH2+mH2b, p�M /2` q��Hb �M/ a�a *�pBiB2b X X X X X X kyN
3X8 *QM+HmbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR9

AAA "QmM/�`v AMi2;`�H PT2`�iQ`b BM .QK�BM .2+QKTQbBiBQM kR8

N *QMiBMmBiv 1biBK�i2b 7Q` _B2bx SQi2MiB�Hb QM SQHv;QM�H "QmM/�`B2b kRd
NXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kRd
NXk "�bB+ LQiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kky
NXj _B2bx SQi2MiB�Hb QM SQHv;QM�H "QmM/�`B2b X X X X X X X X X X X X X X X X X X kkR
NX9 _2+�T QM J2HHBM h`�Mb7Q`K X X X X X X X X X X X X X X X X X X X X X X X X X X kk3
NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb X X X X X X X X X X X X kjR
NXe �TTHB+�iBQM iQ *Q`M2` PT2`�iQ`b X X X X X X X X X X X X X X X X X X X X X X X k9y
NXd *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k9j

Ry amKK�`v �M/ PmiHQQF k98

"B#HBQ;`�T?v k9N

GBbi Q7 6B;m`2b kej

GBbi Q7 h�#H2b ked

Bt
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:2M2`�H AMi`Q/m+iBQM
RXR Pp2`pB2r

J�Mv T`Q#H2Kb BM i?2 M�im`�H b+B2M+2b BMpQHp2 i?2 bQHmiBQM Q7 2[m�iBQMb TQb2/ QM /QK�BMb
i?�i +�M #2 pB2r2/ �b i?2 mMBQMb Q7 � H�`;2 MmK#2` Q7 bBKTH2 bm#/QK�BMb Ub22 6B;m`2b RXR
�M/ RXkVX 6`QK i?Bb pB2rTQBMi- � M�im`�H bQHmiBQM bi`�i2;v +QMbBbib Q7 bQHpBM; ǵHQ+�HǶ
T`Q#H2Kb QM 2�+? Q7 i?2b2 bm#/QK�BMb �M/ i?2M `2+Qp2`BM; i?2 ;HQ#�H bQHmiBQM #v K2�Mb Q7
�TT`QT`B�i2 +QmTHBM; +QM/BiBQMb r?B+? HBMF i?2 bQHmiBQMb QM /Bz2`2Mi bm#/QK�BMbX 6Q` i?2
MmK2`B+�H �M�Hvbi- i?Bb ǵ/BpB/2 �M/ +QM[m2`Ƕ �TT`Q�+? `�Bb2b �M Q#pBQmb [m2biBQM- M�K2Hv-
?Qr /Q bm+? �H;Q`Bi?Kb #2?�p2 r?2M �TTHB2/ iQ bvbi2Kb +QKTQb2/ Q7 �M BM+`2�bBM;Hv
H�`;2` MmK#2` Q7 bm#/QK�BMb\ JQ`2 T`2+Bb2Hv- r2 +�M �bF

RX A7 i?2 MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bm#/QK�BM Bb }t2/- ?Qr /Q2b i?2 �++m`�+v
Q7 � ;Bp2M MmK2`B+�H K2i?Q/ +?�M;2 �b i?2 MmK#2` N Q7 bm#/QK�BMb BM+`2�b2b\

kX A7 i?2 MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bm#/QK�BM Bb }t2/- ?Qr /Q2b i?2 +QKTmi�@
iBQM�H +Qbi Q7 bQHpBM; i?2 7mHH- ;HQ#�H T`Q#H2K ;`Qr �b i?2 MmK#2` N Q7 bm#/QK�BMb
BM+`2�b2b\

h?Bb /Bbb2`i�iBQM Bb- H�`;2Hv- �M �ii2KTi iQ �Mbr2` i?2b2 [m2biBQMb 7Q` irQ /Bz2`2Mi
MmK2`B+�H K2i?Q/b i?�i �`2 mb2/ iQ bQHp2 irQ /Bz2`2Mi T?vbB+�H T`Q#H2KbX AM i?2 }`bi
T�`i Q7 i?2 /Bbb2`i�iBQM U*?�Ti2`b k@8V- r2 +QMbB/2` � #QmM/�`v BMi2;`�H 2[m�iBQM U"A1V
i?�i Bb mb2/ iQ KQ/2H i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M +?�`;2/ /B2H2+i`B+ T�`iB+H2b
mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX AM i?Bb bBim�iBQM- i?2 bm#/QK�BMb �`2 /BbDQBMi bT?2`2b
rBi? 2�+? bT?2`2 `2T`2b2MiBM; � T�`iB+mH�` /B2H2+i`B+ T�`iB+H2- �M/ i?2 ;HQ#�H /QK�BM Bb
bBKTHv i?2 mMBQM Q7 i?2b2 bm#/QK�BMbX AM i?2 b2+QM/ T�`i Q7 i?Bb i?2bBb U*?�Ti2`b e@3V-
r2 bim/v i?2 bQ@+�HH2/ T�`�HH2H a+?r�`x /QK�BM /2+QKTQbBiBQM K2i?Q/ r?B+? Bb mb2/
iQ bQHp2 7Q` i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M � bQHmi2 KQH2+mH2 �M/ i?2 bm``QmM/BM;
bQHp2Mi �b �TT`QtBK�i2/ #v i?2 *PaJP bQHp�iBQM KQ/2HX >2`2- 2�+? bm#/QK�BM Bb �M
QT2M #�HH `2T`2b2MiBM; � ;Bp2M �iQKB+ +�pBiv r?2`2�b i?2 ;HQ#�H /QK�BM- r?B+? `2T`2b2Mib
i?2 KQH2+mH�` +�pBiv- Bb i?2 mMBQM Q7 bm+? Qp2`H�TTBM; bT?2`B+�H bm#/QK�BMbX h?2 i?B`/
T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2` NV Bb � /2T�`im`2 7`QK i?2b2 i?2K2b Q7 b+�H�#BHBiv �M/
+QMi�BMb � K�i?2K�iB+�H `2bmHi i?�i Bb Q7 BKTQ`i�M+2 BM /QK�BM /2+QKTQbBiBQM K2i?Q/b
7Q` i?2 r�p2 U>2HK?QHixV 2[m�iBQMX

R
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U�V lMBi *2HH Q7 � H�iiB+2 bi`m+im`2 rBi?
N = 27 T�`iB+H2bX

U#V lMBi +2HH Q7 � H�iiB+2 bi`m+im`2 rBi?
N = 125 T�`iB+H2bX

U+V lMBi +2HH Q7 � H�iiB+2 bi`m+im`2 rBi? N = 343 T�`iB+H2bX

6B;m`2 RXR, G�iiB+2 bi`m+im`2b +QKTQb2/ Q7 +?�`;2/ /B2H2+i`B+ bT?2`B+�H T�`iB+H2bX S`�+iB@
iBQM2`b �`2- 7Q` BMbi�M+2- BMi2`2bi2/ BM +QKTmiBM; i?2 bm`7�+2 +?�`;2 QM 2�+? T�`iB+H2X

Ai Bb BKTQ`i�Mi iQ 2KT?�bBb2 i?�i i?2 b+�H�#BHBiv �M�HvbBb r2 T`2b2Mi BM i?Bb /Bbb2`@
i�iBQM BMpQHp2b ;2QK2i`B+�H b2iiBM;b r?2`2BM i?2 /2;`22b Q7 7`22/QK T2` bm#/QK�BM �`2
ivTB+�HHv }t2/- �M/ Bi Bb i?2 MmK#2` Q7 bm#/QK�BMb i?�i ;`QrbX h?2b2 bBim�iBQMb �`Bb2
T`2+Bb2Hv r?2M r2 +QMbB/2` bvbi2Kb +QMbBbiBM; Q7 �M BM+`2�bBM; MmK#2` Q7 /B2H2+i`B+ T�`@
iB+H2b Ub22 6B;m`2 RXRV- Q` bQHmi2 KQH2+mH2b +QKTQb2/ Q7 �M BM+`2�bBM; MmK#2` Q7 �iQKb
Ub22 6B;m`2 RXkVX h?Bb Bb iQ #2 +QMi`�bi2/ rBi? i?2 mbm�H b2iiBM; Q7- 7Q` BMbi�M+2- }MBi2 2H@
2K2Mi �M�HvbBb- r?2`2 i?2 +QKTmi�iBQM�H /QK�BM Bb }t2/ �M/ Bi Bb i?2 MmK#2` Q7 /2;`22b
Q7 7`22/QK i?�i BM+`2�b2bX �Hi?Qm;? i?2b2 irQ b2iiBM;b K�v �TT2�` bmT2`}+B�HHv bBKBH�`-
BM i?2 b2Mb2 i?�i #Qi? BMpQHp2 T`Q#H2Kb rBi? �M BM+`2�bBM; MmK#2` Q7 iQi�H /2;`22b Q7
7`22/QK- i?2 #2?�pBQm` Q7 i?2 mM/2`HvBM; MmK2`B+�H K2i?Q/b M22/ MQi #2 i?2 b�K2X

PmiHBM2 Q7 i?Bb .Bbb2`i�iBQM
h?2 `2K�BM/2` Q7 *?�Ti2` R Bb Q`;�MBb2/ �b 7QHHQrb, � H�`;2 T�`i Q7 i?Bb /Bbb2`i�iBQM

+QM+2`Mb K�i?2K�iB+�H KQ/2Hb i?�i �`Bb2 BM i?2 bim/v Q7 TQH�`Bb�#H2 2H2+i`Qbi�iB+b- 2Bi?2`
BM i?2 +QMi2ti Q7 /B2H2+i`B+ T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQM Q` BKTHB+Bi bQHp�iBQM

k
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U�V � KQH2+mH2 Q7 i?2 �MiB#BQiB+ o�M@
+QKv+BM +QKTQb2/ Q7 N = 377 �iQKbX

U#V h?2 `2/Qt 2MxvK2 :Hmi�`2/QtBM
+QKTQb2/ Q7 N = 1277 �iQKbX

U+V � KQH2+mH2 Q7 i?2 2MxvK2 Sv`mp�i2 +�`#QtvH�b2 +QKTQb2/ Q7 N = 6609 �iQKbX

6B;m`2 RXk, �iQKB+ bi`m+im`2b Q7 i?`22 BM+`2�bBM;Hv H�`;2 #BQHQ;B+�H KQH2+mH2bX h?2
KQH2+mH2b �`2 `2T`2b2Mi2/ �b mMBQMb Q7 BMi2`b2+iBM; bT?2`B+�H +�pBiB2b rBi? 2�+? +�pBiv +Q``2@
bTQM/BM; iQ QM2 �iQKX � +QKKQM T`Q#H2K BM +?2KB+�H T?vbB+b Bb iQ +QKTmi2 i?2 2H2+i`B+
TQi2MiB�H QM i?2 bm`7�+2 Q7 i?2 KQH2+mH�` +�pBiv BM i?2 T`2b2M+2 Q7 � TQH�`Bb�#H2 bQHp2MiX

KQ/2HHBM; BM i?2Q`2iB+�H +?2KBbi`vX *QMb2[m2MiHv- r2 T`2b2Mi BM a2+iBQM RXk � b2KB@7Q`K�H
BMi`Q/m+iBQM iQ 2H2+i`Qbi�iB+b BM /B2H2+i`B+ K2/B�X am#b2[m2MiHv- BM a2+iBQM RXj r2 `2+�HH
bQK2 F2v iQQHb 7`QK i?2 i?2Q`v Q7 T�`iB�H /Bz2`2MiB�H 2[m�iBQMb �M/ 2bi�#HBb? bi�M/�`/
MQi�iBQM i?�i rBHH #2 mb2/ i?`Qm;?Qmi i?Bb /Bbb2`i�iBQMX 6BM�HHv- BM a2+iBQM RX9- r2 T`QpB/2
� +QM+Bb2- b2H7@+QMi�BM2/ BMi`Q/m+iBQM iQ #QmM/�`v BMi2;`�H QT2`�iQ`b r?B+?- �b r2 b?�HH
b22- �`2 M�im`�H iQQHb iQ bim/v i?2 ivT2b Q7 2H2+i`Qbi�iB+b T`Q#H2Kb r2 +QMbB/2` BM i?Bb
rQ`FX

hQ �B/ i?2 `2�/2`- r2 ?�p2 /BpB/2/ i?2 K�BM +QMi2Mi Q7 i?2 /Bbb2`i�iBQM BMiQ i?`22
#`Q�/Hv BM/2T2M/2Mi T�`ib- i?2 }`bi U*?�Ti2`b k@8V /2�HBM; rBi? i?2 #QmM/�`v BMi2;`�H
2[m�iBQM 7Q`K�HBbK 7Q` TQH�`Bb�#H2 2H2+i`Qbi�iB+b- i?2 b2+QM/ U*?�Ti2`b e@3V +QM+2`MBM;
i?2 T�`�HH2H a+?r�`x /QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` BKTHB+Bi bQHp�iBQM KQ/2HHBM;- �M/
i?2 i?B`/ U*?�Ti2` NV T2`i�BMBM; iQ T`QT2`iB2b Q7 � +2`i�BM #QmM/�`v BMi2;`�H QT2`�iQ` i?�i
?�b �TTHB+�iBQMb BM MQM@Qp2`H�TTBM; /QK�BM /2+QKTQbBiBQM K2i?Q/b 7Q` i?2 >2HK?QHix

j
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Chapter 1: 
General 

Introduction

Part I: Integral 
Equations for N-
Body Polarisable 

Electrostatics 

Part III: Boundary 
Integral 

Operators in 
Domain 

Decomposition  

Part II: Domain 
Decomposition 

for Implicit 
Solvation Models 

Chapter 2: 
Introduction

Chapter 3: 
Error Analysis

Chapter 4: 
Complexity 

Analysis

Chapter 5: 
Computation 

of Forces

Chapter 9: 
Continuity of 

Riesz Potentials

Chapter 6: 
Introduction

Chapter 7: 
Scalability in 

One Dimension

Chapter 8: 
Scalability in 

Higher 
Dimensions

Chapter 10: 
Summary and 

Outlook

6B;m`2 RXj, P`;�MBb�iBQM Q7 i?Bb /Bbb2`i�iBQMX

2[m�iBQMX 6BM�HHv- *?�Ti2` Ry +QMi�BMb �M QmiHQQF �M/ bmKK�`v Q7 i?2 /Bbb2`i�iBQMX �
b+?2K�iB+ T`2b2Mi�iBQM Q7 i?2 /Bbb2`i�iBQM Q`;�MBb�iBQM Bb ;Bp2M BM 6B;m`2 RXjX

*?�Ti2` k b2`p2b �b �M BM@/2Ti? BMi`Q/m+iBQM iQ S�`i A Q7 i?Bb /Bbb2`i�iBQMX q2 }`bi
bi�i2 i?2 bQ@+�HH2/ �#bi`�+i /B2H2+i`B+ bT?2`2b 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K �b � S.1@
#�b2/ i`�MbKBbbBQM T`Q#H2K BM i?2 2MiB`2 bT�+2 R3X L2ti- r2 mb2 i?2 BMi2;`�H 2[m�iBQM
7Q`K�HBbK bi�i2/ BM a2+iBQM RX9 iQ `27Q`KmH�i2 i?Bb S.1@#�b2/ i`�MbKBbbBQM T`Q#H2K �b
� bQ@+�HH2/ #QmM/�`v BMi2;`�H 2[m�iBQM Q7 i?2 b2+QM/ FBM/ TQb2/ QM i?2 #QmM/�`B2b Q7
i?2 N /B2H2+i`B+ bT?2`B+�H T�`iB+H2bX 6BM�HHv- r2 ;Bp2 �M Qp2`pB2r Q7 i?2 bi�i2@Q7@i?2@�`i
7Q` bm+? BMi2;`�H 2[m�iBQM 7Q`KmH�iBQMbX

AM *?�Ti2` j- r2 /2p2HQT � M2r � T`BQ`B 2``Q` �M�HvbBb i?�i /2KQMbi`�i2b N @
BM/2T2M/2Mi bi�#BHBiv Q7 i?2 +QMiBMmQmb �M/ /Bb+`2i2 7Q`KmH�iBQMb Q7 i?2 #QmM/�`v BMi2@
;`�H 2[m�iBQM BMi`Q/m+2/ BM *?�Ti2` kX AM T�`iB+mH�`- r2 Q#i�BM +QMp2`;2M+2 `�i2b 7Q`
i?2 BM/m+2/ bm`7�+2 +?�`;2 QM i?2b2 T�`iB+H2b �M/ i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v i?�i /Q

9
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MQi 2tTHB+BiHv /2T2M/ QM N X h?Bb �HHQrb mb iQ /2/m+2 N @BM/2T2M/2Mi 2``Q` 2biBK�i2b 7Q`
i?2b2 irQ [m�MiBiB2b Q7 BMi2`2bi mM/2` �TT`QT`B�i2 ;2QK2i`B+�H �bbmKTiBQMbX

AM *?�Ti2` 9- r2 T`QpB/2 � +QMp2`;2M+2 �M�HvbBb Q7 i?2 Bi2`�iBp2 K2i?Q/ mb2/ iQ bQHp2
i?2 HBM2�` bvbi2K �bbQ+B�i2/ rBi? i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 mM/2`HvBM; "A1- �M/
r2 b?Qr i?�i i?2 MmK#2` Q7 HBM2` bQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2
bQHmiBQM Bb BM/2T2M/2Mi Q7 N X AM +QMDmM+iBQM rBi? i?2 7�bi KmHiBTQH2 K2i?Q/ U6JJV-
i?Bb �HHQrb mb iQ T`2b2Mi irQ HBM2�` b+�HBM; UBM NV bQHmiBQM bi`�i2;B2b 7Q` i?2 +QKTmi�iBQM
Q7 i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2b �M/ 2H2+i`Qbi�iB+ 2M2`;vX 6BM�HHv- r2 +QMbB/2`
� b2`B2b Q7 MmK2`B+�H 2tT2`BK2Mib /2bB;M2/ iQ p�HB/�i2 Qm` i?2Q`2iB+�H `2bmHib �M/ 2tTHQ`2
i?2 /2T2M/2M+2 Q7 i?2 MmK2`B+�H 2``Q`b �M/ +QKTmi�iBQM�H +Qbi Q7 bQHpBM; i?2 mM/2`HvBM;
HBM2�` bvbi2K QM /Bz2`2Mi bvbi2K T�`�K2i2`bX

AM *?�Ti2` 8- mbBM; i?2 T`2+2/BM; �M�HvbBb- r2 T`QTQb2 � HBM2�` b+�HBM; UBM NV �H@
;Q`Bi?K 7Q` i?2 +QKTmi�iBQM Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b #2ir22M i?2b2 N
/B2H2+i`B+ T�`iB+H2bX q2 2bi�#HBb? 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 �TT`QtBK�i2 7Q`+2b �M/
/2`Bp2 2``Q` 2biBK�i2b 7Q` i?2 �TT`QtBK�i2 7Q`+2b i?�i- �;�BM- /Q MQi 2tTHB+BiHv /2T2M/
QM i?2 MmK#2` Q7 /B2H2+i`B+ T�`iB+H2b N X q2 /2/m+2 i?2`27Q`2 i?�i mM/2` �TT`QT`B�i2 ;2@
QK2i`B+�H �bbmKTiBQMb- Qm` T`QTQb2/ K2i?Q/ `2[mB`2b QMHv O(N) QT2`�iBQMb iQ +QKTmi2
i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM N /B2H2+i`B+ T�`iB+H2b mT iQ �Mv ;Bp2M �M/ }t2/ �p2`�;2
2``Q`X h?Bb +?�Ti2` +QM+Hm/2b i?2 }`bi T�`i Q7 i?2 /Bbb2`i�iBQMX

*?�Ti2` e b2`p2b �b �M BM@/2Ti? BMi`Q/m+iBQM iQ S�`i AA Q7 i?Bb /Bbb2`i�iBQMX q2
#2;BM rBi? �M BMi`Q/m+iBQM iQ i?2 T?2MQK2MQM Q7 BKTHB+Bi bQHp�iBQM �M/ i?2 bQ@+�HH2/
*PM/m+iQ`@HBF2 a+`22MBM; JP/2H U*PaJPVX L2ti- r2 T`QpB/2 �M Qp2`pB2r Q7 i?2 +H�b@
bB+�H T�`�HH2H a+?r�`x K2i?Q/ USaJV rBi? � T�`iB+mH�` 2KT?�bBb QM Bib mb2 iQ bQHp2 i?2
*PaJP 2[m�iBQMb- �M �H;Q`Bi?K r?B+? Bb FMQrM BM i?Bb +QMi2ti �b //*PaJPX PM+2
�;�BM- r2 T`QpB/2 �M Qp2`pB2r Q7 i?2 bi�i2@Q7@i?2@�`i BM i?2 b+�H�#BHBiv �M�HvbBb Q7 i?Bb
+H�bb Q7 /QK�BM /2+QKTQbBiBQM K2i?Q/bX

AM *?�Ti2` d- r2 +QMbB/2` �b � }`bi bi2T- i?2 T�`�HH2H a+?r�`x K2i?Q/ �TTHB2/ iQ i?2
QM2@/BK2MbBQM�H G�TH�+2 2[m�iBQMX �Hi?Qm;? ?2m`BbiB+ 2tTH�M�iBQMb BM/B+�i2 i?�i i?2
SaJ �TTHB2/ iQ i?2 G�TH�+2 2[m�iBQM BM QM2 /BK2MbBQM /Q2b MQi b+�H2 rBi? i?2 MmK#2`
Q7 bm#BMi2`p�Hb BM i?2 /QK�BM /2+QKTQbBiBQM- � bvbi2K�iB+ �M�HvbBb Bb biBHH KBbbBM; BM i?2
HBi2`�im`2X q2 T`QpB/2 � `B;Q`Qmb `2bmHi i?�i T`2+Bb2Hv [m�MiB}2b i?2 H�+F Q7 b+�H�#BHBiv
Q7 i?2 SaJ BM bm+? +�b2bX h?2 F2v MQp2Hiv Q7 Qm` �M�HvbBb i2+?MB[m2 Bb i?�i Bi bm;@
;2bib � TQbbB#H2 `Q�/K�T 7Q` � bvbi2K�iB+ 2ti2MbBQM iQ KQ`2 `2�HBbiB+ T`Q#H2Kb BM ?B;?2`
/BK2MbBQMbX

am#b2[m2MiHv- BM *?�Ti2` 3- r2 �M�Hvb2 i?2 +QMp2`;2M+2 #2?�pBQm` �M/ b+�H�#BHBiv
T`QT2`iB2b Q7 i?2 SaJ 7Q` ?B;?2` /BK2MbBQM�H /QK�BM /2+QKTQbBiBQM T`Q#H2Kb BM r?B+?
K�Mv bm#/QK�BMb K�v #2 +QKTH2i2Hv 2K#2//2/ BM i?2 BMi2`BQ` Q7 i?2 ;HQ#�H /QK�BM �M/
�M �`#Bi`�`v MmK#2` Q7 bm#/QK�BMb K�v ?�p2 � +QKKQM Qp2`H�TX 1ti2M/BM; i?2 B/2�b Q7
*?�Ti2` d- r2 /2p2HQT � M2r bvbi2K�iB+ 7`�K2rQ`F i?�i �HHQrb mb iQ #QmM/ i?2 MQ`K Q7
i?2 a+?r�`x Bi2`�iBQM QT2`�iQ` 7Q` bm+? ;2QK2i`B+�H +QM};m`�iBQMbX q2 T`QpB/2 MmK2`B+�H
2tT2`BK2Mib i?�i bmTTQ`i Qm` K�BM `2bmHib- �M/ r2 +QMbB/2` +QM+`2i2 #BQHQ;B+�H KQH2+mH2b
i?�i ?�p2 #22M bim/B2/ BM bQHp�iBQM KQ/2Hb BM +QKTmi�iBQM�H +?2KBbi`v �M/ mM/2`bi�M/
i?2 +QMb2[m2M+2b Q7 Qm` �M�HvbBb �b Bi T2`i�BMb iQ i?2b2 +QKTH2t #BQ@KQH2+mH2bX h?Bb

8
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+?�Ti2` +QM+Hm/2b i?2 b2+QM/ T�`i Q7 i?Bb /Bbb2`i�iBQMX

*?�Ti2` N Bb � /2T�`im`2 7`QK i?2 #`Q�/ i?2K2 Q7 b+�H�#BHBiv i?�i HBMFb S�`ib A �M/ AA
Q7 i?Bb /Bbb2`i�iBQM #mi Bb `2H�i2/- BM � ;2M2`�H b2Mb2- iQ #Qi? i?2 bim/v Q7 #QmM/�`v
BMi2;`�H QT2`�iQ`b �M/ /QK�BM /2+QKTQbBiBQM K2i?Q/bX >2`2- r2 BMi`Q/m+2 i?2 bQ@+�HH2/
_B2bx TQi2MiB�H BM irQ /BK2MbBQMb �M/ 2bi�#HBb? bQK2 +QMiBMmBiv T`QT2`iB2b Q7 i?Bb BMi2;`�H
QT2`�iQ` QM TQHv;QM�H #QmM/�`B2b ∂ΩX JQ`2 bT2+B}+�HHv- r2 T`Qp2 i?�i i?2 _B2bx TQi2MiB�H
2ti2M/b �b � #QmM/2/ HBM2�` K�T 7`QK L2(∂Ω) iQ H

1
2 (∂Ω)X h?Bb `2bmHi ?�b �TTHB+�iBQMb

BM i?2 �M�HvbBb Q7 MQM@Qp2`H�TTBM; /QK�BM /2+QKTQbBiBQM K2i?Q/b 7Q` i?2 >2HK?QHix
2[m�iBQM QM TQHv;QM�H bm#/QK�BMbX

RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B�

h?2 �BK Q7 i?Bb b2+iBQM Bb iQ T`2b2Mi � #`B27 /Bb+mbbBQM Q7 i?2 T?2MQK2MQM Q7 2H2+i`Qbi�iB+b
BM /B2H2+i`B+ K�i2`B�Hb rBi? i?2 ;Q�H Q7 mM/2`bi�M/BM; ?Qr iQ KQ/2H i?2 2H2+i`Qbi�iB+
TQi2MiB�H ;2M2`�i2/ #v � +?�`;2/ /B2H2+i`B+ Q#D2+i 2K#2//2/ BM � TQH�`Bb�#H2 K2/BmKX
q2 2KT?�bBb2 i?�i Qm` �BK Bb MQi � `B;Q`Qmb- �tBQK�iB+ /2`Bp�iBQM Q7 i?2 mM/2`HvBM;
T�`iB�H /Bz2`2MiB�H 2[m�iBQM US.1V- `�i?2` r2 bBKTHv rBb? iQ T`QpB/2 bQK2 #�bB+ T?vbB+�H
#�+F;`QmM/ 7Q` ?Qr bm+? � S.1 +�M #2 /2`Bp2/X q2 rBHH �bbmK2 i?`Qm;?Qmi i?Bb b2+iBQM
i?�i i?2 `2�/2` Bb 7�KBHB�` rBi? #�bB+ p2+iQ` +�H+mHmbX

*H�bbB+�H 2H2+i`QK�;M2iBbK +QMbBbib Q7 i?2 bim/v Q7 2H2+i`B+ �M/ K�;M2iB+ }2H/b ;2M@
2`�i2/ #v 2H2+i`B+�H +?�`;2b mM/2` MQM@`2H�iBpBbiB+ b2iiBM;b- �i H2M;i? b+�H2b �M/ }2H/
BMi2MbBiB2b r?2`2 [m�MimK K2+?�MB+�H 2z2+ib �`2 MQi 72HiX h?2 2[m�iBQMb Q7 +H�bbB+�H
2H2+i`QK�;M2iBbK r2`2 }`bi �``Bp2/ �i- BM i?2B` +QKTH2i2 7Q`K- #v i?2 ;`2�i 19th +2Mim`v
T?vbB+Bbi C�K2b *H2`F J�tr2HH BM ?Bb i`2�iBb2 (R99)X lbBM; i?2b2 2[m�iBQMb- J�tr2HH r�b
�#H2 iQ /2/m+2 i?�i Q`/BM�`v HB;?i r�b bBKTHv � K�MB72bi�iBQM Q7 2H2+i`QK�;M2iB+ }2H/b-
� /Bb+Qp2`v i?�i ?�b #22M +�HH2/ i?2 b2+QM/ ;`2�i mMB}+�iBQM BM S?vbB+b (R8d) U�7i2`
L2riQMǶb mMB}+�iBQM Q7 +2H2biB�H �M/ i2``2bi`B�H K2+?�MB+bVX

hBiH2 1[m�iBQM
:�mbbǶ G�r ∇ ·E = ρ

ϵ0

:�mbbǶ G�r 7Q` J�;M2iBbK ∇ ·B = 0

J�tr2HH@6�`�/�v 1[m�iBQM ∇×E = −∂B
∂t

�KTĕ`2Ƕb G�r UrBi? *Q``2+iBQMV ∇×B = µ0(J + ϵ0
∂E
∂t )

h�#H2 RXR, h?2 /Bz2`2MiB�H 7Q`K Q7 J�tr2HHǶb 2[m�iBQMb BM aA mMBibX >2`2- E �M/ B /2MQi2
i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b `2bT2+iBp2Hv- ρ Bb i?2 2H2+i`B+ +?�`;2 /2MbBiv- ϵ0 �M/ µ0

�`2 T?vbB+�H +QMbi�Mib �M/ /2MQi2 i?2 bQ@+�HH2/ T2`KBiiBpBiv �M/ T2`K2�#BHBiv Q7 7`22 bT�+2
`2bT2+iBp2Hv- �M/ J Bb i?2 2H2+i`B+ +m``2Mi /2MbBivX

AM i?Bb /Bbb2`i�iBQM- r2 �`2 +QM+2`M2/ rBi? i?2 T?2MQK2MQM Q7 2H2+i`Qbi�iB+b- BX2X-
i?2 #2?�pBQm` Q7 i?2 2H2+i`B+ }2H/ r?2M i?2 2H2+i`B+ +?�`;2b 2Bi?2` /Q MQi KQp2 Q` /Q bQ
bm{+B2MiHv bHQrHv bQ i?�i i?2 BM/m+2/ K�;M2iB+ }2H/ K�v #2 +QMbB/2`2/ M2;HB;B#H2X AM

e



RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B�

i?Bb bBim�iBQM- r2 Q#i�BM i?2 bi�iBQM�`v 7Q`K Q7 J�tr2HHǶb 2[m�iBQMb,

∇ ·E =
ρ

ϵ0
∇×E = 0.

URXRV

h?2 bim/v Q7 1[m�iBQM URXRV �KQmMib iQ i?2 K�i?2K�iB+�H �M�HvbBb Q7 � +m`H@7`22
p2+iQ` }2H/ E rBi? � ;Bp2M /Bp2`;2M+2- r?B+? Bb � T`QiQivTB+�H 2t�KTH2 Q7 � T`Q#H2K BM
p2+iQ` +�H+mHmbX AM/22/- B7 i?2 +?�`;2 /2MbBiv ρ Bb FMQrM- i?2M UmM/2` �bbmKTiBQMb Q7
bm{+B2Mi `2;mH�`BivV QM2 K�v �TTHv i?2 >2HK?QHix /2+QKTQbBiBQM i?2Q`2K 7`QK p2+iQ`
+�H+mHmb UBM T?vbB+b i2`KBMQHQ;v, mb2 i?2 7�+i i?�i i?2 2H2+i`B+ }2H/ Bb +QMb2`p�iBp2V iQ
/2/m+2 i?2 2tBbi2M+2 Q7 � b+�H�` TQi2MiB�H }2H/ Φ- FMQrM �b i?2 2H2+i`B+ TQi2MiB�H- bm+?
i?�i E = −∇ΦX 1[m�iBQM URXRV i?2M `2/m+2b iQ i?2 bi�M/�`/ SQBbbQM T`Q#H2K

−∆Φ =
ρ

ϵ0
, URXkV

r?B+? +�M #2 mMB[m2Hv bQHp2/ #v bmTTHvBM; �TT`QT`B�i2 �mtBHB�`v +QM/BiBQMb Ubm+? �b
#QmM/�`v Q` /2+�v +QM/BiBQMbVX

P#pBQmbHv- i?2 �#Qp2 +�H+mH�iBQMb /Q MQi i2HH i?2 2MiB`2 biQ`vX AM/22/- i?2 #B;;2bi
/B{+mHiv HB2b BM i?2 7�+i i?�i BM KQbi T?vbB+�H T`Q#H2Kb- i?2 +?�`;2 /2MbBiv ρ Bb MQi
FMQrM � T`BQ`B UQ` �i H2�bi MQi 7mHHv FMQrM � T`BQ`BVX h?Bb T`Q#H2K Bb BHHmbi`�i2/ p2`v
r2HH B7 QM2 bim/B2b 2H2+i`Qbi�iB+b BM /B2H2+i`B+ K2/B�X

J�tr2HHǶb 2[m�iBQMb BM /B2H2+i`B+ K2/B�
h?2 7QHHQrBM; /Bb+mbbBQM Bb i�F2M 7`QK i?2 62vMK�M H2+im`2 MQi2b QM T?vbB+b (ee- *?�Ti2`
Ry)X G2i mb +QMbB/2` � T�`�HH2H@TH�i2 +�T�+BiQ` rBi? bQK2 +?�`;2b QM i?2 bm`7�+2b Q7 i?2
+QM/m+iQ`b �b b?QrM BM 6B;m`2 RX9X qBi?Qmi HQbb Q7 ;2M2`�HBiv- r2 �bbmK2 i?�i i?2 iQT
TH�i2 Q7 i?2 +�T�+BiQ` +�``B2b � M2;�iBp2 +?�`;2 −Q �M/ i?2 #QiiQK TH�i2 +�``B2b � TQbBiBp2
+?�`;2 Q- �M/ r2 7m`i?2` �bbmK2 i?�i i?2 �`2� Q7 2�+? TH�i2 Bb A > 0X Pm` ;Q�H MQr Bb
iQ /2i2`KBM2 i?2 2H2+i`B+ }2H/ BM i?2 BMi2`BQ` Q7 i?Bb +�T�+BiQ`- BX2X- BMbB/2 i?2 BMbmH�iBM;
/B2H2+i`B+ K�i2`B�H i?�i }HHb i?2 bT�+BM; Q7 i?2 TH�i2bX

aBM+2 i?2 K�i2`B�H }HHBM; i?2 +�T�+BiQ` Bb �bbmK2/ iQ #2 BMbmH�iBM;- QM2 KB;?i BMBiB�HHv
#2 i2KTi2/ iQ +QM+Hm/2 i?�i i?2`2 �`2 MQ UM2iV �//BiBQM�H +?�`;2b QM i?Bb K�i2`B�H- �M/
i?2`27Q`2 J�tr2HHǶb 2[m�iBQMb URXRV b?QmH/ ?QH/ rBi? `B;?i ?�M/ bB/2 /2i2`KBM2/ Tm`2Hv
#v i?2 +?�`;2 QX Sm`bmBM; i?Bb HBM2 Q7 `2�bQMBM; vB2H/b i?�i i?2 2H2+i`B+ }2H/ E BMbB/2
i?2 +�T�+BiQ` ?�b +QMbi�Mi K�;MBim/2 |E| = Q

ϵ0A
�M/ TQBMib 7`QK i?2 #QiiQK iQ i?2 iQT

TH�i2X PM2 Q7 i?2 b2KBM�H /Bb+Qp2`B2b Q7 i?2 1M;HBb? b+B2MiBbi JB+?�2H 6�`�/�v r�b i?�i
i?Bb Bb MQi T`2+Bb2Hv i?2 +�b2- �M/ i?2 7QHHQrBM; `2�bQMBM; 2tTH�BMb r?vX

*QMbB/2` �M �`#Bi`�`v �iQK +QKTQbBM; i?2 /B2H2+i`B+ K�i2`B�HX AM � b2KB@+H�bbB+�H
T?vbB+�H KQ/2H- i?2 �iQK +QMbBbib Q7 � TQbBiBp2Hv +?�`;2/ Mm+H2mb bm``QmM/2/ #v �M
2H2+i`QM +HQm/X lM/2` i?2 BM~m2M+2 Q7 i?2 2H2+i`B+ }2H/ E ;2M2`�i2/ #v i?2 +?�`;2 Q
QM i?2 +�T�+BiQ` TH�i2b- i?2 2H2+i`QM +HQm/ rBHH #2 /BbTH�+2/ `2H�iBp2 iQ i?2 Mm+H2mb- BM
� /B`2+iBQM i?�i Bb �MiB@T�`�HH2H iQ i?2 2H2+i`B+ }2H/- �M/ i?2`27Q`2- 7`QK � /Bbi�M+2- i?2

d
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6B;m`2 RX9, � pBbm�H `2T`2b2Mi�iBQM Q7 � T�`�HH2H@TH�i2 +�T�+BiQ`X �i i?2 iQT �M/ #QiiQK
UBM `2/V �`2 i?2 +QM/m+iBM; TH�i2b Q7 i?2 +�T�+BiQ` +�``vBM; +?�`;2 ±QX h?Bb +?�`;2 QM i?2
+QM/m+iBM; TH�i2b `2bmHib BM �M 2H2+i`B+ }2H/ EX h?2 BMbmH�iBM; /B2H2+i`B+ K�i2`B�H BMbB/2 i?2
+�T�+BiQ` Bb b?QrM BM #Hm2X �b r2 b?�HH b22- i?2 2H2+i`B+ }2H/ E T`Q/m+2b iBMv /BTQH2b Ub?QrM
BM ;`22MV BM i?2 /B2H2+i`B+ K2/BmKX

7Q`K�HHv M2mi`�H �iQK �TT2�`b �b � /BTQH2 iQ }`bi �TT`QtBK�iBQMX � pBbm�H `2T`2b2Mi�iBQM
Q7 i?2 bBim�iBQM Bb ;Bp2M BM 6B;m`2 RX8X

h?2 [m2biBQM r2 MQr 7�+2 Bb ?Qr iQ /2b+`B#2 i?2 `2bmHiBM; /BTQH2 KQK2Mi Q7 i?2
/B2H2+i`B+ K�i2`B�HX G2i P /2MQi2 i?2 bQ@+�HH2/ TQH�`Bb�iBQM p2+iQ`- BX2X- i?2 /BTQH2 KQK2Mi
T2` mMBi pQHmK2X lM/2` i?2 �bbmKTiBQM i?�i 2�+? Mm+H2mb +�``B2b � +?�`;2 q �M/ i?2
`2H�iBp2 /BbTH�+2K2Mi Q7 i?2 2H2+i`QM +HQm/ Bb δ- r2 Q#i�BM i?�i

P = Nqδ,

r?2`2 N Bb i?2 MmK#2` Q7 �iQKb T2` mMBi pQHmK2X P7 +Qm`b2- i?Bb +QMbi`m+iBQM i2HHb
mb MQi?BM; �#Qmi ?Qr i?2 TQH�`Bb�iBQM p2+iQ` P `2H�i2b iQ E- BX2X- i?2 M2i 2H2+i`B+ }2H/
;2M2`�i2/ #v i?2 +?�`;2 Q QM i?2 +�T�+BiQ` TH�i2bX Ai b22Kb `2�bQM�#H2 iQ �bbmK2 ?Qr2p2`
i?�i i?2 `2H�iBp2 /BbTH�+2K2Mi Q7 i?2 2H2+i`QM +HQm/ �i 2p2`v TQBMi Q7 i?2 /B2H2+i`B+ K2/BmK
b?QmH/ #2 T`QTQ`iBQM�H iQ E- �M/ +QMb2[m2MiHv r2 +�M r`Bi2

P = χϵ0E, URXjV

r?2`2 χ Bb � T`QTQ`iBQM�HBiv +QMbi�Mi i?�i /2T2M/b QM i?2 K�i2`B�H T`QT2`iB2b Q7 i?2
/B2H2+i`B+ �M/ Bb FMQrM BM i?2 T?vbB+b HBi2`�im`2 �b i?2 2H2+i`B+ bmb+2TiB#BHBivX

h?2 M2ti i�bF Bb iQ /2i2`KBM2 i?2 bQ@+�HH2/ #QmM/ +?�`;2 /2MbBiv ρbound BMbB/2 i?2
/B2H2+i`B+ K�i2`B�HX h?Bb Bb T`2+Bb2Hv i?2 +?�`;2 /2MbBiv i?�i +`2�i2b i?2 TQH�`Bb�iBQM
p2+iQ` P X hQ i?Bb 2M/- r2 +QMbB/2` �M �`#Bi`�`v +HQb2/ bm`7�+2 Σ Q7 mMBi pQHmK2 BM i?2
BMi2`BQ` Q7 i?2 /B2H2+i`B+X AM i?2 �#b2M+2 Q7 �Mv TQH�`Bb�iBQM 2z2+ib- i?2 M2i +?�`;2 QΣ

2M+HQb2/ #v Σ Bb x2`QX h?2 TQH�`Bb�iBQM K2+?�MBbK /2b+`B#2/ �#Qp2 ?Qr2p2` BKTHB2b i?�i

3



RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B�

EElectric Field

+ +
-

- -

-
-

-
-

-

- -
-

No Electric Field

6B;m`2 RX8, � b2KB@+H�bbB+�H KQ/2H Q7 �M �iQK +QMbBbiBM; Q7 � TQbBiBp2Hv +?�`;2/ Mm+H2mb
UBM `2/V bm``QmM/2/ #v � M2;�iBp2Hv +?�`;2/ 2H2+i`QM +HQm/ UBM #Hm2VX AM i?2 T`2b2M+2 Q7 �M
2H2+i`B+ }2H/ E- i?2 TQbBiBQM Q7 i?2 2H2+i`QM +HQm/ Bb /BbTH�+2/ `2H�iBp2 iQ i?2 TQbBiBQM Q7 i?2
Mm+H2mbX

� +?�`;2 (Nqδ) ·ηdA Bb /BbTH�+2/ �+`Qbb �Mv BM}MBi2bBK�H bm`7�+2 2H2K2Mi dA Q7 ΣX h?mb-
i?2 M2i +?�`;2 2M+HQb2/ #v Σ Bb ;Bp2M �b i?2 bm`7�+2 BMi2;`�H

QΣ = −
∮

Σ
(Nqδ) · ηdA = −

∮

Σ
P · ηdA,

7`QK r?B+? r2 +QM+Hm/2- mbBM; i?2 /Bp2`;2M+2 i?2Q`2K- i?�i i?2 #QmM/ +?�`;2 /2MbBiv Bb
;Bp2M #v

ρbound := −∇ · P .

G2i mb MQr +QMbB/2` J�tr2HHǶb 2[m�iBQMb URXRV �b i?2v �TTHv iQ i?Bb /B2H2+i`B+ K�i2`B�HX
q2 ?�p2 i?2 T�B` Q7 2[m�iBQMb

∇ ·E =
ρ

ϵ0
�M/ ∇×E = 0,

r?2`2 ρ /2MQi2b i?2 M2i +?�`;2 /2MbBiv �M/ E /2MQi2b i?2 M2i 2H2+i`B+ }2H/X G2i mb
7Q+mb QM i?2 }`bi 2[m�iBQMX 6Q` bBKTHB+Biv- r2 K�v r`Bi2 ρ = ρbound + ρfree r?2`2
ρbound Bb i?2 #QmM/ +?�`;2 /2MbBiv �M/ ρfree Bb i?2 bQ@+�HH2/ 7`22@+?�`;2 /2MbBiv /2}M2/
�b ρfree := ρ − ρboundX AMimBiBp2Hv- r2 K�v +QMbB/2` ρfree �b i?2 +?�`;2 /2MbBiv BM i?2
�#b2M+2 Q7 TQH�`Bb�iBQM 2z2+ibX lbBM; i?2 �#Qp2 +QKTmi�iBQMb- r2 +QM+Hm/2 i?�i

∇ ·E =
ρbound + ρfree

ϵ0
=

−∇ · P + ρfree
ϵ0

,

r?B+? vB2H/b

∇ ·
(
E +

P

ϵ0

)
=
ρfree
ϵ0

.

N



RX :1L1_�G ALh_P.l*hAPL

lbBM; 1[m�iBQM URXjV �M/ BMi`Q/m+BM; i?2 +QMbi�Mi κ = 1 + χ- r?B+? Bb FMQrM BM i?2
T?vbB+b HBi2`�im`2 �b i?2 `2H�iBp2 T2`KBiiBpBiv- r2 }M�HHv Q#i�BM J�tr2HHǶb 2[m�iBQMb BM �
/B2H2+i`B+ K2/BmK,

∇ · (κE) =
ρfree
ϵ0

�M/ ∇×E = 0. URX9V

a2p2`�H `2K�`Fb �`2 MQr BM Q`/2`,

Ç q2 `2+�HH i?�i i?2 K�BM �bbmKTiBQM mb2/ iQ /2`Bp2 1[m�iBQMb URX9V r�b i?2 T`Q@
TQ`iBQM�HBiv Q7 i?2 TQH�`Bb�iBQM p2+iQ` �M/ i?2 2H2+i`B+ }2H/- BX2- P = χϵ0E rBi? �
bT�iB�HHv BM/2T2M/2Mi +QMbi�Mi χX J�i2`B�Hb i?�i Q#2v i?Bb T`QT2`iv �`2 FMQrM �b
HBM2�`- ?QKQ;2M2Qmb- BbQi`QTB+ /B2H2+i`B+bX

Ç 1[m�iBQMb URX9V /Q MQi 2tTHB+BiHv +QMi�BM i?2 #QmM/ +?�`;2 /2MbBiv ρbound �M/ �`2
7Q`KmH�i2/ Tm`2Hv BM i2`Kb Q7 i?2 7`22@+?�`;2 ρfreeX AM K�Mv T?vbB+�H T`Q#H2Kb-
ρfree +�M #2 i�F2M �b � FMQrM [m�MiBivX

Ç lbBM; QM+2 �;�BM i?2 >2HK?QHix /2+QKTQbBiBQM- r2 +�M r`Bi2 1[m�iBQMb URX9V �b �
bBM;H2 ;2M2`�HBb2/ SQBbbQM 2[m�iBQM 7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H Φ,

−∇ ·
(
κ∇Φ

)
=
ρfree
ϵ0

. URX8V

q2 `2K�`F ?2`2 i?�i BM i?2 +�b2 Q7 HBM2�`- ?QKQ;2M2Qmb- BbQi`QTB+ /B2H2+i`B+b- i?2
7�+iQ` κ Bb bBKTHv � +QMbi�Mi bQ 1[m�iBQM URX8V `2/m+2b iQ � bBKTH2 SQBbbQM T`Q#H2KX
h?Bb Bb iQ #2 +QMi`�bi2/ rBi? i?2 +�b2 Q7 MQM@?QKQ;2MQmb /B2H2+i`B+b BM r?B+? κ Bb
� bT�iB�HHv /2T2M/2Mi 7mM+iBQMX

Ç h?2 T?2MQK2MQM r2 ?�p2 /2b+`B#2/ ?2`2 Bb FMQrM �b /B2H2+i`B+ TQH�`Bb�iBQMX AM
K�Mv T?vbB+�H bBim�iBQMb- i?2`2 +�M #2 Qi?2` bQm`+2b Q7 TQH�`Bb�iBQM �b r2HHX

AMi2`7�+2 +QM/BiBQMb �i i?2 #QmM/�`v Q7 /B2H2+i`B+ K2/B�
h?2 /Bb+mbbBQM i?mb 7�` ?�b #22M HBKBi2/ iQ i?2 #2?�pBQm` Q7 i?2 2H2+i`B+ }2H/ BM i?2 BMi2@
`BQ` Q7 � /B2H2+i`B+ K2/BmK r?B+? H2/ mb iQ 1[m�iBQMb URX9V Q` i?2 2[mBp�H2Mi ;2M2`�HBb2/
SQBbbQM T`Q#H2K ;Bp2M #v 1[m�iBQM URX8VX q2 MQr bim/v r?�i ?�TT2Mb �i i?2 BMi2`@
7�+2 Q7 � /B2H2+i`B+ K2/BmKX hQ i?Bb 2M/- r2 +QMbB/2` � #QmM/2/ Q#D2+i Ω− +QKTQb2/
Q7 � /B2H2+i`B+ K�i2`B�H rBi? `2H�iBp2 T2`KBiiBpBiv κ−- 2K#2//2/ BM � /Bz2`2Mi /B2H2+i`B+
K2/BmK- /2MQi2/ Ω+ := R3 \ Ω−- rBi? `2H�iBp2 T2`KBiiBpBiv κ+X q2 �bbmK2 i?�i i?2
#QmM/�`v ∂Ω Q7 i?2 Q#D2+i Ω− +�``B2b � bQ@+�HH2/ 7`22 bm`7�+2 +?�`;2 /2MbBiv σf - BX2X- �
bm`7�+2 +?�`;2 /2MbBiv i?�i rQmH/ #2 T`2b2Mi BM i?2 �#b2M+2 Q7 �Mv TQH�`Bb�iBQM 2z2+ibX
Pm` ;Q�H Bb MQr iQ /2i2`KBM2 ?Qr i?2 2H2+i`B+ }2H/ p�`B2b �+`Qbb i?2 #QmM/�`v ∂ΩX

q2 /2MQi2 #v η i?2 mMBi MQ`K�H p2+iQ` QM i?2 bm`7�+2 ∂Ω i?�i TQBMib 7`QK Ω− iQr�`/b
i?2 2ti2`BQ` Ω+X �//BiBQM�HHv- r2 /2MQi2 #v E± i?2 p�Hm2b Q7 i?2 2H2+i`B+ }2H/ E �b QM2
�TT`Q�+?2b i?2 #QmM/�`v ∂Ω 7`QK Ω± `2bT2+iBp2HvX q2 �bbmK2 i?�i �HH 7mM+iBQMb r2
+QMbB/2` ?2`2 �`2 bm{+B2MiHv `2;mH�` bQ i?�i i?2 7QHHQrBM; +�H+mH�iBQMb �`2 p�HB/X

Ry



RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B�

G2i Σ /2MQi2 �M Q`B2Mi2/ bm`7�+2 BM R3 rBi? `2+i�M;mH�` #QmM/�`v ∂Σ Q7 ?2B;?i
δ > 0 i?�i BMi2`b2+ib T�`i Q7 i?2 #QmM/�`v ∂Ω �b b?QrM BM 6B;m`2 RXeX q2 `2+�HH 7`QK
1[m�iBQM URX9V i?�i i?2 2H2+i`B+ }2H/ E Bb +m`H@7`22X h?mb- aiQF2bǶ h?2Q`2K BKTHB2b i?�i

∮

∂Σ
E · dτ =

∫∫

Σ
∇×E · dA = 0.

Medium with dielectric constant !+

"+

#

$

"-

Object with dielectric constant !-

%"

%"

$

&

&

'

6B;m`2 RXe, h?2 ;2QK2i`B+ b2iiBM; mb2/ iQ /2`Bp2 i�M;2MiB�H DmKT +QM/BiBQMb 7Q` i?2 2H2+i`B+
}2H/ �+`Qbb � /B2H2+i`B+ BMi2`7�+2X

E22TBM; i?2 H2M;i? Q7 i?2 `2+i�M;mH�` #QmM/�`v ∂Σ }t2/- �M/ i�FBM; i?2 HBKBi δ →
0- ∂Σ ~�ii2Mb iQ �M BM}MBi2bBK�HHv i?BM `2+i�M;H2 r?Qb2 MQM@M2;HB;B#H2 QTTQbBi2 bB/2b
+QBM+B/2 U�`#Bi`�`BHv +HQb2HvV rBi? � +m`p2 C QM i?2 #QmM/�`v ∂ΩX *QMb2[m2MiHv- r2
?�p2

0 =

∮

∂Σ
E(τ ) · dτ =

∫

C
E+(τ ) · dτ −

∫

C
E−(τ ) · dτ

=

∫

C

(
E+(τ )−E−(τ )

)
· dτ .

aBM+2 � bBKBH�` +QMbi`m+iBQM rQ`Fb 7Q` �Mv +m`p2 C QM ∂Ω- r2 +QM+Hm/2 i?�i

E+(τ ) · τ = E−(τ ) · τ QM ∂Ω 7Q` �Mv i�M;2Mi p2+iQ` τ .

AM Qi?2` rQ`/b- i?2`2 Bb MQ DmKT BM i?2 i�M;2MiB�H +QKTQM2Mi Q7 i?2 2H2+i`B+ }2H/ E
�+`Qbb i?2 /B2H2+i`B+ BMi2`7�+2 ∂ΩX

PM i?2 Qi?2` ?�M/- Bi +�M #2 b?QrM i?�i i?2`2 Bb � DmKT BM i?2 MQ`K�H +QKTQM2Mi
Q7 i?2 2H2+i`B+ }2H/X AM/22/- H2i Σ ⊂ R3 #2 � +m#QB/ Q7 ?2B;?i δ > 0 i?�i BMi2`b2+ib T�`i
Q7 i?2 #QmM/�`v ∂Ω �b b?QrM BM 6B;m`2 RXdX G2i QΣ /2MQi2 i?2 +?�`;2 2M+HQb2/ BM i?Bb
+m#QB/X :�mbbǶ G�r 7`QK 1[m�iBQM URX9V i?2M BKTHB2b i?�i

QΣ

ϵ0
=

∫∫∫

Σ
∇ · κE dV =

∫∫

∂Σ
κE · dA,

RR



RX :1L1_�G ALh_P.l*hAPL

r?2`2 i?2 H�bi bi2T 7QHHQrb 7`QK i?2 /Bp2`;2M+2 i?2Q`2KX >2`2 κ Bb TB2+2rBb2 +QMbi�Mi
7mM+iBQM i?�i i�F2b p�Hm2 κ− BM Ω− �M/ κ+ BM Ω+ �M/ dA /2MQi2b � p2+iQ` bm`7�+2
2H2K2Mi i?�i TQBMib iQr�`/b i?2 2ti2`BQ` Q7 Σ- BX2- BM i?2 /B`2+iBQM Q7 i?2 mMBi MQ`K�H
p2+iQ` ηΣ QM i?2 +m#QB/Ƕb #QmM/�`vX

Medium with dielectric constant !+

"+

#

$

$#

"-

Object with dielectric constant !-

%"

%"

$

$# &

6B;m`2 RXd, h?2 ;2QK2i`B+ b2iiBM; mb2/ iQ /2`Bp2 MQ`K�H DmKT +QM/BiBQMb 7Q` i?2 2H2+i`B+
}2H/ �+`Qbb � /B2H2+i`B+ BMi2`7�+2X

q2 MQr mb2 i?2 b�K2 ;2QK2i`B+�H �`;mK2Mi �b #27Q`2- BX2X- r2 i�F2 i?2 HBKBi δ → 0
r?BHbi F22TBM; i?2 H2M;i? �M/ rB/i? Q7 i?2 +m#QB/ +QMbi�MiX q2 i?mb Q#i�BM

QΣ

ϵ0
=

∫∫

∂Σ
κE · dA =

∫∫

∂Σ∩∂Ω
κ+E

+ · η dA−
∫∫

∂Σ∩∂Ω
κ−E

− · η dA

=

∫∫

∂Σ∩∂Ω

(
κ+E

+ − κ−E
−) · η dA.

PM i?2 Qi?2` ?�M/- r2 FMQr i?�i i?2 +?�`;2 QΣ 2M+HQb2/ #v i?2 +m#QB/ Σ Bb ;Bp2M
�b � bm`7�+2 BMi2;`�H BMpQHpBM; i?2 7`22@+?�`;2 /2MbBiv σf ,

Qσ =

∫∫

∂Σ∩∂Ω
σf dA.

aBM+2 i?2 �#Qp2 +�H+mH�iBQMb ?QH/ 7Q` �Mv +m#QB/ Σ- Bi 7QHHQrb i?�i
σf
ϵ0

= κ+E
+ · η − κ−E

− · η. URXeV

AM Qi?2` rQ`/b- i?2`2 Bb � DmKT BM i?2 MQ`K�H +QKTQM2Mi Q7 i?2 r2B;?i2/ 2H2+i`B+ }2H/
�+`Qbb i?2 /B2H2+i`B+ BMi2`7�+2- ;Qp2`M2/ #v i?2 7`22 bm`7�+2 +?�`;2 /2MbBiv σf X

q2 ?�p2 i?2`27Q`2 /2i2`KBM2/ DmKT +QM/BiBQMb 7Q` #Qi? i?2 i�M;2MiB�H +QKTQM2Mi �M/
i?2 MQ`K�H +QKTQM2Mi Q7 i?2 2H2+i`B+ }2H/ QM i?2 #QmM/�`v Q7 i?2 /B2H2+i`B+X q2 +QM+Hm/2
i?Bb /Bb+mbbBQM #v ?B;?HB;?iBM; �M BKTQ`i�Mi +QMb2[m2M+2 Q7 i?2b2 +QM/BiBQMbX _2+�HH i?�i
r2 BMi`Q/m+2/ i?2 MQiBQM Q7 i?2 2H2+i`Qbi�iB+ TQi2MiB�H Φ bm+? i?�i E = −∇Φ- r?B+?

Rk



RXk 1H2+i`Qbi�iB+b BM .B2H2+i`B+ J2/B�

�HHQr2/ mb iQ r`Bi2 J�tr2HHǶb 2[m�iBQM BM � /B2H2+i`B+ K2/BmK URX9V �b i?2 ;2M2`�HBb2/
SQBbbQM 2[m�iBQM URX8VX PM2 K�v i?2`27Q`2 �bF ?Qr i?2 TQi2MiB�H #2?�p2b �+`Qbb i?2
/B2H2+i`B+ BMi2`7�+2X hQ �Mbr2` i?Bb [m2biBQM- H2i mb }`bi Q#b2`p2 i?�i #v /2}MBiBQM- 7Q`
�Mv TQBMi a ∈ Ω− �M/ b ∈ Ω+ Bi ?QH/b i?�i

Φ(b)− Φ(a) =

∫

γ
E · dℓ,

r?2`2 γ Bb �Mv T�i? BM R3 i?�i +QMM2+ib i?2 TQBMi b iQ i?2 TQBMi aX aBM+2 i?2 2H2+i`B+
}2H/ E Bb #QmM/2/ BM Ω− �M/ Ω+- �M/ i?2`2 Bb- �i KQbi- � }MBi2 DmKT BM E �+`Qbb i?2
BMi2`7�+2 #QmM/�`v ∂Ω- r2 K�v i�F2 i?2 HBKBib a → x ∈ ∂Ω �M/ b → x ∈ ∂Ω iQ /2/m+2
i?�i i?2 �#Qp2 HBM2 BMi2;`�H +QMp2`;2b iQ x2`QX *QMb2[m2MiHv- r2 ?�p2

Φ+ = Φ− QM ∂Ω. URXdV

>2`2- Φ± /2MQi2 i?2 p�Hm2b Q7 i?2 TQi2MiB�H Φ �b QM2 �TT`Q�+?2b i?2 #QmM/�`v ∂Ω 7`QK
Ω± `2bT2+iBp2HvX �//BiBQM�HHv- i?2 DmKT +QM/BiBQM URXeV +�M �HbQ #2 `2T?`�b2/ BM i2`Kb
Q7 i?2 2H2+i`Qbi�iB+ TQi2MiB�H Φ iQ Q#i�BM

σf
ϵ0

= κ−∇Φ− · η − κ+∇Φ+ · η. URX3V

*QK#BMBM; i?2`27Q`2 i?2 ;2M2`�HBb2/ SQBbbQM 2[m�iBQM URX8V rBi? i?2 BMi2`7�+2 +QM/B@
iBQMb URXdV �M/ URX3V- r2 ?�p2 � /2b+`BTiBQM Q7 ?Qr i?2 2H2+i`Qbi�iB+ TQi2MiB�H Φ #2?�p2b
#Qi? BMbB/2 �M/ QM i?2 BMi2`7�+2 #QmM/�`v Q7 �Mv /B2H2+i`B+ K2/BmKX lM7Q`imM�i2Hv- i?2b2
i?`22 2[m�iBQMb /Q MQi v2i /2b+`B#2 � mMB[m2 TQi2MiB�H 7mM+iBQM ΦX AM/22/- � bi`�B;?i@
7Q`r�`/ +�H+mH�iBQM b?Qrb i?�i B7 �Mv 7mM+iBQM Φ Bb � bQHmiBQM iQ 1[m�iBQMb URX8V- URXdV
�M/ URX3V- i?2M Φ + c Bb �HbQ � bQHmiBQM 7Q` �Mv +QMbi�Mi c ∈ RX h?Bb MQM@mMB[m2M2bb Bb
MQi bm`T`BbBM; B7 r2 `2+�HH i?�i i?2 2H2+i`B+ }2H/ E `2H�i2b iQ i?2 2H2+i`B+ TQi2MiB�H QMHv
�b E = −∇ΦX

.2+�v +QM/BiBQMb �i BM}MBiv
AM pB2r Q7 i?2 T`2+2/BM; /Bb+mbbBQM- r2 Kmbi BKTQb2 �M �//BiBQM�H +QM/BiBQM BM Q`/2`
iQ ;m�`�Mi22 i?2 2tBbi2M+2 �M/ mMB[m2M2bb Q7 �M 2H2+i`Qbi�iB+ TQi2MiB�H Φ i?�i b�iBb}2b
i?2 ;2M2`�HBb2/ SQBbbQM 2[m�iBQM URX8V �M/ i?2 BMi2`7�+2 +QM/BiBQMb URXdV �M/ URX3VX A7
r2 �`2 BMi2`2bi2/ BM /2i2`KBMBM; i?2 TQi2MiB�H QM �M mM#QmM/2/ bT�iB�H /QK�BM /m2 iQ
� +?�`;2 /Bbi`B#miBQM rBi? #QmM/2/ bmTTQ`i- i?2M r2 HQQF 7Q` bQ@+�HH2/ /2+�v +QM/BiBQMb
i?�i /2b+`B#2 ?Qr i?2 TQi2MiB�H #2?�p2b �i BM}MBivX h?2 mbm�H +QMp2MiBQM BM i?2 T?vbB+b
HBi2`�im`2 Bb iQ b2i i?2 TQi2MiB�H �i BM}MBiv iQ #2 x2`QX JQ`2 T`2+Bb2Hv- r2 rBHH �bbmK2
i?�i

∃C > 0: |Φ(x)| ≤ C|x|−1 7Q` |x| → ∞. URXNV

hQ bmKK�`Bb2- r2 ?�p2 /2`Bp2/ 2[m�iBQMb i?�i /2b+`B#2 i?2 2H2+i`Qbi�iB+ TQi2MiB�H
BMbB/2 � /B2H2+i`B+ K2/BmK U1[m�iBQM URX8VV �M/ �i i?2 BMi2`7�+2 #QmM/�`B2b U1[m�@
iBQMb URXdV �M/ URX3VV- �M/ r2 ?�p2 BKTQb2/ i?2 /2+�v +QM/BiBQM URXNV �b �M �/KBbbB#BHBiv

Rj
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+`Bi2`BQMX hQ;2i?2`- i?2b2 i?`22 2[m�iBQMb �M/ �/KBbbB#BHBiv +QM/BiBQM �`2 bm{+B2Mi iQ
r`Bi2 � r2HH@TQb2/ K�i?2K�iB+�H KQ/2H 7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H ;2M2`�i2/ #v �
+?�`;2/ /B2H2+i`B+ Q#D2+i 2K#2//2/ BM � TQH�`Bb�#H2 K2/BmKX q2 +QM+Hm/2 i?Bb b2+iBQM
#v `2K�`FBM; i?�i r?BH2 i?2 T`2+2/BM; �`;mK2Mib �`2 BM7Q`K�H- i?2v +�M #2 K�/2 +QK@
TH2i2Hv `B;Q`Qmb #v BKTQbBM; bmBi�#H2 `2;mH�`Biv �bbmKTiBQMb QM i?2 T`Q#H2K ;2QK2i`v
�M/ T?vbB+�H [m�MiBiB2b Q7 BMi2`2biX

RXj J�i?2K�iB+�H S`2HBKBM�`B2b

h?2 /Bb+mbbBQM BM a2+iBQM RXk r�b 7Q+mb2/ QM 2tTH�BMBM; i?2 T?vbB+b #2?BM/ TQH�`Bb�#H2
2H2+i`Qbi�iB+b �M/ `2HB2/ T`BK�`BHv QM ?2m`BbiB+- K�i?2K�iB+�HHv BM7Q`K�H 2tTH�M�iBQMbX
AM Q`/2` iQ BMi`Q/m+2 K�i?2K�iB+�H `B;Qm` �M/ T`2+BbBQM BM i?2 bm#b2[m2Mi 2tTQbBiBQM-
r2 rBHH MQr 2bi�#HBb? #�bB+ MQi�iBQM �M/ `2+�HH bQK2 F2v `2bmHib 7`QK i?2 i?2Q`v Q7
T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX h?2 +QMi2Mi Q7 i?Bb b2+iBQM Bb H�`;2Hv +H�bbB+�H �M/ +�M
#2 7QmM/ BM �Mv bi�M/�`/ i2ti#QQF QM 7mM+iBQM�H �M�HvbBb �M/ S.1 i?2Q`v Ub22- 2X;X-
(kR- e9- e3- 3k)VX q2 rBHH T`BK�`BHv 7QHHQr i?2 KQ`2 7Q+mb2/ T`2b2Mi�iBQM Q7 (R38) #mi r2
rBHH �HbQ mb2 bQK2 `2bmHib 7`QK (8y- R9d)X q2 rBHH �HbQ �bbmK2 i?�i i?2 `2�/2` Bb 7�KBHB�`
rBi? /Bz2`2MiB�H +�H+mHmb Q7 b2p2`�H p�`B�#H2b- i?2 `m/BK2Mib Q7 K2�bm`2 i?2Q`v- �M/ #�bB+
TQBMi@b2i iQTQHQ;vX AM T�`iB+mH�`- i?2 MQiBQMb Q7 +H�bbB+�H /Bz2`2MiB�#BHBiv- K2�bm`�#BHBiv
�M/ BMi2;`�#BHBiv UBM i?2 b2Mb2 Q7 G2#2b;m2V �b r2HH �b B/2�b Q7 +QKT�+iM2bb rBHH #2 mb2/
rBi?Qmi T`BQ` BMi`Q/m+iBQMX

RXjXR "�bB+ MQi�iBQM

a2ib Q7 MmK#2`b, q2 /2MQi2 #v N := {1, 2, 3, . . .} �M/ #v Z := N∪{0}∪−N i?2 b2i Q7
M�im`�H MmK#2`b �M/ i?2 b2i Q7 BMi2;2`b `2bT2+iBp2Hv- �M/ r2 /2}M2 N0 := {0, 1, 2, . . . , }
�b i?2 b2i Q7 MQM@M2;�iBp2 BMi2;2`bX AM �//BiBQM- r2 r`Bi2 R �M/ C 7Q` i?2 b2i Q7 `2�H
MmK#2`b �M/ i?2 b2i Q7 +QKTH2t MmK#2`b `2bT2+iBp2HvX 6BM�HHv- r2 /2MQi2 #v R+ �M/ R−
i?2 b2i Q7 TQbBiBp2 `2�H MmK#2`b �M/ i?2 b2i Q7 M2;�iBp2 `2�H MmK#2`b `2bT2+iBp2HvX

1m+HB/2�M MQ`K �M/ b+�H�` T`Q/m+i, G2i n ∈ NX h?2M r2 /2MQi2 #v | · | : Rn →
R+ ∪ {0} �M/ (·, ·)Rn : Rn × Rn → R i?2 K�TTBM;b rBi? i?2 T`QT2`iv i?�i 7Q` �HH u =
(u1, u2, . . . , un) ∈ Rn �M/ �HH v = (v1, v2, . . . , vn) ∈ Rn Bi ?QH/b i?�i

|u|2 :=
n∑

j=1

u2j , �M/ (u, v)Rn :=
n∑

j=1

ujvj ,

�M/ r2 b�v i?�i | · | �M/ (·, ·)Rn �`2 i?2 1m+HB/2�M MQ`K �M/ 1m+HB/2�M BMM2` T`Q/m+i
QM Rn `2bT2+iBp2HvX LQiB+2 i?�i i?2 1m+HB/2�M MQ`K Bb BM/m+2/ #v i?2 1m+HB/2�M BMM2`
T`Q/m+iX

1bb2MiB�H K�TTBM;b, :Bp2M � b2i A r2 /2MQi2 #v IA : A → A i?2 B/2MiBiv K�T QM
A- BX2X- i?2 K�T rBi? i?2 T`QT2`iv i?�i 7Q` �HH a ∈ A Bi ?QH/b i?�i IA(a) = a rBi? i?2

R9
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+QMp2MiBQM i?�i r2 /`QT i?2 bm#b+`BTi A B7 i?2 +QMi2ti Bb +H2�`X

L2ti- ;Bp2M � b2i Ω- � bm#b2i Σ ⊂ Ω �M/ � K�TTBM; f : Ω → R- r2 /2}M2 i?2
`2bi`B+iBQM K�T f |Σ : Σ → R �b f |Σ(σ) = f(σ) 7Q` �HH σ ∈ ΣX

JQ`2Qp2`- r2 /2MQi2 #v ⌊·⌋ : R → Z i?2 mbm�H ~QQ` 7mM+iBQM- BX2X- i?2 K�TTBM; rBi?
i?2 T`QT2`iv i?�i 7Q` �Mv s ∈ R- ⌊s⌋ Bb i?2 H�`;2bi BMi2;2` H2bb i?�M Q` 2[m�H iQ sX AM �
bBKBH�` 7�b?BQM- r2 /2MQi2 #v ⌈·⌉ : R → Z i?2 mbm�H +2BHBM; 7mM+iBQM- BX2X- i?2 K�TTBM;
rBi? i?2 T`QT2`iv i?�i 7Q` �Mv s ∈ R- ⌈s⌉ Bb i?2 bK�HH2bi BMi2;2` ;`2�i2` i?�M Q` 2[m�H iQ
sX

JmHiB@BM/B+2b, 6Q` �Mv M�im`�H MmK#2` k ∈ N- r2 rBHH 7`2[m2MiHv /2MQi2 #v α ∈ Nk
0 �

;2M2`B+ KmHiB@BM/2t rBi? i?2 +QMp2MiBQM i?�i

α! := Πk
j=1αj ! �M/ |α| :=

k∑

j=1

αj .

AM �//BiBQM- ;Bp2M k ∈ N- � KmHiB@BM/2t α ∈ Nk
0- �M QT2M b2i Ω ⊂ Rk- x =

(x1, x2, . . . , xk) ∈ Ω �M/ � 7mM+iBQM f : Ω → R r2 /2}M2

∂αf(x) := ∂αxf(x) :=
∂|α|f(x)

∂α1
x1 ∂

α2
x2 . . . ∂αk

xk

.

JBb+2HH�M2Qmb, :Bp2M � 6`û+?2i bT�+2 E- BX2X- � HQ+�HHv +QMp2t p2+iQ` bT�+2 i?�i Bb
+QKTH2i2 rBi? `2bT2+i iQ � i`�MbH�iBQM@BMp�`B�Mi K2i`B+- r2 rBHH 7`2[m2Mi mb2 i?2 MQi�iBQM
E∗ iQ /2MQi2 i?2 iQTQHQ;B+�H /m�H bT�+2 Q7 E- �M/ r2 r`Bi2 ⟨·, ·⟩E∗×E iQ /2MQi2 i?2 /m�HBiv
T�B`BM;- BX2X- i?2 �+iBQM Q7 �M 2H2K2Mi Q7 E∗ QM �M 2H2K2Mi Q7 EX �//BiBQM�HHv- B7

(
E, ∥·∥E

)

Bb � "�M�+? bT�+2- i?2M r2 2[mBT i?2 /m�H bT�+2 E∗ rBi? i?2 +�MQMB+�H /m�H MQ`K ∥ ·∥E∗ -
r?B+? Bb �b /2}M2/ �b

∥φ∥E∗ := sup
0 ̸=f∈E

⟨φ, f⟩E∗×E

∥f∥E
∀φ ∈ E∗.

qBi?BM i?Bb 7`�K2rQ`F- r2 BMi`Q/m+2 i?2 MQiBQM Q7 i?2 bQ@+�HH2/ �/DQBMi QT2`�iQ`, G2i(
X, ∥ · ∥X

)
�M/

(
Y, ∥ · ∥Y

)
#2 "�M�+? bT�+2b- �M/ H2i T : X → Y #2 � #QmM/2/ HBM2�`

QT2`�iQ`X h?2M r2 /2}M2 i?2 #QmM/2/ HBM2�` QT2`�iQ` T ∗ : Y ∗ → X∗ �b i?2 K�TTBM;
rBi? i?2 T`QT2`iv i?�i 7Q` 2�+? y∗ ∈ Y ∗- T ∗y∗ Bb i?2 mMB[m2 2H2K2Mi BM X∗ bm+? i?�i 7Q`
�HH x ∈ X Bi ?QH/b i?�i

⟨T ∗y∗, x⟩X∗×X = ⟨y∗, Tx⟩Y ∗×Y ,

�M/ r2 b�v i?�i T ∗ Bb i?2 �/DQBMi QT2`�iQ` Q7 T X q2 `2K�`F i?�i BM bQK2 HBi2`�im`2- i?2
K�T T ∗ Bb FMQrM �b i?2 /m�H QT2`�iQ` Q7 T X

R8
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RXjXk 6mM+iBQM bT�+2b QM /QK�BMb

h?`Qm;?Qmi i?Bb b2+iBQM- r2 �bbmK2 i?�i n ∈ N- k ∈ N0- �M/ Ω ⊂ Rn Bb �M QT2M b2iX
�//BiBQM�HHv- ;Bp2M � +QMiBMmQmb 7mM+iBQM f : Ω → R r2 /2}M2 i?2 b2i supp(f) ⊂ Ω �b
i?2 +HQbm`2 BM Ω Q7 i?2 b2i {x ∈ Ω : f(x) ̸= 0}- �M/ r2 b�v i?�i supp(f) Bb i?2 bmTTQ`i Q7
f X

aT�+2b Q7 +QMiBMmQmb 7mM+iBQMb q2 BMi`Q/m+2 i?2 7QHHQrBM; +H�bbB+�H 7mM+iBQM bT�+2b,

Ck(Ω) := {u : Ω → R : ∀|α| ≤ k, ∂αu Bb +QMiBMmQmb} ,

Ck(Ω) :=
{
u ∈ Ck(Ω) : ∀|α| ≤ k, ∂αu +�M #2 +QMiBMmQmbHv 2ti2M/2/ iQ Ω

}
,

C∞(Ω) :=
⋂

k∈N0

Ck(Ω), C∞(Ω) =
⋂

k∈N0

Ck(Ω),

C∞
0 (Ω) := {u ∈ C∞(Ω) : bmTT(u) Bb � +QKT�+i bm#b2i Q7 Ω} ,

C∞
comp(Ω) := {u|Ω : u ∈ C∞

0 (Rn)} .

q2 `2K�`F i?�i i?2 �#Qp2 bT�+2b +�M �HH #2 2[mBTT2/ rBi? HQ+�HHv +QMp2t iQTQHQ;B2b- �M/
Bi Bb i?2`27Q`2 TQbbB#H2 iQ /2}M2 i?2 iQTQHQ;B+�H /m�H bT�+2b

(
C∞(Ω)

)∗ �M/
(
C∞
0 (Ω)

)∗X
LQi2 i?�i Bi Bb +QKKQM T`�+iB+2 BM i?2 HBi2`�im`2 iQ mb2 i?2 MQi�iBQM Q7 G�m`2Mi a+?r�`ix
(R33) �M/ r`Bi2 E(Ω) 7Q` C∞(Ω) �M/ D(Ω) 7Q` C∞

0 (Ω) #mi r2 /Q MQi 7QHHQr i?Bb +QMp2MiBQM
?2`2X

a[m�`2 BMi2;`�#H2 7mM+iBQMb �M/ r2�F /2`Bp�iBp2b q2 /2MQi2 #v L2(Ω) i?2 bT�+2
Q7 �HH G2#2b;m2 K2�bm`�#H2 7mM+iBQMb f : Ω → R i?�i b�iBb7v

∫
Ω |f(x)|2 dx < ∞ rBi? i?2

+QMp2MiBQM i?�i r2 /Q MQi /BbiBM;mBb? #2ir22M irQ 7mM+iBQMb u, v ∈ L2(Ω) B7 i?2v /Bz2`
QM � b2i Q7 K2�bm`2 Q7 x2`QX q2 2[mBT L2(Ω) rBi? i?2 mbm�H BMM2` T`Q/m+i

(u, v)L2(Ω) :=

∫

Ω
u(x)v(x) dx ∀u, v ∈ L2(Ω),

�M/ r2 r`Bi2 i?2 MQ`K BM/m+2/ #v i?Bb BMM2` T`Q/m+i �b ∥ · ∥L2(Ω)X LQiB+2 i?�i i?2 bT�+2
L2(Ω× Ω) +�M #2 /2}M2/ �M�HQ;QmbHvX

L2ti- ;Bp2M � KmHiB@BM/2t α ∈ Nk
0 �M/ � 7mM+iBQM u ∈ L2(Ω)- B7 i?2`2 2tBbib �MQi?2`

7mM+iBQM v ∈ L2(Ω) rBi? i?2 T`QT2`iv i?�i

(v,φ)L2(Ω) = −1|α|(u, ∂αφ)L2(Ω) ∀φ ∈ C∞
0 (Ω),

i?2M r2 r`Bi2 v := ∂αuX A7 bm+? � 7mM+iBQM v ∈ L2(Ω) 2tBbib- i?2M Bi Bb mMB[m2- �M/ r2
i?2`27Q`2 b�v i?�i v Bb i?2 αi? r2�F /2`Bp�iBp2 Q7 uX

*QMp2MiBQM, AM i?Bb /Bbb2`i�iBQM- r2 �/QTi i?2 +QMp2MiBQM i?�i /2`Bp�iBp2b Q7 b[m�`2
BMi2;`�#H2 7mM+iBQMb �`2 �Hr�vb mM/2`biQQ/ BM i?2 r2�F b2Mb2X

Re



RXj J�i?2K�iB+�H S`2HBKBM�`B2b

aQ#QH2p bT�+2b q2 /2}M2 i?2 aQ#QH2p bT�+2 Hk(Ω) Q7 MQM@M2;�iBp2 BMi2;2` Q`/2` �b
i?2 p2+iQ` bT�+2

Hk(Ω) := {u ∈ L2(Ω) : ∀|α| ≤ k, ∂αu ∈ L2(Ω)},

2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)Hk(Ω) :=
∑

|α|<k

(∂αu, ∂αv)L2(Ω) +
∑

|α|=k

(∂αu, ∂αv)L2(Ω) ∀u, v ∈ Hk(Ω) URXRyV

�M/ �bbQ+B�i2/ MQ`K ∥u∥Hk(Ω) := (u, u)
1
2

Hk(Ω)
∀u ∈ Hk(Ω)X �//BiBQM�HHv- r2 rBHH 7`2@

[m2MiHv `272` iQ i?2 b2+QM/ bmK BM 1[m�iBQM URXRyV UBX2X- i?2 bmK Qp2` KmHiB@BM/B+2b
|α| = kV �b i?2 Hk(Ω) b2KB@MQ`K Q7 u- /2MQi2/ |u|Hk(Ω)X

L2ti- ;Bp2M � MQM@BMi2;2` `2�H MmK#2` s > 0 rBi? s = ⌊s⌋+ σ r2 /2}M2 i?2 aQ#QH2p
bT�+2 Hs(Ω) Q7 MQM@M2;�iBp2 7`�+iBQM�H Q`/2` �b i?2 p2+iQ` bT�+2

Hs(Ω) :=

{
u ∈ H⌊s⌋(Ω) :

∫

Ω

∫

Ω

|∂αu(x)− ∂αu(y)|2

|x− y|n+2σ
dxdy < ∞ 7Q` �HH |α| = ⌊s⌋

}
,

2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)Hs(Ω) := (u, v)H⌊s⌋(Ω) +
∑

|α|=⌊s⌋

∫

Ω

∫

Ω

(∂αu(x)− ∂αu(y))(∂αv(x)− ∂αv(y))

|x− y|n+2σ
dxdy.

URXRRV

�M/ �bbQ+B�i2/ MQ`K ∥u∥Hs(Ω) := (u, u)
1
2
Hs(Ω)X q2 rBHH 7`2[m2MiHv `272` iQ i?2 /Qm#H2

BMi2;`�H BM 1[m�iBQM URXRRV �b i?2 aQ#QH2p@aHQ#Q/2+FBD b2KB@MQ`K Q7 u- /2MQi2/ |u|σ,⌊s⌋,ΩX

JQ`2Qp2`- 7Q` �Mv `2�H MmK#2` s > 0 r2 /2}M2 i?2 aQ#QH2p bT�+2 Hs
0(Ω) �b i?2

+QKTH2iBQM Q7 C∞
0 (Ω) rBi? `2bT2+i iQ i?2 ∥ · ∥Hs(Ω) MQ`K /2}M2/ i?`Qm;? 1[m�iBQM

URXRRVX 6BM�HHv- 7Q` �Mv s > 0- r2 /2}M2 i?2 aQ#QH2p bT�+2 H−s(Ω) Q7 M2;�iBp2 Q`/2` �b
i?2 iQTQHQ;B+�H /m�H bT�+2 Q7 Hs

0(Ω)- BX2X-

H−s(Ω) := (Hs
0(Ω))

∗

:=
{
f : Hs

0(Ω) → R : ∃C > 0 bm+? i?�i ∀u ∈ Hs
0(Ω) : |f(u)| ≤ C∥u∥Hs(Ω)

}
,

2[mBTT2/ rBi? i?2 +�MQMB+�H /m�H MQ`K

∥f∥H−s(Ω) := sup
0 ̸=u∈Hs

0(Ω)

⟨f, u⟩H−s(Ω)×Hs(Ω)

∥u∥Hs(Ω)
,

r?2`2 r2 mb2 i?2 MQi�iBQM ⟨f, u⟩H−s(Ω)×Hs(Ω) := f(u)X q2 `2K�`F i?�i r2 rBHH 7`2[m2MiHv
mb2 �M �#mb2 Q7 MQi�iBQM iQ B/2MiB7v 7mM+iBQMb u ∈ Hs

0(Ω), s > 0 �b 2H2K2Mib Q7 H−s(Ω)X
h?Bb b?QmH/ #2 mM/2`biQQ/ BM i?2 b2Mb2 Q7 i?2 _B2bx `2T`2b2Mi�iBQM i?2Q`2K- BX2X- r?2M
r2 b�v i?�i � b[m�`2@BMi2;`�#H2 7mM+iBQM u ∈ Hs

0(Ω) Bb �M 2H2K2Mi Q7 H−s(Ω)- r2 �`2
B/2MiB7vBM; u rBi? i?2 mMB[m2 /Bbi`B#miBQM φu ∈ H−s(Ω) bm+? i?�i φu(v) = (u, v)Hs(Ω)

7Q` �HH v ∈ Hs
0(Ω)X aBKBH�` +QMbB/2`�iBQMb �HbQ �TTHv iQ Qi?2`- ;2M2`�H /m�H bT�+2bX

Rd
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RXjXj 6mM+iBQM bT�+2b QM bm`7�+2b

G2i n ∈ N- k ∈ N0- �M/ Ω ⊂ Rn #2 �M QT2M b2iX q2 /2MQi2 #v ∂Ω := Ω ∩ (Rn \ Ω)
i?2 #QmM/�`v Q7 i?2 QT2M b2i ΩX h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ BMi`Q/m+2 +2`i�BM aQ#QH2p
bT�+2b QM i?2 bm`7�+2 ∂ΩX hQ i?Bb 2M/- r2 `2[mB`2 �TT`QT`B�i2 `2;mH�`Biv �bbmKTiBQMb
QM ∂ΩX

GBTb+?Bix /QK�BMb q2 b�v i?�i i?2 QT2M b2i Ω Bb � GBTb+?Bix /QK�BM B7 ∂Ω Bb +QKT�+i
�M/ i?2`2 2tBbi irQ +QmMi�#H2 7�KBHB2b Q7 b2ib {Wj}j∈N, {Ωj}j∈N bm+? i?�i i?2 7QHHQrBM;
?QH/b

RX h?2 7�KBHv {Wj} Bb � }MBi2 QT2M +Qp2` Q7 ∂Ω- BX2X- 2�+? Wj ⊂ Rn Bb QT2M �M/
∂Ω ⊂

⋃
j Wj X

kX 1�+? Ωj ⊂ Rn +�M #2 i`�Mb7Q`K2/ iQ � GBTb+?Bix ?vTQ;`�T?- BX2X- � b2i i?�i +QMbBbib
Q7 �HH TQBMib i?�i HB2 #2HQr i?2 ;`�T? Q7 � GBTb+?Bix 7mM+iBQM- i?`Qm;? � `B;B/
i`�Mb7Q`K�iBQM +QMbBbiBM; Q7 QMHv � `Qi�iBQM THmb � i`�MbH�iBQMX

jX q2 ?�p2 7Q` �HH j i?2 `2H�iBQMb?BT Ω ∩Wj = Ωj ∩Wj X

�//BiBQM�HHv- B7- BM +QM/BiBQM UkV �#Qp2- 2�+? Ωj ⊂ Rn +�M #2 i`�Mb7Q`K2/ iQ � Ck

?vTQ;`�T?- BX2X- � b2i i?�i +QMbBbib Q7 �HH TQBMib i?�i HB2 #2HQr i?2 ;`�T? Q7 � Ck 7mM+iBQM
rBi? #QmM/2/ /2`Bp�iBp2b Q7 �HH Q`/2`b H2bb i?�M Q` 2[m�H iQ k- i?2M r2 b�v i?�i Ω Bb �
Ck /QK�BMX 6`QK i?2b2 /2}MBiBQMb- r2 b22 i?�i i?2 mMBi bT?2`2 BM R3- /2MQi2/ S2- Bb �
C∞ /QK�BM- BX2X- Bi Bb � Ck /QK�BM 7Q` 2p2`v k ∈ NX aBKBH�` +QMbB/2`�iBQMb �TTHv iQ �
;2M2`�H QT2M #�HH U ⊂ RnX

aQ#QH2p bT�+2b QM bm`7�+2b �bbmK2 MQr i?�i Ω Bb � GBTb+?Bix /QK�BMX hQ #2;BM
rBi?- r2 /2MQi2 #v L2(∂Ω) i?2 bT�+2 Q7 �HH G2#2b;m2 BMi2;`�#H2 7mM+iBQMb f : ∂Ω → R
i?�i b�iBb7v

∫
∂Ω |f(x)|2 dx < ∞ rBi? i?2 +QMp2MiBQM i?�i r2 /Q MQi /BbiBM;mBb? #2ir22M

irQ 7mM+iBQMb u, v ∈ L2(∂Ω) B7 i?2v /Bz2` QM � b2i Q7 K2�bm`2 Q7 x2`QX q2 2[mBT L2(∂Ω)
rBi? i?2 M�im`�H BMM2` T`Q/m+i

(u, v)L2(∂Ω) :=

∫

∂Ω
u(x)v(x) dx ∀u, v ∈ L2(∂Ω),

�M/ r2 r`Bi2 i?2 MQ`K BM/m+2/ #v i?Bb BMM2` T`Q/m+i �b ∥ · ∥L2(∂Ω)X PM+2 �;�BM- r2
Q#b2`p2 i?�i i?2 bT�+2 L2(∂Ω× ∂Ω) +�M #2 /2}M2/ �M�HQ;QmbHvX

6Q` +QMM2+i2/ b2ib Ω- ;Bp2M s ∈ (0, 1) r2 /2}M2 i?2 7`�+iBQM�H aQ#QH2p bT�+2 Hs(∂Ω)
�b i?2 p2+iQ` bT�+2

Hs(∂Ω) :=

{
u ∈ L2(∂Ω) :

∫

∂Ω

∫

∂Ω

|u(x)− u(y)|2

|x− y|n−1+2s
dxdy < ∞

}
,

2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)Hs(∂Ω) := (u, v)L2(∂Ω) +

∫

∂Ω

∫

∂Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|n−1+2s
dxdy URXRkV

R3
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�M/ �bbQ+B�i2/ MQ`K ∥u∥Hs(∂Ω) := (u, u)
1
2
Hs(∂Ω)X A7- QM i?2 Qi?2` ?�M/- i?2 b2i Ω Bb

i?2 mMBQM Q7 /BbDQBMi #QmM/2/ b2ib- b�v Ω := ∪N
j=1Ωi- i?2M r2 /2}M2 i?2 BMM2`@T`Q/m+i

(·, ·)Hs(∂Ω) BM � HQ+�H K�MM2` #v b2iiBM; 7Q` �HH u, v ∈ Hs(∂Ω)

(u, v)Hs(∂Ω) :=
N∑

j=1

(u, v)L2(∂Ωj)
+

N∑

j=1

∫

∂Ωj

∫

∂Ωj

(u(x)− u(y))(v(x)− v(y))

|x− y|n−1+2s
dxdy,

r?2`2 ∂Ωj /2MQi2b i?2 #QmM/�`v Q7 Ωj 7Q` �HH j = 1, . . . , N X

AM �//BiBQM- r2 /2}M2 i?2 aQ#QH2p bT�+2b Q7 M2;�iBp2 7`�+iBQM�H Q`/2` H−s(∂Ω) :=(
Hs(∂Ω)

)∗- �M/ r2 2[mBT i?2K rBi? i?2 +�MQMB+�H /m�H MQ`KbX PM+2 �;�BM- r2 rBHH
7`2[m2MiHv mb2 �M �#mb2 Q7 MQi�iBQM iQ B/2MiB7v 7mM+iBQMb u ∈ Hs(∂Ω), s > 0 �b 2H2K2Mib
Q7 H−s(∂Ω)X q2 �HbQ `2K�`F i?�i �Hi?Qm;? r2 /Q MQi T`2b2Mi i?Bb +QMbi`m+iBQM ?2`2-
bBKBH�` B/2�b +�M #2 mb2/ iQ /2}M2 7`�+iBQM�H aQ#QH2p bT�+2 Hs(∂Ω) 7Q` �Mv `2�H s /∈ (0, 1)X

RXjX9 h`�+2 QT2`�iQ`b

h?`Qm;?Qmi i?Bb b2+iBQM- H2i n ∈ N- k ∈ N0- �M/ Ω ⊂ Rn #2 �M QT2M b2i rBi? #QmM/@
�`v ∂ΩX q2 rQmH/ MQr HBF2 iQ BMi`Q/m+2 i?2 MQiBQM Q7 i?2 `2bi`B+iBQM Q7 � 7mM+iBQM
u ∈ Hs(Ω), s ∈ R iQ i?2 #QmM/�`v ∂ΩX am+? `2bi`B+iBQMb +�M �HbQ #2 /2}M2/ 7Q` 7mM+@
iBQMb i?�i �`2 QMHv HQ+�HHv UBM �M �TT`QT`B�i2 b2Mb2V BM Hs(Ω)- i?2 `2H2p�Mi bT�+2 BM i?Bb
+�b2 #2BM; +�HH2/ Hs

loc(Ω)X aBM+2 i?2 M2+2bb�`v MQiBQMb �`2 bHB;?iHv H2bb bi�M/�`/- r2
T`QpB/2 7Q`K�H /2}MBiBQMbX

.B`B+?H2i i`�+2b �M/ i?2 BMi2`BQ` .B`B+?H2i T`Q#H2K

.2}MBiBQM RXRX G2i r > 0 �M/ s ∈ RX q2 /2}M2 i?2 p2+iQ` bT�+2 Hr
loc(Ω) �b

Hr
loc(Ω) :=

{
u ∈ L2

loc(Ω) bm+? i?�i ∀χ ∈ C∞
comp(Ω) : χu ∈ Hr(Ω)

}
.

>2`2- L2
loc(Ω) /2MQi2b i?2 b2i Q7 7mM+iBQMb i?�i �`2 b[m�`2 BMi2;`�#H2 QM �HH +QKT�+i

bm#b2ib Q7 ΩX JQ`2Qp2`- r2 /2}M2 i?2 p2+iQ` bT�+2 H−r
loc (Ω) �b

H−r
loc (Ω) :=

{
φ ∈

(
C∞
comp(Ω)

)∗ bm+? i?�i ∀v ∈ C∞
comp(Ω) : vφ ∈ H−r(Ω)

}
,

r?2`2 7Q` �M �`#Bi`�`v φ ∈
(
C∞
comp(Ω)

)∗ �M/ v ∈ C∞
comp(Ω)- i?2 T`Q/m+i vφ Bb mM/2`@

biQQ/ �b � /Bbi`B#miBQM BM
(
C∞
comp(Ω)

)∗ b�iBb7vBM;
(
vφ
)
(f) = φ

(
v · f

)
∀f ∈ C∞

comp(Ω)X
�//BiBQM�HHv- r2 b2i H0

loc(Ω) := L2
loc(Ω)X

L2ti- r2 /2}M2 i?2 bm#bT�+2 Hs
∆(Ω) ⊂ Hs

loc(Ω) �b

Hs
∆(Ω) :=

{
u ∈ Hs

loc(Ω) : ∆u = 0 BM Ω
}
.

JQ`2Qp2`- B7 i?2 b2i Ω Bb #QmM/2/- i?2M r2 /2}M2 i?2 p2+iQ` bT�+2 Hs
∆(Rn \ ∂Ω) �b

Hs
∆(Rn \ ∂Ω) :=

{
u ∈ L2

loc(Rn) : u|Ω ∈ Hs
∆(Ω) �M/ u|Rn\Ω ∈ Hs

∆

(
Rn \ Ω

)}
.

RN
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_2K�`F RXkX .2}MBiBQM RXR Bb #�b2/ QM i?2 2tTQbBiBQM T`2b2Mi2/ BM (R38- a2+iBQM kXe)X q2
2KT?�bBb2 BM T�`iB+mH�` i?�i BM Km+? Q7 i?2 7mM+iBQM�H �M�HvbBb HBi2`�im`2- BM i?2 /2}MBiBQM
Q7 i?2 bT�+2 Hr

loc(Ω), r > 0- i?2 +QM/BiBQM χ ∈ C∞
comp(Ω) Bb `2TH�+2/ rBi? χ ∈ C∞

0 (Ω)-
i?2 H�ii2` +?QB+2 #2BM; +QMbB/2`2/ i?2 bi�M/�`/ �TT`Q�+? 7Q` /2}MBM; Hr

loc(Ω)X

.2}MBiBQM RXj UamTTQ`i Q7 MQM@+QMiBMmQmb 7mM+iBQMbVX
G2i s ∈ R �M/ H2i u ∈ Hs(Ω)X A7 s ≥ 0- i?2M i?2 bmTTQ`i Q7 u- /2MQi2/ bmTT(u) Bb i?2
H�`;2bi `2H�iBp2Hv +HQb2/ b2i V ⊂ Ω bm+? i?�i (u, f)Hs(Ω) = 0 7Q` �HH f ∈ C∞(Ω) b�iBb7vBM;
bmTT(f) ⊂ Ω \V X A7 s < 0- i?2M bmTT (u) Bb i?2 H�`;2bi `2H�iBp2Hv +HQb2/ b2i V ⊂ Rn bm+?
i?�i u(f) = 0 7Q` �HH f ∈ C∞(Ω) b�iBb7vBM; bmTT(f) ⊂ Ω \ V X

.2}MBiBQM RX9X
G2i s ∈ RX q2 /2}M2 i?2 p2+iQ` bT�+2 Hs

comp(Ω) �b

Hs
comp(Ω) :=

⋃

K⊂Ω
K Bb +QKT�+i

{
u ∈ Hs

loc(Ω) : bmTT(u) ⊂ K
}
.

PM2 +�M 2�bBHv b?Qr i?�i i?2 bT�+2b Hs
loc(Ω), H

s
comp(Ω)- �M/ Hs(Ω) �HH +QBM+B/2 B7 Ω

Bb � #QmM/2/ b2iX lM7Q`imM�i2Hv- BM i?2 ;2M2`�H +�b2 Q7 �M mM#QmM/2/ Ω- Bi Bb MQi TQbbB#H2
iQ /2}M2 MQ`Kb QM i?2 p2+iQ` bT�+2 Hs

loc(Ω) �M/ Hs
comp(Ω) 7Q` �Mv s ∈ RX Ai Bb- ?Qr2p2`-

TQbbB#H2 iQ /2}M2 � K2i`B+ �M/ i?2`27Q`2 � iQTQHQ;v QM i?2b2 bT�+2bX h?Bb /2p2HQTK2Mi Bb
QmibB/2 i?2 b+QT2 Q7 i?Bb /Bbb2`i�iBQMc 7Q` Qm` Tm`TQb2b- r2 `2[mB`2 QMHv i?2 7QHHQrBM; irQ
i?2Q`2Kb- i?2 }`bi Q7 r?B+? 2bi�#HBb?2b i?2 MQiBQM Q7 #QmM/2/ HBM2�` QT2`�iQ`b QM i?2b2
bT�+2b �M/ i?2 b2+QM/ Q7 r?B+? /2b+`B#2b i?2 `2bi`B+iBQMb Q7 i?2b2 7mM+iBQMb QM bm`7�+2bX

h?2Q`2K RX8 U(R38- h?2Q`2K kXeXd)VX
G2i s, t ∈ R �M/ H2i

(
E, ∥ · ∥E

)
#2 � MQ`K2/ bT�+2X h?2M i?2 7QHHQrBM; ?QH/

RX h?2 #BHBM2�` 7Q`K ⟨·, ·⟩ : C∞(Ω)× C∞
comp(Ω) → R /2}M2/ �b

⟨u, v⟩ :=
∫

Ω
u(x)v(x) dx,

2ti2M/b iQ � /m�HBiv T�B`BM; ⟨·, ·⟩Hs
loc(Ω)×H−s

comp(Ω) : H
s
loc(Ω)×H−s

comp(Ω) → RX

kX � HBM2�` K�T A : Hs
comp(Ω) → E Bb #QmM/2/ B7 �M/ QMHv B7 i?2 `2bi`B+iBQM A :

{
u ∈

Hs
loc(Ω) : bmTT(u) ⊂ K

}
→ E Bb #QmM/2/ 7Q` 2p2`v +QKT�+i b2i K ⊂ ΩX � HBM2�`

K�T A : Hs
loc(Ω) → E Bb #QmM/2/ B7 �M/ QMHv B7 i?2`2 2tBbib � 7mM+iBQM φ ∈ C∞

comp(Ω)
�M/ � +QMbi�Mi CA > 0 bm+? i?�i 7Q` �HH u ∈ Hs

loc(Ω) Bi ?QH/b i?�i

∥Au∥E ≤ CA∥φu∥Hs(Ω).

jX � HBM2�` K�T A : E → Hs
loc(Ω) Bb #QmM/2/ B7 �M/ QMHv B7 7Q` �HH φ ∈ C∞

comp(Ω) i?2`2
2tBbib � +QMbi�Mi CA > 0 bm+? i?�i 7Q` �HH u ∈ E Bi ?QH/b i?�i

∥φ(Au)∥Hs(Ω) ≤ CA∥u∥E .

ky
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9X � HBM2�` K�T A : Hs
comp(Ω) → Ht

loc(Ω) Bb #QmM/2/ B7 �M/ QMHv B7 7Q` �HH +QKT�+i
b2ib K ⊂ Ω �M/ �HH φ ∈ C∞

comp(Ω) i?2`2 2tBbib � +QMbi�Mi CA > 0 bm+? i?�i 7Q` �HH
u ∈ Hs

comp(Ω) rBi? bmTT(u) ⊂ K Bi ?QH/b i?�i

∥φ(Au)∥Ht(Ω) ≤ CA∥u∥Hs(Ω).

8X � HBM2�` K�T A : Hs
loc(Ω) → Ht

comp(Ω) Bb +QKT�+i B7 �M/ QMHv B7 7Q` �HH +miQz
7mM+iBQMb φ,ψ ∈ C∞

comp(Ω)- i?2 `2bi`B+iBQM u 6→ φ
(
A(ψu)

)
: Hs(Ω) → Ht(Ω) Bb

+QKT�+iX

h?2Q`2K RXe U(R38- h?2Q`2K kXeX3)VX
G2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi? #QmM/�`v ∂Ω �M/ H2i Ω+ := Rn \ Ω−X
h?2M i?2 7QHHQrBM; ?QH/,

RX 6Q` 2p2`v `2�H MmK#2` ℓ ∈
(
1
2 ,

3
2

)
i?2`2 2tBbib � #QmM/2/ HBM2�` i`�+2 QT2`�iQ`

γ : Hℓ
loc

(
Rn
)
→ Hℓ− 1

2 (∂Ω) bm+? i?�i

γφ = φ|∂Ω ∀φ ∈ C0
(
Rn
)
.

kX 6Q` s ∈ {−,+} �M/ 2p2`v `2�H MmK#2` ℓ ∈
(
1
2 ,

3
2

)
i?2`2 2tBbi #QmM/2/ HBM2�` i`�+2

QT2`�iQ`b γs : Hℓ
loc

(
Ωs
)
→ Hℓ− 1

2 (∂Ω) bm+? i?�i

γsφ = φ|∂Ω ∀φ ∈ C0
(
Ωs
)
.

�//BiBQM�HHv- 7Q` �Mv φ ∈ Hℓ
loc

(
Rn
)

Bi ?QH/b i?�i

γ−φ = γ+φ = γφ BM i?2 b2Mb2 Q7 Hℓ− 1
2 (∂Ω).

_2K�`F RXdX *QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K RXeX A7 i?2 b2i Ω− Bb �bbmK2/ iQ #2 �
Ck /QK�BM `�i?2` i?�M bBKTHv GBTb+?Bix- i?2M i?2 `�M;2 Q7 i?2 BM/2t ℓ +�M #2 2ti2M/2/
7`QK ℓ ∈

(
1
2 ,

3
2

)
iQ ℓ ∈

(
1
2 , k
]

Ub22- 2X;X- (R38- h?2Q`2K kXeXN)VX LQiB+2 i?�i i?Bb K�v
`2[mB`2 i?2 BMi`Q/m+iBQM Q7 i?2 bm`7�+2 aQ#QH2p bT�+2b Hs(∂Ω) Q7 Q`/2` s ≥ 1X JQ`2Qp2`-
B/2MiB+�H `2bmHib ?QH/ 7Q` 7mM+iBQMb i?�i �`2 p2+iQ`@p�Hm2/ `�i?2` i?�M b+�H�`@p�Hm2/- BM
r?B+? +�b2 i?2 i`�+2 QT2`�iQ` Bb �TTHB2/ +QKTQM2Mi@rBb2X 6BM�HHv- r2 `2K�`F i?�i i?2
QM2@bB/2/ i`�+2 QT2`�iQ`b +�M �HbQ #2 �TTHB2/ iQ 7mM+iBQMb Q7 �TT`QT`B�i2 `2;mH�`Biv i?�i
�`2 /2}M2/ ;HQ#�HHv QM RnX

*QMp2MiBQM, AM i?2 b2[m2H- r2 rBHH 7`2[m2MiHv `272` iQ i?2 i`�+2 K�TTBM;b /2}M2/
i?`Qm;? h?2Q`2K RXe �b i?2 bQ@+�HH2/ ǳ.B`B+?H2iǴ i`�+2 QT2`�iQ`bX

h?2 M2ti i?2Q`2K Bb � bi�M/�`/ `2bmHi QM i?2 mMB[m2 bQHp�#BHBiv Q7 i?2 BMi2`BQ` G�TH�+2
T`Q#H2K rBi? .B`B+?H2i /�i� UA.SV �M/ rBHH #2 mb2/ b2p2`�H iBK2b BM i?Bb /Bbb2`i�iBQMX

h?2Q`2K RX3 UlMB[m2 bQHp�#BHBiv Q7 i?2 BMi2`BQ` G�TH�+2 T`Q#H2K rBi? .B`B+?H2i /�i�VX

G2i ℓ ∈
(
1
2 ,

3
2

)
#2 � `2�H MmK#2` �M/ H2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi?

#QmM/�`v ∂ΩX h?2M i?2 `2bi`B+iBQM Q7 i?2 .B`B+?H2i i`�+2 QT2`�iQ` γ− : Hℓ
∆(Ω

−) →
Hℓ− 1

2 (∂Ω) ?�b � #QmM/2/ BMp2`b2 r?B+? r2 /2MQi2 E∆,Ω−X �//BiBQM�HHv- B7 i?2 b2i Ω− Bb
� Ck /QK�BM- i?2M i?Bb `2bmHi �HbQ ?QH/b 7Q` �HH ℓ ∈

(
1
2 , k
]
X

kR
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h?2 7QHHQrBM; i?2Q`2K +QM+2`Mb i?2 2tBbi2M+2 Q7 � `B;?i@BMp2`b2 iQ i?2 .B`B+?H2i i`�+2
QT2`�iQ` BM i?2 ;2M2`�H +�b2X

h?2Q`2K RXN U(R38- h?2Q`2K kXeXRR)VX
G2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi? #QmM/�`v ∂Ω �M/ H2i Ω+ := Rn \ Ω−X
h?2M 7Q` �HH ℓ ∈

(
1
2 ,

3
2

)
i?2`2 2tBbib � #QmM/2/ HBM2�` 2ti2MbBQM QT2`�iQ` ZRn : Hℓ− 1

2 (∂Ω) →
Hℓ

comp(Rn) bm+? i?�i 7Q` �HH ψ ∈ Hℓ− 1
2 (∂Ω) Bi ?QH/b i?�i (γ ◦ZRn)(ψ) = ψX �//BiBQM�HHv-

7Q` 2�+? s ∈ {−,+}- B7 RΩs : Hℓ
comp(Rn) → Hℓ

comp(Ω
s) /2MQi2b i?2 `2bi`B+iBQM QT2`�iQ`-

i?2M i?2 HBM2�` K�TTBM; ZΩs : Hℓ− 1
2 (∂Ω) → Hℓ

comp(Ω
s) /2}M2/ �b ZΩs := RΩs ◦ ZRn Bb

�HbQ #QmM/2/X

L2mK�MM i`�+2b �M/ i?2 .B`B+?H2i@iQ@L2mK�MM K�T

LQi�iBQM, h?`Qm;?Qmi i?Bb /Bbb2`i�iBQM- r2 rBHH 7`2[m2MiHv mb2 i?2 7QHHQrBM; MQi�iBQMX
6Q` � #QmM/2/ GBTb+?Bix /QK�BM Ω− ⊂ Rn rBi? #QmM/�`v ∂Ω- r2 /2MQi2 #v η : ∂Ω →
Sn−1 i?2 bQ@+�HH2/ mMBi MQ`K�H p2+iQ` QM i?2 #QmM/�`v ∂Ω rBi? i?2 +QMp2MiBQM i?�i η
�Hr�vb TQBMib iQr�`/b i?2 2ti2`BQ` Q7 Ω−X h?2 U�HKQbi 2p2`vr?2`2V 2tBbi2M+2 Q7 bm+? �
mMBi MQ`K�H p2+iQ` 7Q` �M �`#Bi`�`v #QmM/2/ GBTb+?Bix /QK�BM Bb � +QMb2[m2M+2 Q7 � r2HH
FMQrM `2bmHi Q7 _�/2K�+?2` Ub22- 2X;X- (R38- h?2Q`2K kXdXR)VX

.2}MBiBQM RXRy UL2mK�MM h`�+2bVX
G2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi? #QmM/�`v ∂Ω �M/ H2i Ω+ := Rn \Ω−X
h?2M r2 /2}M2 i?2 BMi2`BQ` L2mK�MM i`�+2 QT2`�iQ` γ−N : H1

∆(Ω
−) → H− 1

2 (∂Ω) �M/ i?2
2ti2`BQ` L2mK�MM i`�+2 QT2`�iQ` γ+N : H1

∆(Ω
+) → H− 1

2 (∂Ω) �b i?2 HBM2�` K�TTBM;b rBi?
i?2 T`QT2`iv i?�i 7Q` �HH u− ∈ H1

∆(Ω
−), u+ ∈ H1

∆(Ω
+) �M/ �HH ψ ∈ H

1
2 (∂Ω) Bi ?QH/b i?�i

⟨γ−Nu−,ψ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

:=

∫

Ω−
∇u−(x) ·∇

(
ZΩ−ψ

)
(x) dx,

⟨γ+Nu+,ψ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

:=−
∫

Ω+
∇u+(x) ·∇

(
ZΩ+ψ

)
(x) dx.

*QMbB/2` .2}MBiBQM RXRy Q7 i?2 L2mK�MM i`�+2 QT2`�iQ`bX a2p2`�H `2K�`Fb �`2 MQr
BM Q`/2`X 6B`bi- Bi +�M #2 b?QrM i?�i i?Bb /2}MBiBQM Bb BM/2T2M/2Mi Q7 i?2 2t�+i +?QB+2
Q7 2ti2MbBQM QT2`�iQ` ZΩs , s ∈ {−,+}- BX2X- QM2 +�M `2TH�+2 ZΩs rBi? � /Bz2`2Mi 2t@
i2MbBQM QT2`�iQ` Z̃Ωs X a2+QM/- 7Q` bKQQi? 7mM+iBQMb u−, u+ i?2 L2mK�MM i`�+2 QT2`@
�iQ`b γ−Nu−, γ+Nu+ +QBM+B/2 rBi? η · ∇u− �M/ η · ∇u+ `2bT2+iBp2HvX h?Bb +�M #2 b22M
i?`Qm;? :`22MǶb }`bi B/2MiBiv Ub22- 2X;X- (R38- h?2Q`2K kXdX9)VX h?B`/- r2 Q#b2`p2 i?�i
i?2 QM2@bB/2/ L2mK�MM i`�+2 QT2`�iQ`b γ±N +�M �HbQ #2 �TTHB2/ iQ 7mM+iBQMb Q7 �TT`QT`B�i2
`2;mH�`Biv i?�i �`2 /2}M2/ ;HQ#�HHv QM RnX

h?2 M2ti i?2Q`2K b?QmH/ #2 `2�/ iQ;2i?2` rBi? .2}MBiBQM RXRy Q7 i?2 L2mK�MM
i`�+2bX

h?2Q`2K RXRR U(R38- h?2Q`2K kXdXd)VX
G2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi? #QmM/�`v ∂Ω �M/ H2i Ω+ := Rn \ Ω−X

kk



RXj J�i?2K�iB+�H S`2HBKBM�`B2b

h?2M 7Q` 2�+? s ∈ {−,+} i?2 L2mK�MM i`�+2 QT2`�iQ` γsN : H1
∆(Ω

s) → H− 1
2 (∂Ω) Bb

#QmM/2/X �//BiBQM�HHv- 7Q` 2�+? s ∈ {−,+}- �Mv us ∈ H1
∆(Ω

s) �M/ �Mv vs ∈ H1
loc(Ω

s)
bm+? i?�i 2Bi?2` us Q` vs ?�b +QKT�+i bmTTQ`i- r2 ?�p2 i?2 `2H�iBQM

⟨γsNus, γsvs⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

:=ση(s)

∫

Ωs
∇us(x) ·∇vs(x) dx, URXRjV

r?2`2 ση(−) = 1 �M/ ση(+) = −1X

*QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K RXRRX hrQ `2K�`Fb �`2 BM Q`/2`, 6B`bi- i?2 `2H�@
iBQM URXRjV +�M #2 b?QrM iQ ?QH/ 7Q` KQ`2 ;2M2`�H 7mM+iBQMb i?�i M22/ MQi ?�p2 +QKT�+i
bmTTQ`i Ub22- 2X;X- (R38- h?2Q`2K kXNXe)VX a2+QM/- Bi Bb TQbbB#H2 iQ b?Qr i?�i i?2 L2mK�MM
i`�+2 QT2`�iQ` +�M #2 2ti2M/2/ iQ � #QmM/2/ K�TTBM; 7`QK i?2 aQ#QH2p bT�+2 Hℓ+1

∆ (Ωs)

iQ Hℓ− 1
2 (∂Ω) 7Q` 2p2`v `2�H MmK#2` ℓ ∈

(
− 1

2 ,
1
2

)
X �//BiBQM�HHv- B7 i?2 b2i Ω− Bb � C∞

/QK�BM- i?2M i?Bb `2bmHi ?QH/b 7Q` �HH ℓ > −1
2 X

h?2 M2ti i?2Q`2K Bb � bBKTH2 +QMb2[m2M+2 Q7 i?2 mMB[m2 bQHp�#BHBiv Q7 i?2 BMi2`BQ`
G�TH�+2 T`Q#H2K rBi? L2mK�MM /�i�X

h?2Q`2K RXRk UlMB[m2 bQHp�#BHBiv Q7 i?2 BMi2`BQ` G�TH�+2 T`Q#H2K rBi? L2mK�MM /�i�VX

G2i ℓ ∈
(
− 1

2 ,
1
2

)
- H2i Ω− ⊂ Rn #2 � #QmM/2/- +QMM2+i2/ GBTb+?Bix /QK�BM rBi? #QmM/�`v

∂Ω �M/ H2i i?2 bm#bT�+2b H̆ℓ− 1
2 (∂Ω) ⊂ Hℓ− 1

2 (∂Ω) �M/ H̆ℓ+1
∆ (Ω−) ⊂ Hℓ+1

∆ (Ω−) #2 /2}M2/
�b

H̆ℓ− 1
2 (∂Ω) :=

{
ψ ∈ Hℓ− 1

2 (∂Ω) : ⟨ψ, 1⟩
Hℓ− 1

2 (∂Ω)×H−ℓ+1
2 (∂Ω)

= 0
}
,

H̆ℓ+1
∆ (Ω−) :=

{
u ∈ Hℓ+1

∆ (Ω−) :

∫

∂Ω
γu = 0

}
.

h?2M i?2 `2bi`B+iBQM Q7 i?2 L2mK�MM i`�+2 QT2`�iQ` γ−N : H̆ℓ+1
∆ (Ω−) → H̆ℓ− 1

2 (∂Ω) ?�b �
#QmM/2/ BMp2`b2 r?B+? r2 /2MQi2 EN

∆,Ω−X �//BiBQM�HHv- B7 i?2 b2i Ω− Bb � C∞ /QK�BM-
i?2M i?Bb `2bmHi �HbQ ?QH/b 7Q` �HH ℓ > −1

2 X

q2 +QM+Hm/2 i?Bb b2+iBQM #v /2}MBM; QM2 �//BiBQM�H HBM2�` QT2`�iQ` QM i?2 i`�+2 bT�+2b
r?B+? rBHH #2 Q7 7mM/�K2Mi�H BKTQ`i�M+2 BM i?2 }`bi T�`i Q7 i?2 /Bbb2`i�iBQMX

.2}MBiBQM RXRj U.B`B+?H2i@iQ@L2mK�MM K�TVX
G2i ℓ ∈

(
1
2 ,

3
2

)
#2 � `2�H MmK#2`- H2i Ω− ⊂ Rn #2 � #QmM/2/ GBTb+?Bix /QK�BM rBi? #QmM/@

�`v ∂Ω- �M/ H2i i?2 BMp2`b2 .B`B+?H2i i`�+2 QT2`�iQ` E∆,Ω− : Hℓ− 1
2 (∂Ω) → Hℓ

∆(Ω
−) #2

/2}M2/ �b BM h?2Q`2K RX3X h?2M r2 /2}M2 i?2 bQ@+�HH2/ UBMi2`BQ`V .B`B+?H2i@iQ@L2mK�MM
K�T .iL : Hℓ− 1

2 (∂Ω) → Hℓ− 3
2 (∂Ω) �b

.iL := γ−N ◦ E∆,Ω− .

_2K�`F RXR9X *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM RXRjX AM pB2r Q7 h?2Q`2Kb RX3 �M/ RXRR-
r2 b22 i?�i i?2 .B`B+?H2i@iQ@L2mK�MM K�T .iL : Hℓ− 1

2 (∂Ω) → Hℓ− 3
2 (∂Ω) Bb #QmM/2/X

�//BiBQM�HHv- B7 Ω− Bb � C∞ /QK�BM- i?2M i?Bb `2bmHi ?QH/b 7Q` �HH BM/B+2b ℓ > −1
2 X

kj
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_2K�`F RXR8X *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM RXRjX A7 i?2 GBTb+?Bix /QK�BM Ω− Bb i?2
mMBQM Q7 /BbDQBMi #QmM/2/ b2ib- b�v Ω− := ∪N

j=1Ωi- i?2M i?2 .B`B+?H2i@iQ@L2mK�MM K�T
+�M #2 pB2r2/ �b � HQ+�H QT2`�iQ` BM i?2 7QHHQrBM; b2Mb2, :Bp2M λ ∈ H

1
2 (∂Ω)- i?2 QmiTmi

.iLλ|∂Ωi /2T2M/b QMHv QM λ|∂Ωi X h?Bb 7�+i rBHH #2 mb2/ `2T2�i2/Hv BM S�`i A Q7 i?Bb
/Bbb2`i�iBQMX

RX9 AMi`Q/m+iBQM iQ "QmM/�`v AMi2;`�H PT2`�iQ`b

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ T`QpB/2 � +QM+Bb2- b2H7@+QMi�BM2/ BMi`Q/m+iBQM iQ TQi2M@
iB�H i?2Q`v �M/ #QmM/�`v BMi2;`�H QT2`�iQ`bX h?2`2 Bb � p�bi HBi2`�im`2 QM i?2 BM@
i2;`�H 2[m�iBQM 7Q`K�HBbK 7Q` ;2M2`�H 2HHBTiB+ bvbi2Kb Q7 b2+QM/@Q`/2` T�`iB�H /Bz2`@
2MiB�H 2[m�iBQMb- �M/ i?2 BMi2`2bi2/ `2�/2` +�M- 7Q` BMbi�M+2- `272` iQ i?2 i2ti#QQFb
(d- Ry8- RR3- R9d- R38- RN8)X AM pB2r Q7 i?2 ;Qp2`MBM; 2[m�iBQMb 7Q` TQH�`Bb�#H2 2H2+i`Q@
bi�iB+b /2`Bp2/ BM a2+iBQM RXk ?Qr2p2`- r2 rBHH `2bi`B+i Qm` �ii2MiBQM iQ i?2 +�b2 Q7 i?2
G�TH�+2 QT2`�iQ`X JQ`2Qp2`- r2 rBHH 7QHHQr i?2 p�`B�iBQM�H �TT`Q�+? T`2b2Mi2/ BM (R38)X

h?`Qm;?Qmi i?Bb b2+iBQM- r2 rBHH �bbmK2 i?�i Ω− ⊂ R3 Bb � #QmM/2/ GBTb+?Bix /QK�BM
rBi? #QmM/�`v /2MQi2/ ∂Ω- �M/ r2 /2}M2 Ω+ := R3 \ Ω−X 6m`i?2`KQ`2- r2 rBHH �/QTi
i?2 MQi�iBQM �M/ /2}MBiBQMb BMi`Q/m+2/ BM a2+iBQM RXjX hQ #2;BM rBi?- r2 BMi`Q/m+2 i?2
MQiBQM Q7 i?2 7mM/�K2Mi�H bQHmiBQM iQ i?2 G�TH�+2 2[m�iBQM BM i?`22 bT�iB�H /BK2MbBQMbX

.2}MBiBQM RXRe U6mM/�K2Mi�H aQHmiBQMVX G2i G : R3\{0} → R #2 /2}M2/ �b i?2 7mM+iBQM
rBi? i?2 T`QT2`iv i?�i 7Q` �HH x ∈ R3 \ {0} Bi ?QH/b i?�i

G(x) =
1

4π|x| .

h?2M r2 b�v i?�i G Bb i?2 7mM/�K2Mi�H bQHmiBQM Q7 i?2 G�TH�+2 2[m�iBQM BM R3X

h?2 7QHHQrBM; T`QT2`iv 2tTH�BMb r?v i?2 K�TTBM; G /2}M2/ i?`Qm;? .2}MBiBQM RXRe
Bb FMQrM �b i?2 7mM/�K2Mi�H bQHmiBQM Q7 i?2 G�TH�+2 2[m�iBQMX

G2KK� RXRdX G2i δ0 ∈
(
C∞
0 (R3)

)∗ /2MQi2 i?2 bQ@+�HH2/ .B`�+ /2Hi� /Bbi`B#miBQM HQ+�i2/
�i i?2 Q`B;BM 0 ∈ R3- �M/ H2i G : R3 \ {0} → R #2 i?2 7mM/�K2Mi�H bQHmiBQM Q7 i?2 G�TH�+2
2[m�iBQM BM R3 �b /2}M2/ BM .2}MBiBQM RXReX h?2M G b�iBb}2b

−∆G(x) = 0 ∀x ∈ R3 \ {0},

�M/

−
∫

R3
f(x)∆G(x) dx = f(0) ∀f ∈ C∞

0 (R3),

BX2X- −∆G = δ0 BM i?2 b2Mb2 Q7 /Bbi`B#miBQMb QM C∞
0 (R3)X

*QMpQHmiBQMb Q7 i?2 7mM/�K2Mi�H bQHmiBQM G TH�v �M BKTQ`i�Mi `QH2 BM i?2 bm#b2[m2Mi
�M�HvbBbX AM/22/- r2 ?�p2 i?2 7QHHQrBM; /2}MBiBQMX

k9



RX9 AMi`Q/m+iBQM iQ "QmM/�`v AMi2;`�H PT2`�iQ`b

.2}MBiBQM RXR3 UL2riQM SQi2MiB�HVX G2i G : R3 \{0} → R #2 i?2 7mM/�K2Mi�H bQHmiBQM
Q7 i?2 G�TH�+2 2[m�iBQM BM R3 �b /2}M2/ BM .2}MBiBQM RXReX q2 /2}M2 i?2 HBM2�` K�TTBM;
N : C∞

0 (R3) → C∞(R3) �b i?2 7mM+iBQM rBi? i?2 T`QT2`iv i?�i

(Nf)(x) :=

∫

R3
G(x− y)f(y) dy ∀x ∈ R3, ∀f ∈ C∞

0 (R3),

�M/ r2 b�v i?�i N Bb i?2 L2riQM TQi2MiB�HX

h?2 L2riQM TQi2MiB�H Bb i?2 #�bB+ #mBH/BM; #HQ+F 7Q` +QMbi`m+iBM; i?2 pQHmKB+ �M/
#QmM/�`v BMi2;`�H QT2`�iQ`b r?B+? rBHH #2 i?2 Q#D2+ib Q7 Qm` bim/vX "27Q`2 T`Q+22/BM;
7m`i?2`- H2i mb TQBMi Qmi i?�i Bi Bb TQbbB#H2 iQ bm#bi�MiB�HHv 2ti2M/ i?2 /QK�BM Q7 /2}MBiBQM
Q7 i?2 L2riQM TQi2MiB�HX
G2KK� RXRNX h?2 L2riQM TQi2MiB�H /2}M2/ i?`Qm;? .2}MBiBQM RXR3 +�M #2 2ti2M/2/
i?`Qm;? /m�HBiv �b � HBM2�` K�TTBM; N :

(
C∞(R3)

)∗ →
(
C∞
0 (R3)

)∗X JQ`2Qp2`- 7Q` �Mv
s ∈ R i?2 L2riQM TQi2MiB�H 2ti2M/b iQ � #QmM/2/ HBM2�` QT2`�iQ` N : Hs

comp(R3) →
Hs+2

loc (R3)X

AM Q`/2` iQ /2}M2 i?2 bQ@+�HH2/ H�v2` TQi2MiB�Hb- r2 `2[mB`2 i?2 MQiBQM Q7 +2`i�BM
�/DQBMi QT2`�iQ`bX

.2}MBiBQM RXkyX q2 /2}M2 i?2 HBM2�` QT2`�iQ`b γ∗ : H− 1
2 (∂Ω) →

(
C∞(R3)

)∗ �M/
γ∗N : H

1
2 (∂Ω) →

(
C∞(R3)

)∗ �b K�TTBM;b rBi? i?2 T`QT2`iv i?�i 7Q` �HH ν ∈ H− 1
2 (∂Ω)-

�HH ψ ∈ H
1
2 (∂Ω) �M/ �HH φ ∈ C∞(R3) Bi ?QH/b i?�i

⟨γ∗ν,φ⟩C∞(R3)∗×C∞(R3) :=⟨ν, γφ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

,

⟨γ∗Nψ,φ⟩C∞(R3)∗×C∞(R3) :=⟨ψ,η ·∇φ⟩
H

1
2 (∂Ω)×H− 1

2 (∂Ω)
.

>2`2- γ /2MQi2b i?2 .B`B+?H2i i`�+2 QT2`�iQ` �b /2}M2/ BM h?2Q`2K RXe- �M/ η /2MQi2b
i?2 mMBi MQ`K�H p2+iQ` QM i?2 #QmM/�`v ∂Ω i?�i TQBMib iQr�`/b i?2 2ti2`BQ`- BX2X- Ω+X

1[mBTT2/ rBi? G2KK� RXRN �M/ .2}MBiBQM RXky- r2 +�M MQr /2}M2 i?2 bBM;H2 H�v2`
�M/ /Qm#H2 H�v2` TQi2MiB�HbX
.2}MBiBQM RXkR UG�v2` SQi2MiB�HbVX
G2i N :

(
C∞(R3)

)∗ →
(
C∞
0 (R3)

)∗ /2MQi2 i?2 L2riQM TQi2MiB�H /2}M2/ i?`Qm;? .2}MB@
iBQM RXR3 �M/ H2i i?2 �/DQBMi QT2`�iQ`b γ∗ : H− 1

2 (∂Ω) →
(
C∞(R3)

)∗ �M/ γ∗N : H
1
2 (∂Ω) →(

C∞(R3)
)∗ #2 /2}M2/ i?`Qm;? .2}MBiBQM RXkyX q2 /2}M2 i?2 HBM2�` K�TTBM;b

S : H− 1
2 (∂Ω) →

(
C∞
0 (R3)

)∗ �M/ D : H
1
2 (∂Ω) →

(
C∞
0 (R3)

)∗ �b

S := Nγ∗ �M/ D := Nγ∗N ,

�M/ r2 b�v i?�i S Bb i?2 bBM;H2 H�v2` TQi2MiB�H �M/ D Bb i?2 /Qm#H2 H�v2` TQi2MiB�HX

*QMbB/2` i?2 H�v2` TQi2MiB�Hb /2}M2/ i?`Qm;? .2}MBiBQM RXkRX PM2 K�v bmbT2+i i?�i-
bBKBH�` iQ i?2 L2riQM TQi2MiB�H- Bi Bb TQbbB#H2 iQ 2ti2M/ i?2 bBM;H2 �M/ /Qm#H2 H�v2`
TQi2MiB�Hb �b #QmM/2/ K�TTBM;b #2ir22M aQ#QH2p bT�+2bX AM/22/- r2 ?�p2 i?2 7QHHQrBM;
`2bmHiX

k8



RX :1L1_�G ALh_P.l*hAPL

h?2Q`2K RXkkX G2i s ∈
(
− 1

2 ,
1
2

)
#2 � `2�H MmK#2`X h?2M i?2 bBM;H2 �M/ /Qm#H2 H�v2`

TQi2MiB�Hb /2}M2/ i?`Qm;? .2}MBiBQM RXkR 2ti2M/ iQ #QmM/2/ HBM2�` QT2`�iQ`b

S : H− 1
2+s(∂Ω) → H1+s

HQ+ (R3) �M/ D : H
1
2+s(∂Ω) → H1+s

∆ (R3 \ ∂Ω).

�//BiBQM�HHv- B7 i?2 b2i Ω− Bb � C∞ /QK�BM- i?2M i?2 �#Qp2 K�TTBM; T`QT2`iB2b ?QH/ 7Q`
�HH s > −1

2 X

h?2 bBM;H2 �M/ /Qm#H2 H�v2` TQi2MiB�Hb ?�p2 b2p2`�H BKTQ`i�Mi T`QT2`iB2b r?B+? r2
bi�i2 BM i?2 7Q`K Q7 i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K RXkj US`QT2`iB2b Q7 aBM;H2 �M/ .Qm#H2 G�v2` SQi2MiB�HbVX
G2i s ∈

(
− 1

2 ,
1
2

)
#2 � `2�H MmK#2`- �M/ H2i i?2 bBM;H2 H�v2` TQi2MiB�H S : H− 1

2+s(∂Ω) →
H1+s

HQ+ (R3) �M/ /Qm#H2 H�v2` TQi2MiB�H D : H
1
2+s(∂Ω) → H1+s

∆ (R3 \ ∂Ω) #2 /2}M2/ �b BM
.2}MBiBQM RXkRX h?2M i?2 7QHHQrBM; ?QH/,

RX 6Q` 7mM+iBQMb u ∈ L1(∂Ω) r2 ?�p2 i?2 2tTHB+Bi `2T`2b2Mi�iBQMb

(Su)(x) :=

∫

∂Ω
u(y)

1

4π|x− y| dy ∀x ∈ R3 \ ∂Ω,

(Du)(x) :=

∫

∂Ω
u(y)η ·∇y

1

4π|x− y| dy ∀x ∈ R3 \ ∂Ω,

r?2`2 ∇y /2MQi2b i?2 mbm�H ;`�/B2Mi rBi? `2bT2+i iQ i?2 p�`B�#H2 yX

kX 6Q` �HH ν ∈ H− 1
2+s(∂Ω) Bi ?QH/b i?�i

∆Sν = 0 QM R3 \ ∂Ω,

BX2X- i?2 bBM;H2 H�v2` TQi2MiB�H K�Tb BMiQ i?2 bT�+2 Q7 ?�`KQMB+ 7mM+iBQMb QM R3\∂ΩX

jX 6Q` �HH ν ∈ H− 1
2+s(∂Ω) �M/ �HH ψ ∈ H

1
2+s(∂Ω) r2 ?�p2 i?2 DmKT `2H�iBQMb

γ+(Sν)− γ−(Sν) = 0 �M/ γ+(Dψ)− γ−(Dψ) = ψ,

γ+N (Sν)− γ−N (Sν) = −ν �M/ γ+N (Dψ)− γ−N (Dψ) = 0.

9X A7 i?2 b2i Ω− Bb � C∞ /QK�BM- i?2M i?2 �#Qp2 `2bmHib +�M #2 2ti2M/2/ iQ i?2 `�M;2
Q7 BM/B+2b s > −1

2 X

8X h?2 7QHHQrBM; K�TTBM; T`QT2`iv ?QH/b, 6Q` �HH ν ∈ H− 1
2 (∂Ω) �M/ ψ ∈ H

1
2 (∂Ω) Bi

?QH/b i?�i

Sν|Ω+ ∈ H1(∆;Ω+), �M/ Dψ|Ω+ ∈ H1(∆;Ω+),

r?2`2 i?2 aQ#QH2p bT�+2 H1(∆;Ω+) Bb i?2 bT�+2 Q7 ?�`KQMB+ 7mM+iBQMb BM H1
loc(Ω

+)
i?�i b�iBb7v i?2 2ti2`BQ` /2+�v +QM/BiBQM �bbQ+B�i2/ rBi? i?2 G�TH�+2 T`Q#H2K Ub22
.2}MBiBQM kXk 7Q` � 7Q`K�H /2}MBiBQMVX

ke
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_2K�`F RXk9X *QMbB/2` .2}MBiBQM RXkR Q7 i?2 bBM;H2 �M/ /Qm#H2 H�v2` TQi2MiB�HbX h?2Q@
`2Kb RXkk �M/ RXkj BKTHv BM T�`iB+mH�` i?�i i?2 H�v2` TQi2MiB�H Q7 �Mv �`#Bi`�`v 7mM+iBQM
Q7 �TT`QT`B�i2 `2;mH�`Biv Bb ?�`KQMB+ QM R3 \∂Ω �M/ b�iBb}2b i?2 +Q``2+i /2+�v +QM/BiBQM
�bbQ+B�i2/ rBi? +?�`;2 /Bbi`B#miBQMb Q7 #QmM/2/ bmTTQ`iX h?Bb bBKTH2 Q#b2`p�iBQM 7Q`Kb
i?2 +Q`2 Q7 i?2 #QmM/�`v BMi2;`�H 2[m�iBQM 7Q`K�HBbKX

lbBM; i?2 bBM;H2 �M/ /Qm#H2 H�v2` TQi2MiB�Hb �M/ i?2 .B`B+?H2i �M/ L2mK�MM K�TTBM;b
BMi`Q/m+2/ BM a2+iBQM RXj- r2 MQr BMi`Q/m+2 7Qm` F2v #QmM/�`v BMi2;`�H QT2`�iQ`bX

.2}MBiBQM RXk8X G2i s ∈
(
− 1

2 ,
1
2

)
#2 � `2�H MmK#2` �M/ H2i i?2 bBM;H2 H�v2` TQi2MiB�H

S : H− 1
2+s(∂Ω) → H1+s

HQ+ (R3) �M/ /Qm#H2 H�v2` TQi2MiB�H D : H
1
2+s(∂Ω) → H1+s

∆ (R3 \ ∂Ω)
#2 /2}M2/ �b BM .2}MBiBQM RXkRX h?2M r2 /2}M2 i?2 #QmM/2/ HBM2�` QT2`�iQ`b

V :=
(
γ− ◦ S

)
: H− 1

2+s(∂Ω) → H
1
2+s(∂Ω),

K :=
(
γ− ◦D+

1

2
I
)
: H

1
2+s(∂Ω) → H

1
2+s(∂Ω),

K∗ :=
(
γ−N ◦ S− 1

2
I
)
: H− 1

2+s(∂Ω) → H− 1
2+s(∂Ω),

W := −
(
γ−N ◦D

)
: H

1
2+s(∂Ω) → H− 1

2+s(∂Ω).

>2`2- I /2MQi2b i?2 B/2MiBiv QT2`�iQ` QM i?2 `2H2p�Mi i`�+2 bT�+2- �M/ r2 b�v i?�i i?2
K�TTBM; V Bb i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ`- i?2 K�TTBM; K Bb i?2 /Qm#H2 H�v2`
#QmM/�`v QT2`�iQ`- i?2 K�TTBM; K∗ Bb i?2 �/DQBMi /Qm#H2 H�v2` #QmM/�`v QT2`�iQ`- �M/
i?2 K�TTBM; W Bb i?2 ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ`X

_2K�`F RXkeX *QMbB/2` .2}MBiBQM RXk8 Q7 i?2 #QmM/�`v BMi2;`�H QT2`�iQ`b V,K,K∗ �M/
WX �b mbm�H- B7 i?2 b2i Ω− Bb � C∞ /QK�BM- i?2M i?2b2 K�TTBM;b +�M #2 /2}M2/ �b
#QmM/2/ HBM2�` QT2`�iQ`b QM i?2 `2H2p�Mi aQ#QH2p i`�+2 bT�+2b 7Q` i?2 `�M;2 Q7 BM/B+2b
s > −1

2 X

h?2 #QmM/�`v BMi2;`�H QT2`�iQ`b /2}M2/ i?`Qm;? .2}MBiBQM RXk8 �`2 i?2 bm#D2+i Q7
� /2i�BH2/ �M�HvbBb BM i?2 HBi2`�im`2 �M/ r2 /B`2+i i?2 BMi2`2bi2/ `2�/ iQ i?2 T`2pBQmbHv
K2MiBQM2/ i2ti#QQFb (d- Ry8- RR3- R9d- R38- RN8) 7Q` � +QKT`2?2MbBp2 /Bb+mbbBQMX >2`2-
r2 7Q+mb Qm` �ii2MiBQM QM bQK2 Q7 i?2 K�BM T`QT2`iB2b i?�i rBHH #2 mb2/ BM i?2 b2[m2HX

h?2Q`2K RXkd US`QT2`iB2b Q7 i?2 aBM;H2 G�v2` "QmM/�`v PT2`�iQ`VX
G2i i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` V : H− 1

2 (∂Ω) → H
1
2 (∂Ω) #2 /2}M2/ �b BM .2}MB@

iBQM RXk8X h?2M i?2 7QHHQrBM; ?QH/,

RX 6Q` �Mv 7mM+iBQM ν ∈ L∞(∂Ω) r2 ?�p2 i?2 2tTHB+Bi `2T`2b2Mi�iBQM

(Vν)(x) =

∫

∂Ω
G(x− y)ν(x) dx ∀x ∈ ∂Ω.

kX h?2 QT2`�iQ` V Bb >2`KBiB�M �M/ +Q2`+Bp2- BX2X- i?2`2 2tBbib � +QMbi�Mi cV > 0 bm+?
i?�i 7Q` �HH 7mM+iBQMb σ ∈ H− 1

2 (∂Ω) Bi ?QH/b i?�i

⟨σ,Vσ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

≥ cV∥σ∥2
H− 1

2 (∂Ω)
.

kd
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h?2Q`2K RXkd ?�b irQ BKTQ`i�Mi +QMb2[m2M+2b,

�V 1tBbi2M+2 Q7 BMp2`b2, q2 /2/m+2 i?�i i?2 BMp2`b2 V−1 : H
1
2 (∂Ω) → H− 1

2 (∂Ω) Bb
�HbQ � >2`KBiB�M- +Q2`+Bp2 �M/ #QmM/2/ HBM2�` QT2`�iQ` rBi? +QMiBMmBiv +QMbi�Mi
1
cV

X q2 2KT?�bBb2 ?2`2 i?�i i?2 +Q2`+BpBiv +QMbi�Mi cV � T`BQ`B /2T2M/b QM i?2
;2QK2i`v Q7 Ω−X h?2 T`2+Bb2 /2T2M/2M+2 Q7 cV QM Ω− r?B+? Bb i?2 mMBQM Q7 MQM@
BMi2`b2+iBM; QT2M #�HHb Bb � F2v TQBMi BM Qm` �M�HvbBb �M/ rBHH #2 i?2 bm#D2+i Q7
7m`i?2` /Bb+mbbBQM BM *?�Ti2` jX

#V AM/m+2/ MQ`Kb, Ai 7QHHQrb i?�i V BM/m+2b � MQ`K ∥ ·∥V �M/ �bbQ+B�i2/ BMM2` T`Q/m+i
(·, ·)V QM H− 1

2 (∂Ω)- �M/ i?2 BMp2`b2 V−1 BM/m+2b � MQ`K ∥·∥V−1 �M/ �bbQ+B�i2/ BMM2`
T`Q/m+i (·, ·)V−1 QM H

1
2 (∂Ω)X Ai +�M #2 b?QrM i?�i i?2 MQ`K ∥ · ∥V−1 Bb 2[mBp�H2Mi

iQ i?2 mbm�H aQ#QH2p@aHQ#Q/2+FBD MQ`K ∥ · ∥
H

1
2 (∂Ω)

QM H
1
2 (∂Ω) �M/ i?�i i?2 MQ`K

∥ · ∥V Bb 2[mBp�H2Mi iQ i?2 mbm�H /m�H MQ`K ∥ · ∥
H− 1

2 (∂Ω)
QM H− 1

2 (∂Ω)X

� bBKBH�` i?2Q`2K +�M #2 T`Qp2M 7Q` i?2 ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ`X

h?2Q`2K RXk3 US`QT2`iB2b Q7 i?2 >vT2`bBM;mH�` "QmM/�`v PT2`�iQ`VX
�bbmK2 i?�i i?2 GBTb+?Bix /QK�BM Ω− Bb +QMM2+i2/X h?2 ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ`
W : H

1
2 (∂Ω) → H− 1

2 (∂Ω) Bb >2`KBiB�M- MQM@M2;�iBp2- �M/ +Q2`+Bp2 QM � bm#bT�+2 Q7
H

1
2 (∂Ω)- BX2X- i?2`2 2tBbib � +QMbi�Mi cW > 0 bm+? i?�i 7Q` �HH 7mM+iBQMb λ ∈ H

1
2 (∂Ω)

rBi?
∫
∂Ω λ(x) dx = 0- Bi ?QH/b i?�i

⟨Wλ,λ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

≥ cW∥λ∥2
H

1
2 (∂Ω)

. URXR9V

�//BiBQM�HHv- B7 i?2 /QK�BM Ω− Bb i?2 mMBQM Q7 /BbDQBMi #QmM/2/ b2ib- b�v Ω− := ∪N
i=1Ωi-

i?2M W Bb >2`KBiB�M �M/ MQM@M2;�iBp2- �M/ +Q2`+BpBiv BM i?2 b2Mb2 Q7 AM2[m�HBiv URXR9V
?QH/b 7Q` �HH λ ∈ H

1
2 (∂Ω) bm+? i?�i

∑N
i=1

∣∣∣
∫
∂Ωi

λ(x) dx
∣∣∣= 0X

_2K�`F RXkNX *QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K RXk3X >2M+27Q`i?- r2 /2MQi2 #v H̆
1
2 (∂Ω) ⊂

H
1
2 (∂Ω) i?2 bm#bT�+2 QM r?B+? i?2 ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ` Bb +Q2`+Bp2X �b

MQi2/ BM h?2Q`2K RXk3- i?2 T`2+Bb2 /2}MBiBQM Q7 i?Bb bm#bT�+2 /2T2M/b QM r?2i?2` i?2
GBTb+?Bix /QK�BM Ω− Bb +QMM2+i2/ Q` Bb i?2 mMBQM Q7 /BbDQBMi b2ibX q2 `2K�`F i?�i i?Bb
bm#bT�+2 rBHH #2 i?2 bm#D2+i Q7 7m`i?2` /Bb+mbbBQM BM *?�Ti2` jX

h?2 M2ti H2KK� 2bi�#HBb?2b bQK2 +QM/BiBQMb QM i?2 +Q2`+BpBiv +QMbi�Mib Q7 i?2 bBM;H2
H�v2` �M/ ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ`X

G2KK� RXjyX h?2 +Q2`+BpBiv +QMbi�Mib Q7 i?2 bBM;H2 H�v2` �M/ ?vT2`bBM;mH�` #QmM/�`v
QT2`�iQ`b b�iBb7v cVcW ≤ 1

4 X h?2`27Q`2 i?2 +QMbi�Mi

cK :=
1

2
+

√
1

4
− cVcW,

Bb r2HH@/2}M2/ �M/ cK ∈
[
1
2 , 1
)
X

k3
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PM2 Q7 i?2 +Q`2 `2bmHib BM i?2 i?2Q`v Q7 BMi2;`�H 2[m�iBQMb �`2 i?2 bQ@+�HH2/ *�H/2`ƦM
B/2MiBiB2b- r?B+? `2H�i2 i?2 p�`BQmb #QmM/�`v BMi2;`�H QT2`�iQ`b /2}M2/ i?`Qm;? .2}MB@
iBQM RXk8X 6Q` i?2 Tm`TQb2 Q7 i?Bb /Bbb2`i�iBQM- r2 `2[mB`2 QMHv QM2 +QMb2[m2M+2 Q7 i?2b2
B/2MiBiB2b- r?B+? `2H�i2b i?2 #QmM/�`v BMi2;`�H QT2`�iQ`b /2}M2/ ?2`2 iQ i?2 .B`B+?H2i@
iQ@L2mK�MM K�T BMi`Q/m+2/ BM a2+iBQM RXjX

G2KK� RXjRX G2i i?2 BMi2`BQ` .B`B+?H2i@iQ@L2mK�MM K�T .iL : H
1
2 (∂Ω) → H− 1

2 (∂Ω)

#2 /2}M2/ �b BM .2}MBiBQM RXRj- H2i I : H 1
2 (∂Ω) → H

1
2 (∂Ω) /2MQi2 i?2 B/2MiBiv K�T- �M/

H2i i?2 #QmM/�`v BMi2;`�H QT2`�iQ`b V : H− 1
2 (∂Ω) → H

1
2 (∂Ω)- K : H

1
2 (∂Ω) → H

1
2 (∂Ω)-

K∗ : H− 1
2 (∂Ω) → H− 1

2 (∂Ω)- �M/ W : H
1
2 (∂Ω) → H− 1

2 (∂Ω) #2 /2}M2/ �b BM .2}MBiBQM
RXk8X h?2M Bi ?QH/b i?�i

.iL = V−1

(
1

2
I +K

)
= W+

(
1

2
I +K∗

)
V−1

(
1

2
I +K

)
.

h?2 M2ti `2bmHi +QM+2`Mb i?2 #QmM/2/M2bb Q7 i?2 #QmM/�`v BMi2;`�H QT2`�iQ` 1
2I +K

r?B+? �TT2�`b BM G2KK� RXjRX h?Bb `2bmHi +�M #2 7QmM/- 7Q` BMbi�M+2- BM (R38- h?2Q`2K
jX3Xd) Q` (Ry8- h?2Q`2K jXR)X

G2KK� RXjkX G2i i?2 +QMbi�Mi cK > 0 #2 /2}M2/ �b BM G2KK� RXjy- H2i I : H
1
2 (∂Ω) →

H
1
2 (∂Ω) /2MQi2 i?2 B/2MiBiv K�T- H2i i?2 #QmM/�`v BMi2;`�H QT2`�iQ` K : H

1
2 (∂Ω) →

H
1
2 (∂Ω) #2 /2}M2/ �b BM .2}MBiBQM RXk8- �M/ H2i ∥ · ∥V−1 /2MQi2 i?2 MQ`K BM/m+2/ #v i?2

BMp2`b2 bBM;H2 H�v2` #QmM/�`v V−1 �b bi�i2/ �7i2` h?2Q`2K RXkdX h?2M 7Q` �HH λ ∈ H
1
2 (∂Ω)

Bi ?QH/b i?�i
∥∥∥∥

(
1

2
I +K

)
λ

∥∥∥∥
V−1

≤ cK∥λ∥V−1 .

q2 +QM+Hm/2 i?Bb b2+iBQM #v bi�iBM; bQK2 7mM/�K2Mi�H MQK2M+H�im`2 7`QK i?2 i?2Q`v
Q7 BMi2;`�H 2[m�iBQMb i?�i r2 rBHH mb2 i?`Qm;?Qmi i?Bb /Bbb2`i�iBQMX

LQK2M+H�im`2 RX G2i f ∈ H
1
2 (∂Ω) �M/ g ∈ H− 1

2 (∂Ω) #2 ;Bp2M- H2i i?2 #QmM/�`v
BMi2;`�H QT2`�iQ`b V : H− 1

2 (∂Ω) → H
1
2 (∂Ω) �M/ W : H

1
2 (∂Ω) → H− 1

2 (∂Ω) #2 /2}M2/ �b
BM .2}MBiBQM RXk8- �M/ +QMbB/2` i?2 7QHHQrBM; #QmM/�`v BMi2;`�H 2[m�iBQMb,

"A1 6RV 6BM/ σ ∈ H− 1
2 (∂Ω) bm+? i?�i

Vσ = f.

"A1 6kV 6BM/ λ ∈ H
1
2 (∂Ω) bm+? i?�i

Wλ = g.

h?2 #QmM/�`v BMi2;`�H 2[m�iBQMb 6RV �M/ 6kV �`2 FMQrM �b BMi2;`�H 2[m�iBQMb Q7 i?2
}`bi FBM/X AMimBiBp2Hv- }`bi FBM/ BMi2;`�H 2[m�iBQMb �`2 +?�`�+i2`Bb2/ #v i?2 7�+i i?�i i?2
mMFMQrM 7mM+iBQM �TT2�`b QMHv BM i?2 BMi2;`�M/ �bbQ+B�i2/ rBi? i?2 mM/2`HvBM; #QmM/�`v
BMi2;`�H QT2`�iQ`X

kN
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LQK2M+H�im`2 kX G2i f ∈ H
1
2 (∂Ω) �M/ g ∈ H− 1

2 (∂Ω) #2 ;Bp2M- H2i α ∈ (0, 1)

#2 � `2�H MmK#2`- H2i i?2 #QmM/�`v BMi2;`�H QT2`�iQ`b K : H
1
2 (∂Ω) → H

1
2 (∂Ω) �M/

K∗ : H− 1
2 (∂Ω) → H− 1

2 (∂Ω) #2 /2}M2/ �b BM .2}MBiBQM RXk8- �M/ +QMbB/2` i?2 7QHHQrBM;
2[m�iBQMb,

"A1 aRV 6BM/ λ ∈ H
1
2 (∂Ω) bm+? i?�i

1

2
λ± αKλ = f.

"A1 akV 6BM/ σ ∈ H− 1
2 (∂Ω) bm+? i?�i

1

2
σ ± αK∗σ = g.

h?2 #QmM/�`v BMi2;`�H 2[m�iBQMb aRV �M/ akV �`2 FMQrM �b BMi2;`�H 2[m�iBQMb Q7 i?2
b2+QM/ FBM/X AMimBiBp2Hv- b2+QM/ FBM/ BMi2;`�H 2[m�iBQMb �`2 +?�`�+i2`Bb2/ #v i?2 7�+i i?�i
i?2 mMFMQrM 7mM+iBQM �TT2�`b #Qi? BMbB/2 �M/ QmibB/2 i?2 BMi2;`�M/ �bbQ+B�i2/ rBi? i?2
mM/2`HvBM; #QmM/�`v BMi2;`�H QT2`�iQ`X

jy



S�`i A

AMi2;`�H 1[m�iBQMb 7Q` N@"Q/v
SQH�`Bb�#H2 1H2+i`Qbi�iB+b

jR





k

AMi`Q/m+iBQM

kXR Pp2`pB2r �M/ JQiBp�iBQM

h?2 bQ@+�HH2/ N @#Q/v T`Q#H2K Bb � ;2M2`�H i2`K mb2/ iQ /2b+`B#2 � p�bi +�i2;Q`v Q7
T?vbB+�H T`Q#H2Kb BMpQHpBM; i?2 BMi2`�+iBQM Q7 � H�`;2 MmK#2` Q7 Q#D2+ibX am+? T`Q#@
H2Kb �`Bb2 BM � p�`B2iv Q7 +QMi2tib BM }2H/b �b /Bp2`b2 �b [m�MimK K2+?�MB+b- KQH2+mH�`
/vM�KB+b- �bi`QT?vbB+b �M/ 2H2+i`Qbi�iB+b #mi i?2 T`Q#H2K Q`B;BM�i2/ 7`QK �ii2KTib Q7
2�`Hv �bi`QMQK2`b iQ 2tTH�BM i?2 KQiBQM Q7 +2H2biB�H Q#D2+ib BMi2`�+iBM; /m2 iQ ;`�pBivX
AM/22/- QM2 Q7 i?2 }`bi `272`2M+2b iQ i?2 N @#Q/v T`Q#H2K +�M #2 i`�+2/ iQ i?2 S`BM@
+BTB� J�i?2K�iB+� r?2`2BM L2riQM +QMbB/2`2/ i?2 KQiBQM Q7 +2H2biB�H #Q/B2b BM i?2 bQH�`
bvbi2K (R8N)X "2;BMMBM; rBi? i?2 rQ`F Q7 >2M`B SQBM+�`û (Ree)- r?B+? BM+B/2Mi�HHv H2/
iQ i?2 /2p2HQTK2Mi Q7 +?�Qb i?2Q`v- � bB;MB}+�Mi �KQmMi Q7 2pB/2M+2 ?�b #22M �++m@
KmH�i2/ i?�i Q#i�BMBM; �M �M�HviB+ bQHmiBQM iQ i?2 N @#Q/v ;`�pBi�iBQM�H T`Q#H2K BM �
i`�+i�#H2 K�MM2` Bb MQi TQbbB#H2 Ub22- 2X;X- (RdR- RNd)VX �b � +QMb2[m2M+2- i?2`2 ?�b #22M
� ;`2�i /2�H Q7 BMi2`2bi BM /2p2HQTBM; MmK2`B+�H K2i?Q/b i?�i +�M 2{+B2MiHv +QKTmi2
�TT`QtBK�i2 bQHmiBQMb iQ i?2 N @#Q/v ;`�pBi�iBQM�H T`Q#H2KX h?2b2 �ii2KTib ?�p2 H2/
iQ i?2 /2p2HQTK2Mi Q7 2ti`2K2Hv 2{+B2Mi MmK2`B+�H �H;Q`Bi?Kb bm+? �b i`22 +Q/2b Ub22-
2X;X- (j- N- R8- 93- 3R- Rkk)V BM+Hm/BM; i?2 bQ@+�HH2/ 6�bi JmHiBTQH2 K2i?Q/ Ub22- 2X;X-
(ke- 38- 3e- 3d)V- Q` T�`iB+H2 K2b? �M/ SjJ K2i?Q/b Ub22- 2X;X- (8d- Ryy- RRj)V

h?2 N @#Q/v T`Q#H2K Bb �HbQ m#B[mBiQmb BM i?2 /Bb+BTHBM2 Q7 +?2KB+�H T?vbB+b r?2M
QM2 +QMbB/2`b T?2MQK2M� BMpQHpBM; H�`;2@b+�H2 2H2+i`Qbi�iB+ BMi2`�+iBQMbX AM/22/- mM/2`@
bi�M/BM; i?2 #2?�pBQm` Q7 +?�`;2/ +QHHQB/�H T�`iB+H2b Ub22- 2X;X- (Ry- 8k- Rye- Rk9- RjN- R8R-
R8k- kyj)V Q` i?2 7�#`B+�iBQM Q7 #BM�`v M�MQT�`iB+H2 bmT2`H�iiB+2b �M/ bQ@+�HH2/ *QmHQK#B+
+`vbi�Hb Ub22- 2X;X- (Rk- Re- NR- RRe- R9e- Rdd- RNy)V- Q` i?2 �bb2K#Hv Q7 T`Qi2BMb �M/ Qi?2`
+2HHmH�` bi`m+im`2b Ub22- 2X;X- (8j- ey- Ryd- Re9- R39- kyk- kRy)V �HH `2[mB`2 FMQrH2/;2 Q7
*QmHQK# BMi2`�+iBQMb #2ir22M � H�`;2 MmK#2` Q7 T?vbB+�H Q#D2+ibX

J�Mv bm+? 2H2+i`Qbi�iB+ T?2MQK2M� BMpQHp2 BMi2`�+iBQMb #2ir22M +?�`;2/- bT?2`B+�H
/B2H2+i`B+ T�`iB+H2b 2K#2//2/ BM � /B2H2+i`B+ K2/BmK- mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX
PM2 Bb i?2M ivTB+�HHv BMi2`2bi2/ BM 2Bi?2` i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2 bvbi2K Q`
i?2 2H2+i`Qbi�iB+ 7Q`+2 �+iBM; QM 2�+? T�`iB+H2- #Qi? Q7 r?B+? +�M #2 /2`Bp2/ 7`QK FMQrH@
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2/;2 Q7 i?2 2H2+i`B+ TQi2MiB�H ;2M2`�i2/ #v i?2b2 T�`iB+H2bX EMQrH2/;2 Q7 i?2 7Q`+2b BM
T�`iB+mH�` Bb `2[mB`2/ B7 QM2 rBb?2b iQ T2`7Q`K iBK2@/vM�KB+ bBKmH�iBQMb Q` bim/v �bb2K@
#Hv T`Q+2bb2b Q7 +?�`;2/ T�`iB+H2b Ub22- 2X;X- (9d- Rkj- Re3- kRk) �b r2HH �b i?2 `272`2M+2b
QM bmT2`H�iiB+2b ;Bp2M �#Qp2VX AM +QMi`�bi iQ i?2 Km+? bBKTH2` +�b2 Q7 i?2 ;`�pBi�iBQM�H
�ii`�+iBQM #2ir22M K�bb2b Q` i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M TQBMi@+?�`;2b ?Qr@
2p2`- � 7mHH /2b+`BTiBQM Q7 i?2 2H2+i`B+ TQi2MiB�H ;2M2`�i2/ #v bm+? TQH�`Bb�#H2 T�`iB+H2b
+�MMQi #2 Q#i�BM2/ �b bBKTHv i?2 bmK Q7 T�B`rBb2 BMi2`�+iBQMbX AMbi2�/- i?2 TQi2MiB�H Bb
`2�HBb2/ �b i?2 bQHmiBQM iQ � S.1- TQb2/ QM i?2 7mHH i?`22@/BK2MbBQM�H bT�+2 rBi? BMi2`@
7�+2 +QM/BiBQMb QM i?2 #QmM/�`B2b Q7 i?2 bT?2`B+�H T�`iB+H2b Ub22- 2X;X- (Re- Rkd)VX aBM+2
i?Bb S.1 +�MMQi ;2M2`�HHv #2 bQHp2/ �M�HviB+�HHv- Bi #2+QK2b M2+2bb�`v iQ mb2 bQK2 Mm@
K2`B+�H K2i?Q/ iQ }`bi +QKTmi2 i?2 �TT`QtBK�i2 2H2+i`B+ TQi2MiB�H �M/ i?2M mb2 i?Bb
iQ Q#i�BM �TT`QtBK�iBQMb iQ 2Bi?2` i?2 iQi�H 2M2`;v Q` i?2 7Q`+2 �+iBM; QM 2�+? T�`iB+H2X
Ai Bb i?2`27Q`2 Q7 ;`2�i BMi2`2bi iQ /2p2HQT 2{+B2Mi MmK2`B+�H �H;Q`Bi?Kb i?�i +�M vB2H/
�TT`QtBK�iBQMb iQ i?2 2M2`;v �M/ i?2 7Q`+2b rBi? �M �++2Ti�#H2 �++m`�+vX

� MmK#2` Q7 /Bz2`2Mi �TT`Q�+?2b iQ i?Bb bQ@+�HH2/ N @#Q/v /B2H2+i`B+ bT?2`2b 2H2+i`Q@
bi�iB+ BMi2`�+iBQM T`Q#H2K ?�p2 #22M T`QTQb2/ BM i?2 HBi2`�im`2 Ub22- 2X;X- (RR- jN- dy- Rjy-
Rj3- R8k- Rdy- kyN)VX lM7Q`imM�i2Hv- K�Mv Q7 i?2b2 K2i?Q/b bmz2` 7`QK i?2 ?�M/B+�T i?�i
i?2v K�v #2+QK2 +QKTmi�iBQM�HHv T`Q?B#BiBp2 B7 i?2 MmK#2` Q7 T�`iB+H2b Bb p2`v H�`;2X
�//BiBQM�HHv- i?2b2 K2i?Q/ ?�p2 ivTB+�HHv #22M 7Q`KmH�i2/ BM � K�MM2` i?�i K�F2b i?2K
mMbmBi�#H2 7Q` � bvbi2K�iB+ MmK2`B+�H �M�HvbBbX �b � +QMb2[m2M+2- Bi Bb mbm�HHv MQi TQbbB@
#H2 iQ i?2Q`2iB+�HHv 2p�Hm�i2 i?2 �++m`�+v Q7 i?2b2 K2i?Q/b �M/- BM T�`iB+mH�`- iQ 2tTHQ`2
i?2 /2T2M/2M+2 Q7 i?2 �++m`�+v QM i?2 MmK#2` Q7 /B2H2+i`B+ T�`iB+H2b N X

� M�im`�H K2�bm`2 Q7 i?2 [m�HBiv Q7 �M N @#Q/v MmK2`B+�H K2i?Q/ Bb i?2 b+�HBM; Q7
i?2 �++m`�+v �M/ +QKTmi�iBQM�H +Qbi Q7 i?2 �H;Q`Bi?K rBi? N X hQ }t i2`KBMQHQ;v

Ç q2 b�v i?�i �M N @#Q/v MmK2`B+�H K2i?Q/ Bb N @2``Q` bi�#H2 B7- 7Q` � }t2/ MmK#2` Q7
/2;`22b Q7 7`22/QK T2` Q#D2+i �M/ �bbmKBM; Qi?2` T`QT2`iB2b bm+? �b i?2 KBMBKmK
BMi2`@bT?2`2 b2T�`�iBQM �`2 F2Ti +QMbi�Mi- i?2 `2H�iBp2 2``Q` BM i?2 �TT`QtBK�i2
bQHmiBQM /Q2b MQi BM+`2�b2 rBi? N X 1bi�#HBb?BM; i?�i � MmK2`B+�H K2i?Q/ Bb N @
2``Q` bi�#H2 `2[mB`2b � `B;Q`Qmb MmK2`B+�H �M�HvbBb Q7 i?2 �H;Q`Bi?K BM [m2biBQM-
r?B+? BKK2/B�i2Hv `mH2b Qmi K�Mv Q7 i?2 2tBbiBM; �H;Q`Bi?Kb +Bi2/ �#Qp2X

Ç q2 b�v i?�i �M N @#Q/v MmK2`B+�H K2i?Q/ Bb HBM2�` b+�HBM; BM +Qbi B7- 7Q` � }t2/
MmK#2` Q7 /2;`22b Q7 7`22/QK T2` Q#D2+i �M/ �bbmKBM; Qi?2` T`QT2`iB2b bm+? �b
i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM �`2 F2Ti +QMbi�Mi- i?2 MmK2`B+�H K2i?Q/
`2[mB`2b O(N) QT2`�iBQMb iQ +QKTmi2 �M �TT`QtBK�i2 bQHmiBQM rBi? � ;Bp2M �M/
}t2/ iQH2`�M+2X hvTB+�HHv- HBM2�` b+�HBM; BM +Qbi `2[mB`2b i?2 mb2 Q7 7�bi bmKK�iBQM
K2i?Q/b bm+? �b i`22 +Q/2b- i?2 6JJ- Q` T�`iB+H2@K2b? �M/ SjJ K2i?Q/b Ub22
i?2 `272`2M+2b +Bi2/ �#Qp2VX A7 i?2 N @#Q/v MmK2`B+�H K2i?Q/ �HbQ `2[mB`2b i?2
bQHmiBQM Q7 � HBM2�` bvbi2K Ur?B+? Bb BM/22/ i?2 +�b2 7Q` i?2 /B2H2+i`B+ bT?2`2b
T`Q#H2KV- i?2M QM2 rQmH/ �//BiBQM�HHv ?�p2 iQ b?Qr i?�i i?2 MmK#2` Q7 HBM2�`
bQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM /Q2b MQi ;`Qr rBi? N X
�;�BM- i?Bb `2[mB`2b � bvbi2K�iB+ MmK2`B+�H �M�HvbBb Q7 i?2 �H;Q`Bi?K BM [m2biBQM
r?B+? Bb /B{+mHi 7Q` K�Mv Q7 i?2 2tBbiBM; MmK2`B+�H K2i?Q/b BM i?2 HBi2`�im`2X
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Ç 6BM�HHv- r2 b�v i?�i �M N @#Q/v MmK2`B+�H K2i?Q/ Bb HBM2�` b+�HBM; BM �++m`�+v B7 Bi
Bb #Qi? N @2``Q` bi�#H2 �M/ HBM2�` b+�HBM; BM +QbiX h?mb- HBM2�` b+�HBM; BM �++m`�+v
K2i?Q/b +�M #2 pB2r2/ �b i?2 ;QH/@bi�M/�`/ 7Q` N @#Q/v T`Q#H2Kb bBM+2 i?2b2
K2i?Q/b `2[mB`2 QMHv O(N) QT2`�iBQMb iQ +QKTmi2 �M �TT`QtBK�i2 bQHmiBQM rBi?
� ;Bp2M �p2`�;2 2``Q` Ui?2 iQi�H 2``Q` b+�H2/ #v NV Q` `2H�iBp2 2``Q`X

1X GBM/;`2M �M/ +QrQ`F2`b `2+2MiHv T`QTQb2/ BM (Rkd)- � +QKTmi�iBQM�H K2i?Q/ #�b2/
QM � :�H2`FBM /Bb+`2iBb�iBQM Q7 � b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQM i?�i /2b+`B#2b
i?2 bQ@+�HH2/ BM/m+2/ bm`7�+2 +?�`;2 `2bmHiBM; QM i?2 bm`7�+2 Q7 +?�`;2/ /B2H2+i`B+ bT?2`B+�H
T�`iB+H2b 2K#2//2/ BM � ?QKQ;2MQmb /B2H2+i`B+ K2/BmK �M/ mM/2`;QBM; Kmim�H TQH�`B@
b�iBQMX LmK2`B+�H 2tT2`BK2Mib BM/B+�i2/ i?�i i?Bb �H;Q`Bi?K /BbTH�v2/ bQK2 T`QKBbBM;
#2?�pBQm`,

PRV 6Q` � }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bT?2`2- i?2 `2H�iBp2 �M/ �p2`�;2 2``Q`
Ui?2 iQi�H 2``Q` b+�H2/ #v NV BM i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2 `2K�BM2/
#QmM/2/ r?2M BM+`2�bBM; i?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2bc

PkV 6Q` � }t2/ MmK#2` Q7 /B2H2+i`B+ bT?2`2b- i?2 iQi�H 2``Q` BM i?2 �TT`QtBK�i2 BM/m+2/
bm`7�+2 /2+�v2/ 2tTQM2MiB�HHv r?2M BM+`2�bBM; i?2 /2;`22b Q7 7`22/QK T2` bT?2`2c

PjV h?`Qm;? i?2 mb2 Q7 � KQ/B}2/ 6JJ- i?2 MmK2`B+�H K2i?Q/ �+?B2p2/ +QKTmi�iBQM�H
+QKTH2tBiv i?�i b+�H2/ HBM2�`Hv rBi? `2bT2+i iQ i?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2bX

PRV �M/ PkV /2�H rBi? i?2 �++m`�+v Q7 i?2 K2i?Q/ �M/ PjV ;Bp2b � K2�bm`2 Q7 i?2
+QKTmi�iBQM�H b+�H�#BHBiv Q7 i?2 MmK2`B+�H �H;Q`Bi?KX h�F2M iQ;2i?2`- i?2b2 MmK2`B+�H
Q#b2`p�iBQMb bm;;2bi 2KTB`B+�HHv i?�i i?2 K2i?Q/ T`QTQb2/ BM (Rkd) Bb HBM2�` b+�HBM; BM
�++m`�+v- BX2X- BM Q`/2` iQ Q#i�BM i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2 rBi? � }t2/
�p2`�;2 Q` `2H�iBp2 2``Q`- i?2 +QKTmi�iBQM�H +Qbi Q7 i?2 �H;Q`Bi?K b+�H2b �b O(N)X *QM@
b2[m2MiHv- i?2 BMi2;`�H 2[m�iBQM@#�b2/ �TT`Q�+? T`QTQb2/ #v GBM/;`2M �i �HX `2T`2b2Mi2/
� bB;MB}+�Mi �/p�M+2 BM i?2 bi�i2@Q7@i?2@�`i 7Q` i?2 +QKTmi�iBQM Q7 i?2 2H2+i`Qbi�iB+ BM@
i2`�+iBQMb #2ir22M � H�`;2 MmK#2` Q7 +?�`;2/ T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX

Ai Bb MQr M�im`�H iQ �bF B7 QM2 +�M T`QpB/2 � `B;Q`Qmb K�i?2K�iB+�H DmbiB}+�iBQM 7Q`
i?2 #2?�pBQm` PRV@PjV 2t?B#Bi2/ #v i?Bb MmK2`B+�H K2i?Q/X JQ`2Qp2`- �bbmKBM; i?�i
i?2 �Mbr2` Bb v2b- +�M QM2 �HbQ 2ti2M/ bm+? K�i?2K�iB+�H `2bmHib 7Q` i?2 BM/m+2/ bm`7�+2
+?�`;2 iQ Qi?2` T?vbB+�H [m�MiBiB2b Q7 BMi2`2bi BM+Hm/BM; i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7
i?2 bvbi2K �M/ i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM 2�+? /B2H2+i`B+ T�`iB+H2\ *?�Ti2`b j@8
Q7 i?Bb /Bbb2`i�iBQM /2�H T`2+Bb2Hv rBi? i?2b2 [m2biBQMbX JQ`2 bT2+B}+�HHv-

Ç AM *?�Ti2` j Q7 i?Bb /Bbb2`i�iBQM- r2 rBHH b?Qr i?�i i?2 +QKTmi�iBQM�H K2i?Q/
T`QTQb2/ BM (Rkd) Bb N @2``Q` bi�#H2 7Q` i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2
+?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v BM i?2 bvbi2KX JQ`2 T`2+Bb2Hv- r2 rBHH T`Qp2
i?�i

U�V 6Q` �Mv }t2/ ;2QK2i`B+�H +QM};m`�iBQM Q7 MQM@BMi2`b2+iBM; bT?2`B+�H /B2H2+i`B+
T�`iB+H2b- i?2 BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM Q7 i?2 b2+QM/ FBM/ T`QTQb2/ BM
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(Rkd) i?�i /2b+`B#2b i?2 BM/m+2/ bm`7�+2 +?�`;2b `2bmHiBM; QM i?2b2 /B2H2+i`B+
bT?2`2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQM Bb r2HH@TQb2/c

U#V 6Q` �Mv }t2/ ;2QK2i`B+�H +QM};m`�iBQM Q7 MQM@BMi2`b2+iBM; bT?2`B+�H /B2H2+i`B+
T�`iB+H2b- i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?Bb b2+QM/@FBM/ BMi2;`�H 2[m�iBQM Bb
�HbQ r2HH@TQb2/c

U+V 6Q` �Mv }t2/ ;2QK2i`B+�H +QM};m`�iBQM Q7 MQM@BMi2`b2+iBM; bT?2`B+�H /B2H2+i`B+
T�`iB+H2b- i?2`2 2tBbib �M mTT2` #QmM/ QM i?2 `2H�iBp2 2``Q` Q7 i?2 �TT`QtB@
K�i2 bQHmiBQM i?�i /Q2b MQi 2tTHB+BiHv /2T2M/ QM i?2 MmK#2` N Q7 /B2H2+i`B+
bT?2`2b BM i?2 bvbi2KX �b � +QMb2[m2M+2- r2 rBHH /2/m+2 N @BM/2T2M/2Mi 2`@
`Q` 2biBK�i2b 7Q` �Mv 7�KBHv Q7 ;2QK2i`B+�H +QM};m`�iBQMb i?�i b�iBb}2b +2`i�BM
;2QK2i`B+�H �bbmKTiBQMb r?B+? �`2 /2b+`B#2/ BM /2i�BH H�i2`c

U/V 6Q` �Mv }t2/ ;2QK2i`B+�H +QM};m`�iBQM Q7 MQM@BMi2`b2+iBM; bT?2`B+�H /B2H2+i`B+
T�`iB+H2b- ;Bp2M +2`i�BM �bbmKTiBQMb QM i?2 `2;mH�`Biv Q7 i?2 2t�+i bQHmiBQM-
i?2 iQi�H 2``Q` Q7 i?2 �TT`QtBK�i2 bQHmiBQM /2+�vb 2tTQM2MiB�HHv �b i?2 /2;`22b
Q7 7`22/QK T2` bT?2`2 �`2 BM+`2�b2/X

h?2 +QMi2Mi Q7 i?Bb +?�Ti2` Bb #�b2/ QM (Ne)X

Ç AM *?�Ti2` 9 Q7 i?Bb /Bbb2`i�iBQM- r2 rBHH T`2b2Mi � /2i�BH2/ +QKTH2tBiv �M�HvbBb Q7
i?2 :�H2`FBM K2i?Q/ T`QTQb2/ #v GBM/;`2M �M/ +QrQ`F2`b rBi? i?2 ;Q�H Q7 b?QrBM;
i?�i i?2 K2i?Q/ Bb �HbQ HBM2�` b+�HBM; BM +Qbi 7Q` i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/
bm`7�+2 +?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v BM i?2 bvbi2KX Pm` K�BM `2bmHi rBHH
b?Qr i?�iĜ mM/2` KBH/ �bbmKTiBQMbĜ i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb `2[mB`2/
iQ bQHp2 i?2 HBM2�` bvbi2K Q#i�BM2/ 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM mT iQ � ;Bp2M
iQH2`�M+2 Bb BM/2T2M/2Mi Q7 N X aBM+2 i?2 6JJ �HHQrb mb iQ +QKTmi2 �TT`QtBK�i2
K�i`Bt@p2+iQ` T`Q/m+ib BMpQHpBM; i?2 bQHmiBQM K�i`Bt mbBM; O(N) QT2`�iBQMb- Bi rBHH
7QHHQr i?�i- mM/2` �TT`QT`B�i2 ;2QK2i`B+�H �bbmKTiBQMb- �M �TT`QtBK�i2 bQHmiBQM
rBi? � ;Bp2M �M/ }t2/ `2H�iBp2 2``Q` +�M BM/22/ #2 +QMbi`m+i2/ #v K2�Mb Q7 �M
Bi2`�iBp2 bQHp2` mbBM; QMHv O(N) QT2`�iBQMb �M/ i?mb i?2 MmK2`B+�H K2i?Q/ Bb HBM2�`
b+�HBM; BM +QbiX q2 rBHH i?mb T`Qp2 i?�i i?2 :�H2`FBM K2i?Q/ T`QTQb2/ #v 1X
GBM/;`2M �M/ +QrQ`F2`b Bb HBM2�` b+�HBM; BM �++m`�+v 7Q` i?2 +QKTmi�iBQM Q7 i?2
BM/m+2/ bm`7�+2 +?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v BM i?2 bvbi2KX h?2 +QMi2Mi
Q7 i?Bb +?�Ti2` Bb #�b2/ QM (Nd)X

Ç 6BM�HHv- BM *?�Ti2` 8 Q7 i?Bb /Bbb2`i�iBQM- r2 rBHH T`QTQb2 �M/ bvbi2K�iB+�HHv
�M�Hvb2 �M 2{+B2Mi MmK2`B+�H K2i?Q/- #�b2/ QM i?2 :�H2`FBM "A1 7`�K2rQ`F Q7
GBM/;`2M 2i �HX �M/ mbBM; i?2 6JJ- 7Q` i?2 +QKTmi�iBQM Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b
�+iBM; QM +?�`;2/- /B2H2+i`B+ bT?2`B+�H T�`iB+H2b 2K#2//2/ BM � ?QKQ;2MQmb /B2H2+@
i`B+ K2/BmK mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX lbBM; i?2 �M�HvbBb Q7 *?�Ti2`b j
�M/ 9- r2 rBHH T`Qp2 i?�i- mM/2` bmBi�#H2 ;2QK2i`B+�H �bbmKTiBQMb- i?Bb MmK2`B@
+�H K2i?Q/ �+?B2p2b HBM2�` b+�HBM; BM �++m`�+v 7Q` i?2 +QKTmi�iBQM Q7 i?2 7Q`+2bX
AM Q`/2` iQ /2KQMbi`�i2 i?Bb +H�BK- r2 rBHH }`bi /2`Bp2 +QMp2`;2M+2 `�i2b 7Q` i?2
�TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b i?�i �`2 2tTHB+BiHv BM/2T2M/2Mi Q7 N - �M/ r2 rBHH
i?2M T`2b2Mi � HBM2�` b+�HBM; BM +Qbi bQHmiBQM bi`�i2;v 7Q` i?2 +QKTmi�iBQM Q7 i?2
�TT`QtBK�i2 7Q`+2bX h?2 +QMi2Mi Q7 i?Bb +?�Ti2` Bb #�b2/ QM (N3)X

je
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h?2 `2K�BM/2` Q7 *?�Ti2` k Bb Q`;�MBb2/ �b 7QHHQrb, AM a2+iBQM kXk- r2 bi�i2 i?2 N @
#Q/v /B2H2+i`B+ bT?2`2b 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K �b � T�`iB�H /Bz2`2MiB�H 2[m�iBQM
QM i?2 7mHH bT�+2 R3 rBi? bmBi�#H2 i`�MbKBbbBQM +QM/BiBQMb QM i?2 #QmM/�`B2b Q7 i?2
bT?2`B+�H T�`iB+H2b `2bT2+iBp2HvX L2ti- mbBM; i?2 BMi2;`�H 2[m�iBQM 7Q`K�HBbK bi�i2/ BM
a2+iBQM RX9- r2 7Q`KmH�i2 BM a2+iBQM kXj- i?2 N @#Q/v /B2H2+i`B+ bT?2`2b 2H2+i`Qbi�iB+
BMi2`�+iBQM T`Q#H2K �b �M BMi2;`�H 2[m�iBQM Q7 i?2 b2+QM/ FBM/ TQb2/ QM i?2 #QmM/�`B2b
Q7 i?2 bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX 6BM�HHv- BM a2+iBQM kX9- r2 `2pB2r i?2 HBi2`�im`2 QM
#QmM/�`v BMi2;`�H 2[m�iBQMb 7Q` N @#Q/v T`Q#H2Kb rBi? � bT2+B�H 2KT?�bBb QM b2+QM/
FBM/ BMi2;`�H 2[m�iBQMbX JQ`2Qp2`- r2 /Bb+mbb i?2 HBKBi�iBQMb Q7 i?2 2tBbiBM; �M�HvbBb Q7
bm+? BMi2;`�H 2[m�iBQMb r?B+? T`2p2Mib mb 7`QK mbBM; i?2 +H�bbB+�H r2HH@TQb2/M2bb i?2Q`v
iQ T2`7Q`K Qm` �M�HvbBbX

kXk S.1@#�b2/ 6Q`KmH�iBQM Q7 i?2 N@"Q/v .B2H2+i`B+
aT?2`2b S`Q#H2K

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ bi�i2 � S.1@#�b2/ i`�MbKBbbBQM T`Q#H2K i?�i /2b+`B#2b
i?2 2H2+i`Qbi�iB+ TQi2MiB�H ;2M2`�i2/ #v � +QHH2+iBQM Q7 /B2H2+i`B+ T�`iB+H2b mM/2`;QBM;
Kmim�H TQH�`Bb�iBQMX :mB/2/ #v i?2 2tTQbBiBQM BM a2+iBQM RXk- r2 rBHH }`bi bi�i2 i?2
KQ/2HHBM; �bbmKTiBQMb mM/2` r?B+? i?2 S.1 Bb /2`Bp2/X L2ti- r2 rBHH �MiB+BT�i2 i?2
K�i?2K�iB+�H �M�HvbBb BM *?�Ti2`b j@8 #v bi�iBM; T`2+Bb2 +QM/BiBQMb QM i?2 ivT2b Q7
;2QK2i`B+�H +QM};m`�iBQMb r2 rBHH +QMbB/2`X

JQ/2H �bbmKTiBQMb,

*QMbB/2` i?2 /Bb+mbbBQM QM TQH�`Bb�#H2 2H2+i`Qbi�iB+b BM a2+iBQM RXkX aBM+2 r2 rBb?
iQ KQ/2H i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M /B2H2+i`B+ T�`iB+H2b- � MmK#2` Q7 ǵT`2@
KQ/2HHBM;Ƕ [m2biBQMb Kmbi }`bi #2 �Mbr2`2/X AM T�`iB+mH�`- r2 Kmbi bi�i2 ?Qr i?2 ;2@
QK2i`v Q7 i?2 T�`iB+H2b Bb /2b+`B#2/ K�i?2K�iB+�HHv �M/ bT2+B7v i?2 ivT2b Q7 /B2H2+i`B+
K�i2`B�Hb i?�i +QMbiBimi2 #Qi? i?2 T�`iB+H2b �b r2HH �b i?2 #�+F;`QmM/ K2/BmKX �/@
/BiBQM�HHv- r2 `2[mB`2 �bbmKTiBQMb QM i?2 7`22 +?�`;2 /Bbi`B#miBQMb i?�i `2bB/2 QM 2�+?
/B2H2+i`B+ T�`iB+H2X

6Q` i?2 Tm`TQb2 Q7 i?Bb /Bbb2`i�iBQM- r2 BKTQb2 i?2 7QHHQrBM; KQ/2HHBM; �bbmKTiBQMb
UJ�V,

J�RV q2 rBHH KQ/2H i?2 /B2H2+i`B+ T�`iB+H2b �b T2`72+i bT?2`2b i?�i +�M #2 `2T`2b2Mi2/
K�i?2K�iB+�HHv #v QT2M #�HHb BM R3X

J�kV q2 rBHH KQ/2H 2�+? /B2H2+i`B+ T�`iB+H2 �b #2BM; +QKTQb2/ Q7 � HBM2�`- ?QKQ;2MQmb-
BbQi`QTB+ /B2H2+i`B+ K�i2`B�H- �Hi?Qm;? r2 rBHH �HHQr /Bz2`2Mi T�`iB+H2b iQ ?�p2 /B7@
72`2Mi +QMbiBimi2Mi K�i2`B�HbX h?mb- i?2 `2H�iBp2 T2`KBiiBpBiv Q7 2�+? T�`iB+H2 +�M
#2 /2b+`B#2/ #v � bBM;H2 b+�H�` [m�MiBiv �M/ r2 rBHH `272` iQ i?Bb �b i?2 /B2H2+i`B+
+QMbi�Mi Q7 2�+? T�`iB+H2X

jd
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J�jV q2 rBHH KQ/2H i?2 #�+F;`QmM/ K2/BmK �b � HBM2�`- ?QKQ;2MQmb BbQi`QTB+ /B2H2+@
i`B+ rBi? /B2H2+i`B+ +QMbi�Mi i?�i Bb /Bz2`2Mi 7`QK i?2 /B2H2+i`B+ +QMbi�Mib Q7 i?2
bT?2`B+�H T�`iB+H2bX

J�9V q2 rBHH �bbmK2 UBM i?2 i2`KBMQHQ;v Q7 *?�Ti2` RXkV i?�i � 7`22 bm`7�+2 +?�`;2
/2MbBiv σf `2bB/2b QM i?2 bm`7�+2 Q7 i?2 bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX JQ`2Qp2`- r2
rBHH �bbmK2 i?�i i?2`2 Bb MQ 7`22 +?�`;2 /2MbBiv ρf BM i?2 BMi2`BQ` Q7 i?2 T�`iB+H2bX

J�8V q2 rBHH KQ/2H 2�+? bT?2`B+�H T�`iB+H2 �b � mMB7Q`K- `B;B/ #Q/v i?�i mM/2`;Q2b MQ
/27Q`K�iBQM mM/2` i?2 �+iBQM Q7 2H2+i`Qbi�iB+ 7Q`+2bX

1�+? Q7 i?2 KQ/2HHBM; �bbmKTiBQMb J�RV@J�8V +�M #2 r2�F2M2/- �M/ i?Bb Bb i?2
bm#D2+i Q7 QM@;QBM; rQ`FX q2 rBHH b22 BM *?�Ti2`b j@8 ?Qr2p2`- i?�i 2p2M rBi? i?2b2
�bbmKTiBQMb BM TH�+2- i?2 KQ/2H T`Q#H2K r2 +QMbB/2` H2�/b iQ BMi2`2biBM; T?vbB+b �M/
TQbb2bb2b � `B+? K�i?2K�iB+�H bi`m+im`2X

:2QK2i`B+ �bbmKTiBQMb,

L2ti- r2 /2b+`B#2 T`2+Bb2Hv i?2 ;2QK2i`B+�H �bbmKTiBQMb r2 BKTQb2 QM Qm` KQ/2H
T`Q#H2KX �b BM/B+�i2/ �i i?2 bi�`i Q7 i?Bb b2+iBQM- r2 �`2 BMi2`2bi2/ BM bim/vBM; ;2QK2i@
`B+�H +QM};m`�iBQMb i?�i �`2 i?2 mMBQMb Q7 �M �`#Bi`�`v MmK#2` N Q7 MQM@BMi2`b2+iBM;
bT?2`B+�H /B2H2+i`B+ T�`iB+H2b BM i?`22 bT�iB�H /BK2MbBQMbX JQ`2 bT2+B}+�HHv- Qm` �BK Bb iQ
�M�Hvb2 i?2 T`QT2`iB2b Q7 i?2 T`QTQb2/ MmK2`B+�H �H;Q`Bi?K �b i?2 MmK#2` N Q7 T�`iB+H2b
BM i?2 bvbi2K BM+`2�b2bX AM Q`/2` iQ /`�r i?2 +Q``2+i +QM+HmbBQMb 7`QK i?2 K�i?2K�iB+�H
�M�HvbBb r2 T2`7Q`K BM *?�Ti2`b j@8 ?Qr2p2`- r2 Kmbi BKTQb2 +2`i�BM �bbmKTiBQMb QM
i?2 ivT2b Q7 ;2QK2i`B2b r2 +QMbB/2`X hQ i?Bb 2M/- H2i I /2MQi2 � +QmMi�#H2 BM/2tBM; b2iX
q2 +QMbB/2` � bQ@+�HH2/ 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈IX 1�+? 2H2K2Mi ΩF ⊂ R3 BM i?Bb
7�KBHv Bb i?2 Ub2iV mMBQM Q7 � }t2/ MmK#2` Q7 MQM@BMi2`b2+iBM; QT2M #�HHb Q7 p�`vBM; HQ+�@
iBQMb �M/ `�/BB rBi? �bbQ+B�i2/ /B2H2+i`B+ +QMbi�Mib- �M/ i?2`27Q`2 `2T`2b2Mib � T�`iB+mH�`
T?vbB+�H ;2QK2i`B+ bBim�iBQMX Ai Bb 2�bv iQ b22 i?�i 2�+? 2H2K2Mi ΩF Q7 i?Bb 7�KBHv Q7
;2QK2i`B2b Bb mMB[m2Hv /2i2`KBM2/ #v i?2 7QHHQrBM; 7Qm` T�`�K2i2`b,

Ç � MQM@x2`Q MmK#2` NF ∈ N- r?B+? `2T`2b2Mib i?2 iQi�H MmK#2` Q7 /B2H2+i`B+ bT?2`@
B+�H T�`iB+H2b i?�i +QKTQb2 i?2 ;2QK2i`v ΩFc

Ç � +QHH2+iBQM Q7 TQBMib {xF
i }

NF
i=1 ∈ R3- r?B+? `2T`2b2Mi i?2 +2Mi`2b Q7 i?2 bT?2`B+�H

T�`iB+H2b +QKTQbBM; i?2 ;2QK2i`v ΩFc

Ç � +QHH2+iBQM Q7 TQbBiBp2 `2�H MmK#2`b {rFi }
NF
i=1 ∈ R- r?B+? `2T`2b2Mi i?2 `�/BB Q7 i?2

bT?2`B+�H T�`iB+H2b +QKTQbBM; i?2 ;2QK2i`v ΩFc

Ç � +QHH2+iBQM Q7 TQbBiBp2 `2�H MmK#2`b {κFi }Ni=0 ∈ RX >2`2- κF0 /2MQi2b i?2 /B2H2+i`B+
+QMbi�Mi Q7 i?2 2ti2`M�H K2/BmK r?BH2 {κFi }Ni=1 `2T`2b2Mi i?2 /B2H2+i`B+ +QMbi�Mib
Q7 2�+? /B2H2+i`B+ bT?2`2X

j3
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AM/22/- mbBM; i?2 }`bi i?`22 T�`�K2i2`b r2 +�M /2}M2 i?2 QT2M #�HHb ΩF
i := Bri(xi) ⊂ R3-

i ∈ {1, . . . , NF} r?B+? `2T`2b2Mi i?2 bT?2`B+�H /B2H2+i`B+ T�`iB+H2b +QKTQbBM; i?2 ;2QK2i`v
ΩF- BX2X- ΩF = ∪NF

i=1Ω
F
i X JQ`2Qp2`- i?2 7Qm`i? T�`�K2i2` {κFi }Ni=0 /2MQi2b i?2 /B2H2+i`B+

+QMbi�Mib �bbQ+B�i2/ rBi? i?Bb ;2QK2i`vX

q2 MQr BKTQb2 i?2 7QHHQrBM; i?`22 �bbmKTiBQMb QM i?2 �#Qp2 T�`�K2i2`b,

:�RV (lMB7Q`KHv #QmM/2/ `�/BB) h?2`2 2tBbi +QMbi�Mib r∞− > 0 �M/ r∞+ > 0 bm+? i?�i

inf
F∈I

min
i=1,...,NF

rFi > r∞− �M/ sup
F∈I

max
i=1,...,NF

rFi < r∞+ .

:�kV (lMB7Q`KHv #QmM/2/ KBMBK�H b2T�`�iBQM) h?2`2 2tBbib � +QMbi�Mi ϵ∞ > 0
bm+? i?�i

inf
F∈I

min
i,j=1,...,NF

i ̸=j

(
|xF

i − xF
j |− rFi − rFj

)
> ϵ∞.

:�jV (lMB7Q`KHv #QmM/2/ /B2H2+i`B+ +QMbi�Mib) h?2`2 2tBbi +QMbi�Mib κ∞− > 0 �M/
κ∞+ > 0 bm+? i?�i

inf
F∈I

min
i=1,...,NF

κF > κ∞− �M/ sup
F∈I

max
i=1,...,NF

κF < κ∞+ .

AM Qi?2` rQ`/b r2 �bbmK2 i?�i i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I r2 +QMbB/2` BM i?Bb
�`iB+H2 /2b+`B#2 T?vbB+�H bBim�iBQMb r?2`2 i?2 `�/BB Q7 i?2 /B2H2+i`B+ bT?2`B+�H T�`iB+H2b- i?2
KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2 �M/ i?2 /B2H2+i`B+ +QMbi�Mib �`2 �HH mMB7Q`KHv
#QmM/2/X h?2b2 �bbmKTiBQMb �`2 M2+2bb�`v #2+�mb2- �b r2 rBHH b?Qr BM *?�Ti2`b j@
8- i?2 K�i?2K�iB+�H #QmM/b r2 /2`Bp2- r?BH2 2tTHB+BiHv BM/2T2M/2Mi Q7 i?2 MmK#2` Q7
/B2H2+i`B+ T�`iB+H2b NF- /Q /2T2M/ QM Qi?2` ;2QK2i`B+�H T�`�K2i2`b- �M/ r2 rQmH/ i?mb
HBF2 iQ �pQB/ bBim�iBQMb r?2`2 i?2b2 ;2QK2i`B+ T�`�K2i2`b /2;`�/2 rBi? BM+`2�bBM; NFX
q2 `2K�`F i?�i 7`QK � T`�+iB+�H T2`bT2+iBp2- i?2b2 �bbmKTiBQMb /Q MQi ;`2�iHv HBKBi i?2
b+QT2 Q7 Qm` `2bmHibX AM/22/- BM K�Mv T?vbB+�H �TTHB+�iBQMb QM2 ivTB+�HHv +QMbB/2`b MQM@
K2i�HHB+ /B2H2+i`B+ T�`iB+H2b r?B+? M2Bi?2` ?�p2 p�MBb?BM; Q` 2tTHQ/BM; /B2H2+i`B+ +QMbi�Mib
MQ` p�MBb?BM; Q` 2tTHQ/BM; `�/BB Ub22- 2X;X- (NR- RkR- Rk3- R9e- RNk)VX

*H�bbB+�H 7Q`KmH�iBQM Q7 i?2 S.1@#�b2/ KQ/2H T`Q#H2K

q2 �`2 MQr `2�/v iQ bi�i2 i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K 7Q` /B2H2+i`B+ bT?2`2b
BM i2`Kb Q7 � +H�bbB+�H S.1- BX2X- � S.1 BMpQHpBM; +QMiBMmQmb �M/ bKQQi? 7mM+iBQMbX
q2 rBHH �bbmK2 i?�i i?2 KQ/2HHBM; �bbmKTiBQMb J�RV@J�8V ?QH/X JQ`2Qp2`- 7Q` i?2
`2K�BM/2` Q7 i?Bb /Bbb2`i�iBQM r2 rBHH �Hr�vb +QMbB/2` � }t2/ ;2QK2i`v 7`QK i?2 7�KBHv Q7
;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; i?2 �bbmKTiBQMb :�RV@:�jVX hQ �pQB/ #mHFv MQi�iBQM
r2 rBHH /`QT i?2 bmT2`b+`BTi �M/ bm#b+`BTi F �M/ /2MQi2 i?Bb ;2QK2i`v #v Ω−X h?2
;2QK2i`v Bb +QMbi`m+i2/ �b 7QHHQrb, G2i N ∈ N- H2i {xi}Ni=1 ∈ R3 #2 � +QHH2+iBQM Q7
TQBMib BM R3 �M/ H2i {ri}Ni=1 ∈ R #2 � +QHH2+iBQM Q7 TQbBiBp2 `2�H MmK#2`b- �M/ 7Q` 2�+?

jN
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i ∈ {1, . . . , N} H2i Ωi := Bri(xi) ⊂ R3 #2 i?2 QT2M #�HH Q7 `�/Bmb ri > 0 +2Mi`2/ �i i?2
TQBMi xiX h?2M Ω− ⊂ R3 Bb /2}M2/ �b Ω− := ∪N

i=1ΩiX 6m`i?2`KQ`2- r2 /2}M2 Ω+ :=
R3 \ Ω−- �M/ r2 r`Bi2 ∂Ω 7Q` i?2 #QmM/�`v Q7 Ω− �M/ η(x) 7Q` i?2 mMBi MQ`K�H p2+iQ`
�i x ∈ ∂Ω TQBMiBM; iQr�`/b i?2 2ti2`BQ` Q7 Ω−X JQ`2Qp2`- r2 /2MQi2 #v {κi}Ni=0 ∈ R
� +QHH2+iBQM Q7 TQbBiBp2 `2�H MmK#2`b bm+? i?�i 2�+? κi, i ∈ {1, . . . , N} Bb i?2 /B2H2+i`B+
+QMbi�Mi Q7 i?2 T�`iB+H2 `2T`2b2Mi2/ #v i?2 QT2M #�HH Ωi- �M/ κ0 Bb i?2 /B2H2+i`B+ +QMbi�Mi
Q7 i?2 #�+F;`QmM/ K2/BmKX LQiB+2 i?�i 7Q` 2�+? i ∈ {1, . . . , N}- 2Bi?2` κi−κ0

κ0
≥ 0 Q`

κi−κ0
κ0

∈ (−1, 0]X �M 2t�KTH2 Q7 � ivTB+�H ;2QK2i`B+�H +QM};m`�iBQM Bb /BbTH�v2/ BM 6B;m`2
kXRX

6B;m`2 kXR, � ;2QK2i`B+�H +QM};m`�iBQM +QMbBbiBM; Q7 Rk bT?2`B+�H /B2H2+i`B+ T�`iB+H2b rBi?
/Bz2`2Mi /B2H2+i`B+ +QMbi�Mib �M/ `�/BBX

_2+�HHBM; MQr i?2 +�H+mH�iBQMb T`2b2Mi2/ BM a2+iBQM RXk �M/ mbBM; i?2 KQ/2HHBM; �b@
bmKTiBQMb J�RV@J�8V- r2 �``Bp2 �i i?2 7QHHQrBM; KQ/2H T`Q#H2K,

G2i σf ∈ C0(∂Ω) #2 � 7`22 +?�`;2 /Bbi`B#miBQMX 6BM/ i?2 2H2+i`Qbi�iB+ TQi2MiB�H 7mM+iBQMb
Φs ∈ C2(Ωs) ∩ C1(Ωs), s ∈ {−,+} bm+? i?�i 7Q` �HH i ∈ {1, . . . , N} Bi ?QH/b i?�i

−∆Φs = 0 BM Ωs,

Φ− − Φ+ = 0 QM ∂Ωi,
(
κi∇Φ− − κ0∇Φ+

)
· η =

σ

ϵ0
QM ∂Ωi,

|Φ+(x)| ≤ C|x|−1 7Q` |x| → ∞.

UkXRV

_2K�`F kXRX *QMbB/2` i?2 #QmM/�`v p�Hm2 T`Q#H2K UkXRVX 6Q` bBKTHB+Biv- r2 rBHH �bbmK2
BM i?2 `2K�BM/2` Q7 i?Bb /Bbb2`i�iBQM i?�i ϵ0 ≡ 1X h?Bb `2bmHib BM MQ HQbb Q7 ;2M2`�HBivX
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kXk S.1@#�b2/ 6Q`KmH�iBQM Q7 i?2 N@"Q/v .B2H2+i`B+ aT?2`2b S`Q#H2K

lM7Q`imM�i2Hv- i?2 +H�bbB+�H 7Q`KmH�iBQM UkXRV Q7 i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K
7Q` /B2H2+i`B+ bT?2`2b Bb mMb�iBb7�+iQ`v 7`QK � i?2Q`2iB+�H TQBMi@Q7@pB2rX AM/22/- Bi Bb
r2HH FMQrM i?�i [m2biBQMb Q7 2tBbi2M+2 �M/ mMB[m2M2bb Q7 bQHmiBQMb 7Q` bm+? +H�bbB+�H
7Q`KmH�iBQMb �`2 MQi 2�bv iQ �Mbr2`X �b � +QMb2[m2M+2- r2 rBHH 7Q`KmH�i2 i?2 +H�bbB+�H
S.1 UkXRV �b � r2�F T`Q#H2K QM bmBi�#H2 aQ#QH2p bT�+2bX

q2�F 7Q`KmH�iBQM Q7 i?2 S.1@#�b2/ KQ/2H T`Q#H2K

q2 ?�p2 �H`2�/v BMi`Q/m+2/ aQ#QH2p bT�+2b QM QT2M b2ib �M/ bm`7�+2b BM R3 �b r2HH
�b .B`B+?H2i �M/ L2mK�MM i`�+2 QT2`�iQ`b BM a2+iBQM RXjX AM Q`/2` iQ r`Bi2 i?2 r2�F
7Q`KmH�iBQM Q7 i?2 +H�bbB+�H S.1 UkXRV ?Qr2p2`- r2 Kmbi �HbQ i�F2 BMiQ �++QmMi i?2 /2+�v
+QM/BiBQM Q7 i?2 2H2+i`Qbi�iB+ TQi2MiB�HX h?2 /B{+mHiv Bb i?�i � 7mM+iBQM Φ ∈ C∞(Ω+)
i?�i b�iBb}2b i?2 /2+�v +QM/BiBQM |Φ(x)| ≤ C|x|−1 7Q` |x| → ∞ rBHH- BM ;2M2`�H- MQi #2 �M
2H2K2Mi Q7 L2(Ω+)X h?2 mbm�H �TT`Q�+? iQ Qp2`+QKBM; i?Bb T`Q#H2K Bb iQ 2[mBT aQ#QH2p
bT�+2b QM mM#QmM/2/ /QK�BMb rBi? r2B;?i2/ MQ`KbX
.2}MBiBQM kXk Uq2B;?i2/ aQ#QH2p aT�+2 7Q` i?2 1ti2`BQ` G�TH�+2 S`Q#H2KVX
G2i Ω ⊂ R3 #2 �M QT2M b2iX q2 /2}M2 i?2 >BH#2`i bT�+2 H1(∆;Ω) �b i?2 +QKTH2iBQM Q7
C∞
comp(Ω) rBi? `2bT2+i iQ i?2 MQ`K ∥ · ∥H1(∆;Ω) BM/m+2/ #v i?2 BMM2` T`Q/m+i

(u, v)H1(∆;Ω) :=

∫

Ω

u(x)v(x)

1 + |x|2 dx+

∫

Ω
∇u(x) ·∇v(x) dx.

Ai +�M `2�/BHv #2 b22M i?�i i?2 bT�+2b H1(Ω) �M/ H1(∆;Ω) +QBM+B/2 7Q` �Mv #QmM/2/
QT2M b2i ΩX A7 Ω Bb �M mM#QmM/2/ QT2M b2i ?Qr2p2`- r2 ?�p2 H1(Ω) ⊂ H1(∆;Ω)X
_2K�`F kXjX *QMbB/2` .2}MBiBQM kXk Q7 i?2 r2B;?i2/ aQ#QH2p bT�+2bX Ai +�M #2 b?QrM
Ub22- 2X;X- (R38- h?2Q`2K kXNXe)V i?�i 7Q` �Mv 7mM+iBQM u ∈ H1

∆(Ω
s) �M/ v ∈ H1(∆;Ω)-

i?2 `2H�iBQM RXRj BM h?2Q`2K RXRR 7`QK a2+iBQM RXj ?QH/bX

6Q` 2�b2 Q7 2tTQbBiBQM- r2 BMi`Q/m+2 i?2 7QHHQrBM; �//BiBQM�H MQi�iBQM, G2i i?2 7mM+@
iBQM κ : ∂Ω → R #2 /2}M2/ �b κ(x) := κi 7Q` x ∈ ∂Ωi. h?mb- κ Bb � TB2+2rBb2 +QM@
bi�Mi 7mM+iBQM i?�i i�F2b +QMbi�Mi TQbBiBp2 p�Hm2b QM i?2 #QmM/�`v Q7 2�+? QT2M #�HH
∂Ωi, i = 1, . . . , N X S?vbB+�HHv- i?Bb 7mM+iBQM `2T`2b2Mib i?2 /B2H2+i`B+ +QMbi�Mi Q7 2�+? Q7
i?2b2 QT2M #�HHb r?BH2 i?2 +QMbi�Mi κ0 `2T`2b2Mib i?2 /B2H2+i`B+ +QMbi�Mi Q7 i?2 bm``QmM/@
BM; K2/BmKX _2+�HHBM; MQr i?2 MQi�iBQM �M/ /2}MBiBQMb BMi`Q/m+2/ BM a2+iBQM RXj- r2
Q#i�BM i?2 7QHHQrBM; r2�F 7Q`KmH�iBQM Q7 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K 7Q` /B2H2+i`B+
bT?2`2b,

G2i σf ∈ H− 1
2 (∂Ω) #2 � 7`22 +?�`;2 /Bbi`B#miBQMX 6BM/ i?2 2H2+i`Qbi�iB+ TQi2MiB�H

7mM+iBQMb
(
Φ−,Φ+

)
∈ H1(Ω−)×H1(∆;Ω+) bm+? i?�i 7Q` �HH i ∈ {1, . . . , N} Bi ?QH/b i?�i

−∆Φs = 0 QM Ωs,

γ+Φ+ − γ−Φ− = 0 BM H
1
2 (∂Ω),

κγ−NΦ− − κ0γ
+
NΦ+ = σf BM H− 1

2 (∂Ω),

|Φ+(x)| ≤ C|x|−1 7Q` |x| → ∞.

UkXkV
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h?2 F2v b?Q`i+QKBM; Q7 1[m�iBQM UkXkV Bb i?�i Bi Bb TQb2/ QM i?2 7mHH bT�+2 R3 r?B+?
H2�/b iQ +QMbB/2`�#H2 +QKTmi�iBQM�H +?�HH2M;2b B7 QM2 rBb?2b iQ mb2 bi�M/�`/ MmK2`B+�H
�H;Q`Bi?Kb bm+? �b i?2 }MBi2 2H2K2Mi K2i?Q/ 7Q` bQHpBM; i?Bb S.1X AM/22/- bBM+2 i?2
2H2+i`Qbi�iB+ TQi2MiB�H Φ+ /2+�vb- � T`BQ`B- QMHv �b |x|−1 7Q` H�`;2 |x|- � M�Bp2 i`mM+�iBQM
Q7 i?2 +QKTmi�iBQM�H /QK�BM H2�/b iQ bB;MB}+�Mi MmK2`B+�H 2``Q`bX h?2 mbm�H �TT`Q�+?
BM i?2 HBi2`�im`2 iQ +B`+mKp2MiBM; i?Bb /B{+mHiv Bb iQ �TT2�H iQ i?2 i?2Q`v Q7 BMi2;`�H
2[m�iBQMb �M/ `27Q`KmH�i2 1[m�iBQM UkXkV �b � bQ@+�HH2/ #QmM/�`v BMi2;`�H 2[m�iBQM U"A1V
TQb2/ QM i?2 BMi2`7�+2 ∂ΩX *QMb2[m2MiHv- BM i?2 M2ti a2+iBQM kXj- r2 rBHH `27Q`KmH�i2
i?2 #QmM/�`v p�Hm2 T`Q#H2K UkXkV �b � #QmM/�`v BMi2;`�H 2[m�iBQMX

kXj AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N@"Q/v .B2H2+@
i`B+ aT?2`2b S`Q#H2K

h?2`2 Bb � r2HH 2bi�#HBb?2/ HBi2`�im`2 QM i?2 `27Q`KmH�iBQM Q7 2HHBTiB+ #QmM/�`v p�Hm2
T`Q#H2Kb bm+? �b 1[m�iBQM UkXkV �b �M BMi2;`�H 2[m�iBQM BMpQHpBM; i?2 #QmM/�`v BMi2;`�H
QT2`�iQ`b BMi`Q/m+2/ BM a2+iBQM RX9 �M/ r2 `272` i?2 BMi2`2bi2/ `2�/2` iQ i?2 T`2pBQmbHv
+Bi2/ i2ti#QQFb (d- Ry8- RR3- R9d- R38- RN8)X am+? � `27Q`KmH�iBQM Bb �Hr�vb TQbbB#H2 B7
i?2 mM/2`HvBM; /Bz2`2MiB�H QT2`�iQ`- b�v- L ?�b � 7mM/�K2Mi�H bQHmiBQM- BX2X- � 7mM+iBQM
GL : R3 \ {0} → R bm+? i?�i LGL = GLL = δ0 BM i?2 b2Mb2 Q7 /Bbi`B#miBQMb U+X7X- G2KK�
RXRdVX AM/22/- mbBM; i?2 2tBbi2M+2 Q7 bm+? � 7mM/�K2Mi�H bQHmiBQM- QM2 +�M KBKB+ i?2
+QMbi`m+iBQM r2 ?�p2 T`2b2Mi2/ BM a2+iBQM RX9 7Q` i?2 +�b2 Q7 i?2 G�TH�+2 2[m�iBQM- BX2X-
i?2 +�b2 L = −∆ iQ /2/m+2 i?2 2tBbi2M+2 Q7 #QmM/�`v BMi2;`�H QT2`�iQ`b +Q``2bTQM/BM;
iQ KQ`2 ;2M2`�H /Bz2`2MiB�H QT2`�iQ`b LX

PM+2 i?2b2 #QmM/�`v BMi2;`�H QT2`�iQ`b ?�p2 #22M +QMbi`m+i2/- i?2`2 �`2 irQ �T@
T`Q�+?2b i?�i +�M #2 Tm`bm2/ iQ i`�Mb7Q`K i?2 mM/2`HvBM; 2HHBTiB+ #QmM/�`v p�Hm2 T`Q#@
H2K BMiQ �M BMi2;`�H 2[m�iBQMX h?2b2 �`2 FMQrM �b i?2 /B`2+i K2i?Q/ �M/ i?2 BM/B`2+i
K2i?Q/ `2bT2+iBp2HvX AM i?2 /B`2+i �TT`Q�+?- QM2 i�F2b i?2 ;Bp2M #QmM/�`v /�i�- BMb2`ib
i?Bb BMiQ i?2 r2HH@FMQrM :`22MǶb `2T`2b2Mi�iBQM i?2Q`2K Ub22- 2X;X- (R38- h?2Q`2K jXRXe)V
�M/ �TTHB2b 2Bi?2` i?2 .B`B+?H2i Q` L2mK�MM i`�+2 QT2`�iQ`X .2T2M/BM; QM i?2 +?QB+2
Q7 i`�+2 QT2`�iQ`- i?Bb `2bmHib BM i?2 +QMbi`m+iBQM Q7 � 6`2/?QHK BMi2;`�H 2[m�iBQM Q7 i?2
}`bi Q` b2+QM/ FBM/ i?�i Bb TQb2/ QMHv QM i?2 #QmM/�`v Q7 i?2 ;2QK2i`vX AM +QMi`�bi-
i?2 BM/B`2+i �TT`Q�+? +QMbBbib Q7 T`QTQbBM; �M �Mb�ix TQi2MiB�H- BX2X- T`QTQbBM; i?�i i?2
bQHmiBQM iQ i?2 2HHBTiB+ #QmM/�`v p�Hm2 T`Q#H2K Bb i?2 H�v2` TQi2MiB�H ;2M2`�i2/ #v bQK2
mMFMQrM /2MbBiv 7mM+iBQM bmTTQ`i2/ QM i?2 #QmM/�`v Q7 i?2 ;2QK2i`v- �M/ i?2M mbBM;
i?2 #QmM/�`v /�i� iQ +QMbi`m+i � #QmM/�`v BMi2;`�H 2[m�iBQM i?�i i?2 mMFMQrM /2MbBiv
7mM+iBQM Kmbi b�iBb7vX .2T2M/BM; QM i?2 �Mb�ix TQi2MiB�H UbBM;H2 H�v2` Q` /Qm#H2 H�v2`V-
i?2 BM/B`2+i �TT`Q�+? �HbQ H2�/b iQ � 6`2/?QHK 2[m�iBQM Q7 i?2 }`bi Q` b2+QM/ FBM/X �
+QKT`2?2MbBp2 /Bb+mbbBQM Q7 #Qi? �TT`Q�+?2b BM+Hm/BM; �/p�Mi�;2b �M/ /Bb�/p�Mi�;2b Q7
2�+?- �b r2HH �b i?2 `2bmHiBM; #QmM/�`v BMi2;`�H 2[m�iBQMb +�M- 7Q` BMbi�M+2- #2 7QmM/ BM
(R38- *?�Ti2` jX9)X

G2i mb MQr bi�i2 i?2 BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM Q7 i?2 /B2H2+i`B+ bT?2`2b 2H2+i`Q@
bi�iB+ BMi2`�+iBQM T`Q#H2KX h?2 BMi2;`�H 2[m�iBQM r2 bi�i2 Bb 2bb2MiB�HHv � b2+QM/@FBM/
6`2/?QHK 2[m�iBQM �M/ Bb /2`Bp2/ 7`QK i?2 #QmM/�`v p�Hm2 T`Q#H2K UkXkV mbBM; i?2 BM@
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kXj AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N@"Q/v .B2H2+i`B+ aT?2`2b
S`Q#H2K

/B`2+i �TT`Q�+? rBi? � bBM;H2 H�v2` TQi2MiB�H �Mb�ixX

AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM 7Q` i?2 AM/m+2/ am`7�+2 *?�`;2

G2i σf ∈ H− 1
2 (∂Ω) #2 � 7`22 +?�`;2 /Bbi`B#miBQMX 6BM/ i?2 BM/m+2/ bm`7�+2 +?�`;2

ν ∈ H− 1
2 (∂Ω) bm+? i?�i

ν − κ0 − κ

κ0
(.iLV)ν =

σf
κ0

. UkXjV

_2K�`F kX9X 6`QK � T?vbB+�H TQBMi Q7 pB2r- i?2 BM/m+2/ bm`7�+2 +?�`;2 ν ∈ H− 1
2 (∂Ω)

BM i?2 BMi2;`�H 2[m�iBQM UkXjV Bb i?2 +?�`;2 UmT iQ b+�HBM;V i?�i `2bmHib QM i?2 bm`7�+2 Q7
2�+? /B2H2+i`B+ T�`iB+H2 �7i2` TQH�`Bb�iBQM 2z2+ib �`2 BM+Hm/2/X h?mb- Bi Bb UmT iQ b+�HBM;V
i?2 bmK Q7 i?2 FMQrM 7`22@+?�`;2 σf �M/ i?2 mMFMQrM #QmM/ bm`7�+2 +?�`;2 σbX
_2K�`F kX8X *QMbB/2` i?2 b2iiBM; Q7 i?2 BMi2;`�H 2[m�iBQM UkXjVX amTTQb2 i?2`2 Bb bQK2
QT2M #�HH Ωj , j ∈ {1, . . . , N} bm+? i?�i κ = κ0 QM ∂Ωj X h?2M Bi 7QHHQrb i?�i i?2
BM/m+2/ bm`7�+2 +?�`;2 νj QM bT?2`2 ∂Ωj Bb bBKTHv ;Bp2M #v νj = σf,j

κ0
r?2`2 σf,j /2MQi2b

i?2 7`22 +?�`;2 QM ∂Ωj X h?Bb DmbiB}2b i?2 KQ/2H �bbmKTiBQM J�jV r?B+? bi�i2b i?�i i?2
/B2H2+i`B+ +QMbi�Mi Q7 i?2 #�+F;`QmM/ K2/BmK Bb /Bz2`2Mi 7`QK i?2 /B2H2+i`B+ +QMbi�Mib
Q7 i?2 bT?2`B+�H T�`iB+H2bX LQi2 i?�i T?vbB+�HHv- i?2 bBim�iBQM κ = κ0 QM ∂Ωj +Q``2bTQM/b
iQ MQ TQH�`Bb�iBQM QM i?2 bT?2`2 ∂Ωj X

"27Q`2 T`Q+22/BM; 7m`i?2`- H2i mb DmbiB7v irQ Q7 Qm` T`BQ` +H�BKb- M�K2Hv- i?�i i?2 "A1
UkXjV +�M #2 /2`Bp2/ 7`QK i?2 #QmM/�`v p�Hm2 T`Q#H2K UkXkV mbBM; � bBM;H2 H�v2` �Mb�ix
�M/ i?�i i?2 "A1 UkXjV ?�b i?2 bi`m+im`2 Q7 � b2+QM/ FBM/ 6`2/?QHK 2[m�iBQMX

G2KK� kXe U.2`Bp�iBQM Q7 i?2 "A1 UkXjVVX G2i Φ := (Φ−,Φ+) ∈ H1(Ω−)×H1(∆;Ω+)
#2 � bQHmiBQM iQ i?2 #QmM/�`v p�Hm2 T`Q#H2K UkXkVX h?2M ν := V−1

(
γ−Φ−) Bb � bQHmiBQM

iQ i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjVX *QMp2`b2Hv- H2i ν ∈ H− 1
2 (∂Ω) #2 � bQHmiBQM iQ

i?2 "A1 UkXjVX h?2M (Φ−,Φ+) :=
(
Sν|Ω− , Sν|Ω+

)
Bb � bQHmiBQM iQ i?2 "oS UkXkVX

S`QQ7X G2i Φ := (Φ−,Φ+) ∈ H1(Ω−) ×H1(∆;Ω+) #2 � bQHmiBQM iQ i?2 #QmM/�`v p�Hm2
T`Q#H2K UkXkVX Ai 7QHHQrb 7`QK :`22MǶb `2T`2b2Mi�iBQM i?2Q`2K Ub22- 2X;X- (R38- h?2Q`2K
jXRXe)V i?�i 7Q` 2�+? s ∈ {+,−} Bi ?QH/b i?�i

Φs = S
(
γ−NΦ− − γ+NΦ+

)
|Ωs .

.m2 iQ i?2 ?vTQi?2b2b Q7 i?2 "oS UkXkV r2 7m`i?2` ?�p2

−γ+NΦ+ =
σf
κ0

− κ

κ0
γ−NΦ−,

bQ i?�i

γ−Φ− = γ−S

(
γ−NΦ− +

σf
κ0

− κ

κ0
γ−NΦ−

)

= V

(
1

κ0

(
κ0γ

−
NΦ− − κγ−NΦ−)+

σf
κ0

)
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= V

(
κ0 − κ

κ0
γ−NΦ−

)
+

1

κ0
Vσf

= V

(
κ0 − κ

κ0
.iLγ−Φ−

)
+

1

κ0
Vσf .

q2 /2}M2 ν := V−1γ−Φ− �M/ mb2 i?2 7�+i i?�i V−1 : H
1
2 (∂Ω) → H− 1

2 (∂Ω) Bb �
#BD2+iBQM iQ Q#i�BM i?�i

ν =
(κ0 − κ

κ0
.iLVν

)
+

1

κ0
σf .

h?Bb +QKTH2i2b i?2 }`bi T�`i Q7 i?2 T`QQ7X

6Q` i?2 +QMp2`b2- H2i ν ∈ H− 1
2 (∂Ω) #2 � bQHmiBQM iQ i?2 "A1 UkXjVX Ai 7QHHQrb 7`QK

i?2 DmKT T`QT2`iB2b Q7 i?2 bBM;H2 H�v2` TQi2MiB�H Ub22- 2X;X- (R38- h?2Q`2K jXjXR)V i?�i

ν = γ−NSν − γ+NSν.

.2}M2 (Φ−,Φ+) =
(
Sν|Ω− , Sν|Ω+

)
X h?2 T`QT2`iB2b Q7 i?2 bBM;H2 H�v2` TQi2MiB�H Ub22-

2X;X- _2K�`F RXk9V BKTHv i?�i r2 M22/ QMHv +?2+F i?2 DmKT +QM/BiBQM 7Q` i?2 MQ`K�H
/2`Bp�iBp2X q2 Q#b2`p2 i?�i

κγ−NΦ− − κ0γ
+
NΦ+ = κ.iLγ−Φ− + κ0ν − κ0.iLγ−Φ− = (κ− κ0).iLγ−Φ− + κ0ν

= (κ− κ0).iLVν + κ0ν.

6`QK i?2 ?vTQi?2b2b Q7 "A1 UkXjV r2 i?2`27Q`2 Q#i�BM i?�i

κγ−NΦ− − κ0γ
+
NΦ+ = (κ− κ0).iLVν + κ0ν = σf .

h?Bb +QKTH2i2b i?2 T`QQ7X

G2KK� kXd Ua2+QM/ FBM/ bi`m+im`2 Q7 "A1 UkXjVVX h?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV
+�M #2 r`Bii2M �b �M BMi2;`�H 2[m�iBQM Q7 i?2 b2+QM/ FBM/X

S`QQ7X 6`QK G2KK� RXjR +QM+2`MBM; i?2 *�H/2`ƦM B/2MiBiB2b r2 ?�p2 i?�i

.iLV = (V.iL)∗ =

(
1

2
I +K

)∗
=

1

2
I +K∗,

r?2`2 I : H− 1
2 (∂Ω) → H− 1

2 (∂Ω) Bb i?2 B/2MiBiv QT2`�iQ`X am#biBimiBM; BM "A1 UkXjV vB2H/b
σf
κ0

= ν − κ0 − κ

κ0
(.iLV)ν = ν − κ0 − κ

κ0

(1
2
I +K∗

)
ν =

κ0 + κ

2κ0
ν − κ0 − κ

κ0
K∗ν.

h?2 +H�BK MQr 7QHHQrb bBM+2 r2 Q#i�BM
σf

κ0 + κ
=

1

2
ν − κ0 − κ

κ0 + κ
K∗ν =

(1
2
I − κ0 − κ

κ0 + κ
K∗
)
ν. UkX9V
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kXj AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7 i?2 N@"Q/v .B2H2+i`B+ aT?2`2b
S`Q#H2K

kXjXR q2�F 7Q`KmH�iBQM �M/ :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 #QmM/�`v
BMi2;`�H 2[m�iBQM

6Q` +H�`Biv Q7 2tTQbBiBQM- r2 }`bi /2}M2 i?2 `2H2p�Mi #QmM/�`v BMi2;`�H QT2`�iQ`X

.2}MBiBQM kX3X q2 /2}M2 i?2 HBM2�` QT2`�iQ` A : H
1
2 (∂Ω) → H

1
2 (∂Ω) �b i?2 K�TTBM;

rBi? i?2 T`QT2`iv i?�i 7Q` �HH λ ∈ H
1
2 (∂Ω) Bi ?QH/b i?�i

Aλ := λ− V.iL
(κ0 − κ

κ0
λ
)
.

AM �//BiBQM- r2 /2MQi2 #v A∗ : H− 1
2 (∂Ω) → H− 1

2 (∂Ω) i?2 �/DQBMi QT2`�iQ` Q7 AX

h?2 "A1 UkXjV MQr ?�b � bi`�B;?i7Q`r�`/ r2�F 7Q`KmH�iBQMX

q2�F 6Q`KmH�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UkXjV

G2i σf ∈ H− 1
2 (∂Ω) �M/ H2i A∗ : H− 1

2 (∂Ω) → H− 1
2 (∂Ω) /2MQi2 i?2 �/DQBMi Q7 i?2

QT2`�iQ` A ;Bp2M #v .2}MBiBQM kX3X 6BM/ ν ∈ H− 1
2 (∂Ω) bm+? i?�i 7Q` �HH λ ∈ H

1
2 (∂Ω) Bi

?QH/b i?�i

⟨A∗ν,λ⟩
H− 1

2 (∂Ω)×H
1
2 (∂Ω)

=
1

κ0
⟨σf ,λ⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

. UkX8V

h?2 M2ti bi2T Bb iQ bi�i2 i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 #QmM/�`v BMi2;`�H 2[m�iBQM
UkXjVX q2 }`bi /2}M2 i?2 `2H2p�Mi �TT`QtBK�iBQM bT�+2bX

.2}MBiBQM kXN UaT?2`B+�H >�`KQMB+bVX G2i ℓ ∈ N0 �M/ m ∈ {−ℓ, . . . , ℓ} #2 BMi2;2`bX
h?2M r2 /2}M2 i?2 7mM+iBQM Ym

ℓ : S2 → R �b

Ym
ℓ (θ,φ) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(−1)m
√
2
√

2ℓ+1
4π

(ℓ−|m|)!
(ℓ+|m|)!P

|m|
ℓ

(
cos(θ)

)
sin
(
|m|φ

)
B7 m < 0,√

2ℓ+1
4π Pm

ℓ

(
cos(θ)

)
B7 m = 0,

(−1)m
√
2
√

2ℓ+1
4π

(ℓ−m)!
(ℓ+m)!P

m
ℓ

(
cos(θ)

)
cos
(
mφ
)

B7 m > 0,

r?2`2 Pm
ℓ /2MQi2b i?2 �bbQ+B�i2/ G2;2M/`2 TQHvMQKB�H Q7 /2;`22 ℓ �M/ Q`/2` mX h?2

7mM+iBQM Ym
ℓ Bb FMQrM �b i?2 `2�H@p�Hm2/ L2@Q`i?QMQ`K�H bT?2`B+�H ?�`KQMB+ Q7 /2;`22 ℓ

�M/ Q`/2` mX

.2}MBiBQM kXRy U�TT`QtBK�iBQM aT�+2 QM � aT?2`2VX G2i Ox0 ⊂ R3 #2 �M QT2M #�HH
Q7 `�/Bmb r > 0 +2Mi`2/ �i i?2 TQBMi x0 ∈ R3 �M/ H2i ℓmax ∈ NX q2 /2}M2 i?2 }MBi2@
/BK2MbBQM�H >BH#2`i bT�+2 W ℓmax(∂Ox0) ⊂ H

1
2 (∂Ox0) ⊂ H− 1

2 (∂Ox0) �b i?2 p2+iQ` bT�+2

W ℓmax(∂Ox0) :=
{
u : ∂Ox0 → R bm+? i?�i u(x) =

ℓmax∑

ℓ=0

m=+ℓ∑

m=−ℓ
[u]mℓ Y

m
ℓ

(
x− x0

|x− x0|

)

r?2`2 �HH [u]mℓ ∈ R
}
,
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2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)W ℓmax (∂Ox0 )
:= r2[u]00[v]

0
0 + r2

ℓmax∑

ℓ=1

m=+ℓ∑

m=−ℓ

ℓ

r
[u]mℓ [v]

m
ℓ ∀u, v ∈ W ℓmax(∂Ox0). UkXeV

Ai Bb MQr bi`�B;?i7Q`r�`/ iQ 2ti2M/ i?2 >BH#2`i bT�+2 /2}M2/ BM .2}MBiBQM kXRy iQ
i?2 /QK�BM ∂ΩX

.2}MBiBQM kXRR U:HQ#�H �TT`QtBK�iBQM aT�+2VX q2 /2}M2 i?2 }MBi2@/BK2MbBQM�H
>BH#2`i bT�+2 W ℓmax ⊂ H

1
2 (∂Ω) ⊂ H− 1

2 (∂Ω) �b i?2 p2+iQ` bT�+2

W ℓmax :=
{
u : ∂Ω → R bm+? i?�i ∀i ∈ {1, . . . , N} : u|∂Ωi ∈ W ℓmax(∂Ωi)

}
,

2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)W ℓmax :=
N∑

i=1

(u, v)W ℓmax (∂Ωi)
∀u, v ∈ W ℓmax . UkXdV

:�H2`FBM .Bb+`2iBb�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UkXjV

G2i σf ∈ H− 1
2 (∂Ω) �M/ H2i ℓmax ∈ NX 6BM/ νℓmax ∈ W ℓmax bm+? i?�i 7Q` �HH ψℓmax ∈

W ℓmax Bi ?QH/b i?�i

(A∗νℓmax ,ψℓmax)L2(∂Ω) =
1

κ0
(σf ,ψℓmax)L2(∂Ω). UkX3V

h?2 r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V Q7 i?2 b2+QM/ FBM/
#QmM/�`v BMi2;`�H 2[m�iBQM UkXjV rBHH #2 i?2 F2v Q#D2+ib Q7 bim/v BM *?�Ti2`b j@8 Q7 i?Bb
/Bbb2`i�iBQMX "`B2~v- Qm` TH�M Bb iQ

RX 6B`bi T2`7Q`K � bi�M/�`/ r2HH@TQb2/M2bb 7Q` i?2 BM}MBi2@/BK2MbBQM�H r2�F 7Q`Km@
H�iBQM UkX8V �M/ i?2 }MBi2@/BK2MbBQM�H :�H2`FBM /Bb+`2iBb�iBQM UkX3VX q2 rBHH i?2M
/2`Bp2 � T`BQ`B 2``Q` 2biBK�i2b �M/ +QMp2`;2M+2 `�i2b 7Q` irQ BKTQ`i�Mi T?vbB+�H
[m�MiBiB2b- M�K2Hv- i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2
bvbi2KX h?Bb Bb i?2 bm#D2+i Q7 *?�Ti2` jX

kX S`QTQb2 bQHmiBQM bi`�i2;B2b 7Q` bQHpBM; i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V �M/ T2`7Q`K
� +QKTH2tBiv �M�HvbBb Q7 i?2b2 bQHmiBQM bi`�i2;B2bX h?Bb Bb i?2 bm#D2+i Q7 *?�Ti2` 9

jX 6BM�HHv- mb2 i?2 `2bmHib Q7 *?�Ti2`b j �M/ 9 iQ T`QTQb2 � bQHmiBQM bi`�i2;v 7Q`
+QKTmiBM; i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2b- �M/ T2`7Q`K
�M 2``Q` �M�HvbBb �M/ +QKTH2tBiv �M�HvbBb 7Q` i?2b2 7Q`+2bX h?Bb Bb i?2 bm#D2+i Q7
*?�Ti2` 8

AM Q`/2` iQ ?B;?HB;?i i?2 MQp2Hiv Q7 Qm` bm#b2[m2Mi rQ`F- r2 T`2b2Mi BM i?2 M2ti
a2+iBQM kX9- � #`B27 Qp2`pB2r Q7 i?2 2tBbiBM; HBi2`�im`2 QM #QmM/�`v BMi2;`�H 2[m�iBQMb Q7
i?2 b2+QM/ FBM/ �M/ /Bb+mbb i?2 HBKBi�iBQMb Q7 i?2 2tBbiBM; �M�HvbBbX
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kX9 1tBbiBM; GBi2`�im`2 QM AMi2;`�H 1[m�iBQMb 7Q` N@"Q/v S`Q#H2Kb �M/ Bib
GBKBi�iBQMb

kX9 1tBbiBM; GBi2`�im`2 QM AMi2;`�H 1[m�iBQMb 7Q` N@"Q/v
S`Q#H2Kb �M/ Bib GBKBi�iBQMb

N @#Q/v T`Q#H2Kb ?�p2 #22M rB/2Hv bim/B2/ BM i?2 HBi2`�im`2 BM i?2 +QMi2ti Q7 2H2+i`QK�;@
M2iB+ Q` �+QmbiB+ b+�ii2`BM; #v � H�`;2 MmK#2` Q7 Q#bi�+H2b Ub22- 2X;X- (k- j8- je- dd- d3-
Nj- kye)VX am+? b+�ii2`BM; T`Q#H2Kb �`2 bB;MB}+�MiHv KQ`2 +QKTHB+�i2/ iQ �M�Hvb2 i?�M
i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K r2 +QMbB/2` ?2`2 #2+�mb2 i?2 mM/2`HvBM; /Bz2`2M@
iB�H QT2`�iQ` BM r�p2 T?2MQK2M� Bb BM/2}MBi2- r?B+? +�mb2b K�Mv i2+?MB+�H /B{+mHiB2bX
*QMb2[m2MiHv- Bi Bb �H`2�/v � bB;MB}+�Mi +?�HH2M;2 iQ /2bB;M � +QKTmi�iBQM�HHv 2{+B2Mi
MmK2`B+�H �H;Q`Bi?K i?�i Bb bi�#H2 rBi? `2bT2+i iQ � H�`;2 `2;BK2 Q7 r�p2 MmK#2`b �M/
Q#bi�+H2 bBx2b �M/ TH�+2K2Mib- H2i �HQM2 T2`7Q`K � +QKT`2?2MbBp2 MmK2`B+�H �M�HvbBb Q7
i?2 �H;Q`Bi?K �M/ /2`Bp2 `B;Q`Qmb +QMp2`;2M+2 `�i2bX h?mb- �`iB+H2b bm+? �b (k- d3- Nj)
[mQi2/ �#Qp2 7Q+mb KQbiHv QM i?2 /2bB;M Q7 2{+B2Mi +QKTmi�iBQM�H K2i?Q/b �M/ mb2
MmK2`B+�H i2bib iQ p�HB/�i2 i?2B` T`QTQb�HbX PM i?2 Qi?2` ?�M/ r?BH2 �`iB+H2b bm+? �b
(98- dd) /Q 2bi�#HBb? +QMp2`;2M+2 `�i2b rBi? `2bT2+i iQ i?2 /2;`22b Q7 7`22/QK- i?2b2 `�i2b
�`2 MQi b?QrM iQ #2 BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 Q#bi�+H2b N X AM+B/2Mi�HHv- b2p2`�H Q7
i?2 �`iB+H2b K2MiBQM2/ �#Qp2 T`QTQb2 �H;Q`Bi?Kb i?�i �`2 #�b2/ QM BMi2;`�H 2[m�iBQMb Q7
i?2 }`bi FBM/ Ub22 (j8- je- 98- kye) [mQi2/ �#Qp2VX h?Bb 7`�K2rQ`F- r?BH2 bmBi�#H2 7Q`
MmK2`B+�H �M�HvbBb- bmz2`b 7`QK � r2HH@FMQrM T`Q#H2K, :�H2`FBM /Bb+`2iBb�iBQMb Q7 BMi2@
;`�H 2[m�iBQMb Q7 i?2 }`bi FBM/ ivTB+�HHv H2�/ iQ /2Mb2- BHH@+QM/BiBQM2/ bQHmiBQM K�i`B+2b
r?B+? +�mb2b bHQr +QMp2`;2M+2 Q7 i?2 Bi2`�iBp2 bQHp2`bX �b � `2K2/v- b2p2`�H Q7 i?2b2
�`iB+H2b ?�p2 T`QTQb2/ 2{+B2Mi T`2+QM/BiBQM2`b Ub22 2X;X- i?2 �`iB+H2 (j8)V #mi i?2 BMi`Q@
/m+iBQM Q7 T`2+QM/BiBQMBM; i2+?MB[m2b 7m`i?2` +QKTHB+�i2b [m2biBQMb Q7 b+�H�#BHBivX aBM+2
i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV i?�i r2 �M�Hvb2 BM i?Bb /Bbb2`i�iBQM Bb � 6`2/?QHK
2[m�iBQM Q7 i?2 b2+QM/ FBM/ ?Qr2p2`- r2 rBHH 7�+2 /B{+mHiB2b Q7 � /Bz2`2Mi M�im`2 BM Qm`
�M�HvbBbX

h?2`2 Bb � bB;MB}+�Mi HBi2`�im`2 QM BMi2;`�H 2[m�iBQMb Q7 i?2 b2+QM/ FBM/ Ub22- 2X;X-
i?2 #QQFb (e- d- Ry8- R38) Q` i?2 �`iB+H2b (9- 8- ek- ej- R98- RNe)VX AM T�`iB+mH�`- i?2 r2HH@
TQb2/M2bb i?2Q`v Q7 b2+QM/ FBM/ BMi2;`�H 2[m�iBQMb UT`BQ` iQ BMi`Q/m+BM; /Bb+`2iBb�iBQM-
BX2X- BM i?2 BM}MBi2 /BK2MbBQM�H +�b2V Bb 7�B`Hv r2HH 2bi�#HBb?2/X Ai Bb �HbQ mM/2`biQQ/
i?�i- BM +QMi`�bi iQ }`bi FBM/ 2[m�iBQMb- :�H2`FBM /Bb+`2iBb�iBQMb Q7 b2+QM/ FBM/ BMi2;`�H
2[m�iBQMb ivTB+�HHv H2�/ iQ r2HH +QM/BiBQM2/ bQHmiBQM K�i`B+2bX �b � +QMb2[m2M+2- b2+QM/
FBM/ BMi2;`�H 2[m�iBQMb ?�p2 #22M +QMbi`m+i2/ 7Q` i?2 bQHmiBQMb Q7 � p�`B2iv Q7 T`Q#H2KbX
JQ`2 `2+2MiHv- bm+? 7Q`KmH�iBQMb ?�p2 �HbQ #22M T`QTQb2/ 7Q` T`Q#H2Kb p2`v bBKBH�` iQ i?2
N @#Q/v /B2H2+i`B+ bT?2`2 T`Q#H2K BM+Hm/BM;- 7Q` BMbi�M+2- �+QmbiB+ �M/ 2H2+i`QK�;M2iB+
b+�ii2`BM; #v +QKTQbBi2 bi`m+im`2b Ub22- 2X;X- (j9- jd- R88- Rd3)V �M/ KmHiB@bm#/QK�BM
/BzmbBQM (j3)X PM2 /Bb�/p�Mi�;2 Q7 b2+QM/ FBM/ BMi2;`�H 2[m�iBQM 7Q`KmH�iBQMb Bb i?�i
bi�#BHBiv 2biBK�i2b 7Q` i?2 /Bb+`2iBb�iBQMĜ �M/ i?mb �HbQ 2``Q` 2biBK�i2bĜ �`2 /B{+mHi iQ
2bi�#HBb? 2t+2Ti BM bT2+B�H +�b2bX

qBi? �++2bb iQ bm+? �M �#mM/�M+2 Q7 HBi2`�im`2- �M/ BM pB2r Q7 G2KK� kXd- i?2 Q#pBQmb
bi�`iBM; TQBMi 7Q` i?2 MmK2`B+�H �M�HvbBb Q7 i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV b?QmH/
#2 iQ �TT2�H iQ i?2 +H�bbB+�H r2HH@TQb2/M2bb �M�HvbBb Q7 b2+QM/ FBM/ BMi2;`�H 2[m�iBQMbX
lM7Q`imM�i2Hv- ;Bp2M Qm` }M�H ;Q�H- bm+? � HBM2 Q7 �+iBQM Bb MQi p2`v 72�bB#H2X h?2 F2v
Bbbm2 Bb i?�i i?2 2tBbiBM; BMi2;`�H 2[m�iBQM 7Q`K�HBbK Bb ivTB+�HHv �TTHB2/ BM bBim�iBQMb
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r?2`2 i?2 bBx2 Q7 i?2 /QK�BM Bb +QMbB/2`2/ }t2/ bQ i?2 +H�bbB+�H �M�HvbBb BM i?2 HBi2`�im`2
7Q+mb2b QM 2bi�#HBb?BM; i?2 2tBbi2M+2 Q7 bi�#BHBiv �M/ +QMiBMmBiv +QMbi�Mib Q7 i?2 #QmM/�`v
BMi2;`�H QT2`�iQ`b i?�i �`2 BM/2T2M/2Mi Q7 i?2 /2;`22b Q7 7`22/QK Ubm+? �b i?2 K2b?
rB/i? Q` i?2 #QmM/�`v 2H2K2Mi bBx2VX PM i?2 Qi?2` ?�M/- Qm` �BK Bb iQ /2`Bp2 2``Q`
2biBK�i2b 7Q` T?vbB+�H [m�MiBiB2b Q7 BMi2`2bi i?�i /Q MQi /2T2M/ QM i?2 MmK#2` Q7 Q#D2+ib
N BM i?2 T`Q#H2K b2iiBM;X aBM+2 i?2 bi�#BHBiv �M/ +QMiBMmBiv +QMbi�Mib �TT2�` BM i?2
2``Q` 2biBK�i2b- Bi Bb i?2`27Q`2 +`m+B�H iQ 2bi�#HBb? i?�i i?2b2 +QMbi�Mib �`2 2tTHB+BiHv
BM/2T2M/2Mi Q7 N X lM7Q`imM�i2Hv- i?Bb Bb MQi � T`BQ`B +H2�` �M/- BM bQK2 +�b2b- Bb MQi
2p2M i`m2 7Q` i?2 +H�bbB+�H r2HH@TQb2/M2bb �M�HvbBb �b r2 2tTH�BM #2HQrX

"`Q�/Hv bT2�FBM;- i?2`2 �`2 irQ TQTmH�` �TT`Q�+?2b BM i?2 HBi2`�im`2 iQ 2bi�#HBb?BM;
i?2 r2HH@TQb2/M2bb Q7 b2+QM/ FBM/ BMi2;`�H 2[m�iBQMbX h?2 i`�/BiBQM�H r2HH@TQb2/M2bb
�M�HvbBb 7Q` b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQMb Bb #�b2/ QM `2+Q;MBbBM; i?�i i?2
#QmM/�`v BMi2;`�H QT2`�iQ` K : L2(∂Ω) → L2(∂Ω) Bb +QKT�+i B7 Ω Bb � C1 /QK�BM Ur?B+?
Bb BM/22/ i?2 +�b2 7Q` i?2 +m``2Mi T`Q#H2KVX Ai 7QHHQrb i?�i i?2 "A1 UkXjV +�M #2 pB2r2/
�b �M QT2`�iQ` 2[m�iBQM QM L2(∂Ω) BMpQHpBM; � 6`2/?QHK QT2`�iQ` Q7 BM/2t x2`Q- �M/
r2HH@TQb2/M2bb +�M #2 2bi�#HBb?2/ #v T`QpBM; i?�i i?2 mM/2`HvBM; QT2`�iQ` Bb BMD2+iBp2
�M/ i?2M mbBM; i?2 bQ@+�HH2/ 6`2/?QHK �Hi2`M�iBp2X h?Bb �TT`Q�+? r�b }`bi /2p2HQT2/ #v
1X "X 6�#2b- JX CQ/2Bi- C`X- �M/ LX JX _BpBĕ`2 BM RNd3 (e8)X AM+B/2Mi�HHv- BM i?2 ;2M2`�H
+�b2 r?2M i?2 /QK�BM Ω− Bb QMHv GBTb+?Bix- i?2 QT2`�iQ` K Bb MQ HQM;2` +QKT�+i QM
L2(∂Ω) #mi BMp2`iB#BHBiv Q7 i?2 QT2`�iQ` 1

2I −
κ0−κ
κ0+κ

K QM L2(∂Ω) +�M biBHH #2 2bi�#HBb?2/
�b T`Qp2M #v :`2;Q`v o2`+?Qi� BM RN39 (ky9)X h?2b2 `2bmHib +�M i?2M #2 2ti2M/2/ iQ
i?2 aQ#QH2p bT�+2b Hs(∂Ω) Ub22- 2X;X- i?2 rQ`F Q7 CQ?�MM2b 1Hb+?M2` (ek)VX 6`QK i?2
T2`bT2+iBp2 Q7 Qm` rQ`F- i?2 T`BK�`v Bbbm2 rBi? i?Bb �TT`Q�+? Bb i?�i BMp2`iB#BHBiv Q7
i?2 mM/2`HvBM; #QmM/�`v BMi2;`�H QT2`�iQ` Bb 2bi�#HBb?2/ BM/B`2+iHv- BX2X- #v b?QrBM; i?�i
i?2 QT2`�iQ` Bb BMD2+iBp2X h?mb- r2 �`2 mM�#H2 iQ Q#i�BM +HQb2/@7Q`K 2tT`2bbBQMb 7Q` i?2
bi�#BHBiv +QMbi�Mib r?B+? K2�Mb i?�i r2 �`2 mM�#H2 iQ /2i2`KBM2 T`2+Bb2Hv ?Qr i?2b2
+QMbi�Mib /2T2M/ QM i?2 ;2QK2i`v Ω− BM+Hm/BM; i?2 MmK#2` Q7 /B2H2+i`B+ T�`iB+H2b N X
AM i?2 �#b2M+2 Q7 bm+? FMQrH2/;2- i?2`2 Bb MQ r�v iQ /2i2`KBM2 ?Qr i?2 �TT`QtBK�iBQM
2``Q` rBHH /2T2M/ QM i?2 ;2QK2i`v �M/- BM T�`iB+mH�`- QM N X

� b2+QM/ �TT`Q�+? /m2 iQ ai2BM#�+? �M/ q2M/H�M/ (Ry8- RNe) Ub22 �HbQ i?2 #QQF
Q7 a�mi2` �M/ a+?r�# (R38)V Bb #�b2/ QM p�`B�iBQM�H i2+?MB[m2bX lbBM; i?2B` `2bmHib-
Bi Bb TQbbB#H2 iQ 2bi�#HBb? i?�i i?2 QT2`�iQ` 1

2I − κ0−κ
κ0+κ

K Bb #Qi? #QmM/2/ #2HQr �M/
� +QMi`�+iBQM QM H

1
2 (∂Ω) rBi? `2bT2+i iQ i?2 BMM2` T`Q/m+i BM/m+2/ #v i?2 BMp2`b2

bBM;H2 H�v2` #QmM/�`v QT2`�iQ` V−1X h?Bb �TT`Q�+? Bb #�b2/ QM i?2 +H�bbB+�H rQ`F Q7 *X
L2mK�MM 7`QK i?2 2�`Hv 20i? +2Mim`vX J�`iBM *Qbi�#2H ?�b r`Bii2M �M BMi2`2biBM; �`iB+H2
QM i?2 ?BbiQ`B+�H /2p2HQTK2Mi Q7 *X L2mK�MMǶb rQ`F r?B+? �HbQ +QMi�BMb i?2 +Q`2 B/2�
Q7 i?2 T`QQ7 (9j)X

h?2`2 �`2 i?`22 7mM/�K2Mi�H Bbbm2b i?�i T`2p2Mi mb 7`QK miBHBbBM; i?2 �TT`Q�+? Q7
ai2BM#�+? �M/ q2M/H�M/ iQ bmBi Qm` M22/bX 6B`bi- i?2 HQr2` #QmM/ +QMbi�Mi 7Q` i?2
QT2`�iQ` 1

2I − κ0−κ
κ0+κ

K /2T2M/bĜ �KQM;bi Qi?2`bĜ QM i?2 +Q2`+BpBiv +QMbi�Mi Q7 i?2 ?v@
T2`bBM;mH�` #QmM/�`v QT2`�iQ`- �M/ Bi Bb � T`BQ`B mM+H2�` ?Qr i?Bb +Q2`+BpBiv +QMbi�Mi
/2T2M/b �b i?2 MmK#2` Q7 bT?2`B+�H T�`iB+H2b N X a2+QM/- i?2 �M�HvbBb i�F2b TH�+2 BM i?2
aQ#QH2p bT�+2 H

1
2 (∂Ω) 2[mBTT2/ rBi? i?2 BMM2`@T`Q/m+i BM/m+2/ #v i?2 BMp2`b2 bBM;H2
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kX9 1tBbiBM; GBi2`�im`2 QM AMi2;`�H 1[m�iBQMb 7Q` N@"Q/v S`Q#H2Kb �M/ Bib
GBKBi�iBQMb

H�v2` #QmM/�`v QT2`�iQ` V−1- �M/ i?Bb BMM2`@T`Q/m+i Bb +QKTH2i2Hv MQM@HQ+�HX PM i?2
Qi?2` ?�M/- `2H�iBp2 2``Q`b BM �TT`QtBK�i2 bQHmiBQMb 7Q` /Bz2`2Mi p�Hm2b Q7 N +�M QMHv
#2 +QKT�`2/ iQ 2�+? Qi?2` B7 i?2 mM/2`HvBM; MQ`Kb �`2 HQ+�HX *QMb2[m2MiHv- BM Q`/2` iQ
[m�HBi�iBp2Hv +QKT�`2 `2H�iBp2 �TT`QtBK�iBQM 2``Q`b 7Q` /Bz2`2Mi p�Hm2b Q7 N - Bi #2+QK2b
M2+2bb�`v iQ BMi`Q/m+2 MQ`K 2[mBp�H2M+2 +QMbi�Mib �M/ brBi+? iQ i?2 H

1
2 (∂Ω) MQ`K-

r?B+? Bb HQ+�H BM i?2 b2Mb2 i?�i Bi BMpQHp2b � bT?2`2@#v@bT?2`2 bmK Ub22 a2+iBQM RXjVX
lM7Q`imM�i2Hv- i?2b2 2[mBp�H2M+2 +QMbi�Mib BMpQHp2 i?2 +QMiBMmBiv +QMbi�Mi Q7 V- r?B+?
BM+`2�b2b �b i?2 MmK#2` Q7 Q#D2+ib N BM+`2�b2b- i?mb `2bmHiBM; BM 2``Q` 2biBK�i2b i?�i
� T`BQ`B /2T2M/ QM N X am+? �M 2``Q` 2biBK�i2 Bb bQK2i?BM; r2 bi`QM;Hv rBb? iQ �pQB/X
6BM�HHv- ;Bp2M Qm` +?QB+2 Q7 �TT`QtBK�iBQM bT�+2 7Q` i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V-
/Bb+`2i2 BM7@bmT bi�#BHBiv Bb MQi /B`2+iHv BM?2`Bi2/ 7`QK i?2 BM}MBi2@/BK2MbBQM�H +�b2X

AM pB2r Q7 i?2 T`2+2/BM; /Bb+mbbBQM- r2 72Hi Bi M2+2bb�`v iQ /2p2HQT � M2r r2HH@
TQb2/M2bb �M�HvbBb 7Q` i?2 "A1 UkXjV �M/ Bib :�H2`FBM /Bb+`2iBb�iBQM UkX3VX h?Bb M2r
r2HH@TQb2/M2bb �M�HvbBb Bb i?2 K�BM bm#D2+i Q7 *?�Ti2` j- �M/ r2 b?�HH b22 i?�i Bi �HHQrb
mb iQ [m�MiB7v T`2+Bb2Hv i?2 /2T2M/2M+2 Q7 i?2 �TT`QtBK�iBQM 2``Q`b QM i?2 ;2QK2i`v Q7
Qm` KQ/2H T`Q#H2KX

9N
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8y



j

1``Q` �M�HvbBb Q7 i?2 AMi2;`�H
1[m�iBQM 6Q`KmH�iBQM Q7 i?2
N@"Q/v .B2H2+i`B+ aT?2`2b
S`Q#H2K

h?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH �bbmK2 i?2 b2iiBM; Q7 *?�Ti2`b R �M/ kX �b 2KT?�bBb2/
BM a2+iBQM kXj- i?2 F2v Q#D2+ib Q7 bim/v BM i?Bb +?�Ti2` �`2 i?2 r2�F 7Q`KmH�iBQM UkX8V �M/
i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V Q7 i?2 b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQM U"A1V
UkXjV r?B+? /2b+`B#2b i?2 BM/m+2/ bm`7�+2 +?�`;2 `2bmHiBM; QM /B2H2+i`B+ bT?2`B+�H T�`iB+H2b
mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX

jXR J�BM h?2Q`2iB+�H _2bmHib

q2 #2;BM i?Bb b2+iBQM #v BMi`Q/m+BM; � F2v [m�MiBiv Q7 BMi2`2bi BM T?vbB+�H �TTHB+�iBQMbX
h?Bb Bb i?2 bQ@+�HH2/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v �bbQ+B�i2/ rBi? i?2 7`22 +?�`;2 σf ∈
H− 1

2 (∂Ω) �M/ i?2 `2bmHiBM; BM/m+2/ bm`7�+2 +?�`;2 ν ∈ H− 1
2 (∂Ω)- r?B+? Bb i?2 bQHmiBQM

iQ i?2 "A1 UkXjVX

.2}MBiBQM jXR U1M2`;v 6mM+iBQM�H �M/ hQi�H 1H2+i`Qbi�iB+ 1M2`;vVX G2i σf ∈ H− 1
2 (∂Ω)X

h?2M r2 /2}M2 i?2 2H2+i`Qbi�iB+ 2M2`;v 7mM+iBQM�H Eσf : H− 1
2 (∂Ω) → R �b i?2 #QmM/2/

HBM2�` K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH σ ∈ H− 1
2 (∂Ω) Bi ?QH/b i?�i

Eσf (σ) :=
1

2
⟨σf ,Vσ⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

=
1

2
⟨σ,Vσf ⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

, UjXRV

�M/ r2 /2}M2 i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2 bvbi2K �b Eσf (ν) r?2`2 ν ∈ H− 1
2 (∂Ω)

Bb i?2 bQHmiBQM iQ i?2 BMi2;`�H 2[m�iBQM UkXjVX
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jX 1__P_ �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

L2ti- r2 }t bQK2 �//BiBQM�H MQi�iBQM �M/ BMi`Q/m+2 � M2r MQ`K �M/ BMM2` T`Q/m+i
QM i?2 bT�+2 H

1
2 (∂Ω) i?�i rBHH #2 � F2v 2H2K2Mi BM Qm` bm#b2[m2Mi �M�HvbBbX

LQi�iBQM, AM �M 2zQ`i iQ �pQB/ i2/BQmb MQi�iBQM- r?2M i?2`2 Bb MQ TQbbB#BHBiv Q7 +QM7m@
bBQM- r2 rBHH 7`2[m2Mi r`Bi2 ⟨·, ·⟩∂Ω iQ /2MQi2 i?2 /m�HBiv T�B`BM; ⟨·, ·⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

X

LQi�iBQM, q2 /2}M2 C(∂Ω) �b i?2 b2i Q7 7mM+iBQMb ;Bp2M #v

C(∂Ω) := {u : ∂Ω → R : ∀i = 1, . . . , N i?2 `2bi`B+iBQM u|∂Ωi Bb � +QMbi�Mi 7mM+iBQM} ,

�M/ r2 Q#b2`p2 i?�i C(∂Ω) Bb � +HQb2/ bm#bT�+2 Q7 /BK2MbBQM N Q7 H 1
2 (∂Ω) mM/2` i?2

L2(∂Ω) MQ`K UbBM+2 i?2 aHQ#Q/2+FBD b2KB@MQ`K Q7 +QMbi�Mi 7mM+iBQMb Bb x2`QVX

LQi�iBQM, q2 /2}M2 i?2 7mM+iBQM bT�+2b H̆
1
2 (∂Ω) �M/ H̆− 1

2 (∂Ω) �b

H̆
1
2 (∂Ω) :=

{
u ∈ H

1
2 (∂Ω) : (u, v)L2(∂Ω) = 0 ∀v ∈ C(∂Ω)

}
,

H̆− 1
2 (∂Ω) :=

{
φ ∈ H− 1

2 (∂Ω) : ⟨φ, v⟩∂Ω = 0 ∀v ∈ C(∂Ω)
}
,

�M/ r2 Q#b2`p2 i?�i #Qi? b2ib �`2 "�M�+? bT�+2b mM/2` i?2 aQ#QH2p@aHQ#Q/2+FBD MQ`Kb
BMi`Q/m+2/ 2�`HB2`X AMimBiBp2Hv- i?2 bT�+2b H̆

1
2 (∂Ω) �M/ H̆− 1

2 (∂Ω) �`2 i`�+2 bT�+2b i?�i
/Q MQi +QMi�BM �Mv TB2+2rBb2 +QMbi�Mi 7mM+iBQMbX q2 `2K�`F i?�i i?2 bT�+2 H̆

1
2 (∂Ω)

Bb T`2+Bb2Hv i?2 bm#bT�+2 Q7 H
1
2 (∂Ω) QM r?B+? i?2 ?vT2`bBM;mH�` #QmM/�`v QT2`�iQ`

W : H
1
2 (∂Ω) → H− 1

2 (∂Ω) Bb +Q2`+Bp2 Ub22 _2K�`F RXkNVX

G2KK� jXkX h?2`2 2tBbi +QKTH2K2Mi�`v /2+QKTQbBiBQMb UBM i?2 b2Mb2 Q7 "`2xBb (kR-
a2+iBQM kX9)V Q7 i?2 bT�+2b H

1
2 (∂Ω) �M/ H− 1

2 (∂Ω) ;Bp2M #v

H
1
2 (∂Ω) = H̆

1
2 (∂Ω)⊕ C(∂Ω), UjXkV

H− 1
2 (∂Ω) = H̆− 1

2 (∂Ω)⊕ C(∂Ω).

JQ`2Qp2`- i?2 T`QD2+iBQM QT2`�iQ`b P⊥
0 : H

1
2 (∂Ω) → H̆

1
2 (∂Ω) �M/ P0 : H

1
2 (∂Ω) →

C(∂Ω)- Q⊥
0 : H− 1

2 (∂Ω) → H̆− 1
2 (∂Ω)- �M/ Q0 : H

− 1
2 (∂Ω) → C(∂Ω) �bbQ+B�i2/ rBi? i?2b2

+QKTH2K2Mi�`v /2+QKTQbBiBQMb �`2 �HH #QmM/2/X

h?2 +QKTH2K2Mi�`v /2+QKTQbBiBQM BMi`Q/m+2/ i?`Qm;? G2KK� jXk Bb �i i?2 ?2�`i Q7
Qm` r2HH@TQb2/M2bb �M�HvbBb �b rBHH #2+QK2 +H2�` BM a2+iBQM jXjX
_2K�`F jXjX *QMbB/2` i?2 +QKTH2K2Mi�`v /2+QKTQbBiBQM BMi`Q/m+2/ i?`Qm;? G2KK�
jXkX Ai Bb � bBKTH2 2t2`+Bb2 iQ b?Qr i?�i 7Q` �HH λ ∈ H

1
2 (∂Ω) �M/ �HH σ ∈ H− 1

2 (∂Ω) i?2
7QHHQrBM; `2H�iBQMb ?QH/,

〈
Q0σ, P⊥

0 λ
〉

∂Ω
= 0 �M/

〈
Q⊥

0 σ, P0λ
〉

∂Ω
= 0.

AM Q`/2` iQ i�F2 7mHH �/p�Mi�;2 Q7 i?Bb /2+QKTQbBiBQM Q7 H 1
2 (∂Ω)- Bi Bb M2+2bb�`v iQ

BMi`Q/m+2 � M2r MQ`K QM H
1
2 (∂Ω)X
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jXR J�BM h?2Q`2iB+�H _2bmHib

.2}MBiBQM jX9X q2 /2}M2 QM H
1
2 (∂Ω) � M2r MQ`K ||| · ||| : H

1
2 (∂Ω) → R ;Bp2M #v

∀λ ∈ H
1
2 (∂Ω) : |||λ|||2 := ∥P0λ∥2L2(∂Ω) + ⟨.iLλ,λ⟩∂Ω .

_2K�`F jX8X Ai Bb � bi`�B;?i7Q`r�`/ 2t2`+Bb2 iQ T`Qp2 i?�i i?2 MQ`K ||| · ||| Bb 2[mBp�H2Mi iQ
i?2 ∥ · ∥

H
1
2 (∂Ω)

MQ`K BMi`Q/m+2/ BM a2+iBQM RXj Ub22- 7Q` BMbi�M+2- i?2 /Bb+mbbBQM BM (Ne)VX

*QMb2[m2MiHv- i?2`2 2tBbib � +QMbi�Mi cequiv > 1 bm+? i?�i 7Q` �HH λ ∈ H
1
2 (∂Ω) Bi ?QH/b

i?�i 1
cequiv

|||λ||| ≤ ∥λ∥
H

1
2 (∂Ω)

≤ cequiv|||λ|||X Ai Bb BKTQ`i�Mi iQ MQi2 i?�i i?2 2[mBp�H2M+2
+QMbi�Mi cequiv Bb BM/2T2M/2Mi Q7 N X

>2M+27Q`i?- r2 �/QTi i?2 +QMp2MiBQM i?�i i?2 >BH#2`i bT�+2 H
1
2 (∂Ω) Bb 2[mBTT2/ rBi?

i?2 ||| · ||| MQ`K /2}M2/ i?`Qm;? .2}MBiBQM jX9X h?2 K�BM �/p�Mi�;2 Q7 mbBM; i?2 M2r
||| · ||| MQ`K Bb i?�i Bi T`2b2`p2b i?2 bi`m+im`2 Q7 i?2 +QKTH2K2Mi�`v /2+QKTQbBiBQM Q7
H

1
2 (∂Ω)X AM/22/- 7Q` �Mv 7mM+iBQM λ ∈ H

1
2 (∂Ω)- r2 ?�p2

|||λ|||2 = ∥P0λ∥2L2(∂Ω) + ⟨.iLλ,λ⟩∂Ω = |||P0λ|||2 + |||P⊥
0 λ|||2.

_2K�`F jXeX q2 `2K�`F i?�i mM/2` i?Bb +QMp2MiBQM- /m2 iQ i?2 2[mBp�H2M+2 Q7 MQ`Kb- i?2
/2}MBiBQMb Q7 i?2 /m�H bT�+2 H− 1

2 (∂Ω) �M/ i?2 �bbQ+B�i2/ /m�HBiv T�B`BM; ⟨·, ·⟩∂Ω `2K�BM
mM+?�M;2/X h?mb- r2 +�M /2}M2 � M2r /m�H MQ`K ||| · |||∗ : H− 1

2 (∂Ω) → R �b i?2 K�TTBM;
rBi? i?2 T`QT2`iv i?�i 7Q` �HH σ ∈ H− 1

2 (∂Ω) Bi ?QH/b i?�i

|||σ|||∗ := sup
0 ̸=ψ∈H

1
2 (∂Ω)

⟨σ,ψ⟩∂Ω
|||ψ||| ,

�M/ r2 Q#b2`p2 i?�i i?2 M2r ||| · |||∗ /m�H MQ`K QM H− 1
2 (∂Ω) Bb 2[mBp�H2Mi iQ i?2 +�MQMB+�H

/m�H MQ`K ∥ · ∥
H− 1

2 (∂Ω)
rBi? 2[mBp�H2M+2 +QMbi�Mi i?�i Bb QM+2 �;�BM BM/2T2M/2Mi Q7 N X

_2K�`F jXdX Ai Bb � bBKTH2 2t2`+Bb2 iQ T`Qp2 i?�i i?2 .B`B+?H2i@iQ@L2mK�MM K�T
.iL : H̆

1
2 (∂Ω) → H̆− 1

2 (∂Ω) Bb BMp2`iB#H2 �M/ b�iBb}2b 7Q` �HH λ̃ ∈ H̆
1
2 (∂Ω)

|||.iLλ̃|||∗ = |||λ̃|||.

h?Bb 7�+i rBHH #2 mb2/ Q7i2M BM i?2 b2[m2HX

L2ti- r2 /2}M2 i?2 ?B;?2` `2;mH�`Biv bT�+2b �M/ MQ`Kb i?�i �`2 mb2/ BM i?2 2``Q`
2biBK�i2bX q2 `2KBM/ i?2 `2�/2` i?�i r2 /2MQi2 #v Ym

ℓ i?2 `2�H bT?2`B+�H ?�`KQMB+ Q7
/2;`22 ℓ �M/ Q`/2` m �b /2}M2/ i?`Qm;? .2}MBiBQM kXN BM a2+iBQM kXjX

.2}MBiBQM jX3X G2i s ≥ 0 #2 � `2�H MmK#2` �M/ H2i Ox0 ⊂ R3 #2 �M QT2M #�HH Q7 `�/Bmb
r > 0 +2Mi`2/ �i i?2 TQBMi x0 ∈ R3X h?2M r2 /2}M2 +QMbi`m+iBp2Hv i?2 7`�+iBQM�H aQ#QH2p
bT�+2 Hs(∂Ox) �b i?2 b2i

Hs(∂Ox0) :=
{
u : ∂Ox0 → R bm+? i?�i u(x) =

∞∑

ℓ=0

m=+ℓ∑

m=−ℓ
[u]mℓ Y

m
ℓ

(
x− x0

|x− x0|

)

r?2`2 �HH [u]mℓ ∈ R b�iBb7v
∞∑

ℓ=1

m=+ℓ∑

m=−ℓ

(
l

r

)2s

([u]mℓ )
2 < ∞

}
,
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2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)Hs(∂Ox0 )
:= r2[u]00 [v]

0
0 + r2

∞∑

ℓ=1

m=+ℓ∑

m=−ℓ

(
ℓ

r

)2s

[u]mℓ [v]
m
ℓ ∀u, v ∈ Hs(∂Ox0). UjXjV

�//BiBQM�HHv- r2 r`Bi2 ||| · |||Hs(∂Ox0 )
iQ /2MQi2 i?2 MQ`K BM/m+2/ #v i?2 BMM2` T`Q/@

m+i (·, ·)Hs(∂Ox0 )
X

_2K�`F jXNX .2}MBiBQM jX3 Bb �M BMi`BMbB+ /2}MBiBQM Q7 i?2 7`�+iBQM�H aQ#QH2p bT�+2
Hs(∂Ox0)- r?B+? +QBM+B/2b rBi? i?2 /2}MBiBQM Q7 i?2b2 7`�+iBQM�H aQ#QH2p bT�+2b BMpQHpBM;
i?2 aQ#QH2p@aHQ#Q/2+FBD BMM2` T`Q/m+i Ub22- 2X;X- (8y)VX h?2 2[mBp�H2M+2 7QHHQrb 7`QK i?2
7�+i i?�i i?2 bT?2`B+�H ?�`KQMB+b �`2 2B;2Mp2+iQ`b Q7 i?2 b2H7@�/DQBMi G�TH�+2@"2Hi`�KB
QT2`�iQ` ∆∂Ox0

�b /Bb+mbb2/ BM- 7Q` 2t�KTH2- (RjR- *?�Ti2` R- a2+iBQM d)X

.2}MBiBQM jX3 bm;;2bib � M�im`�H BMi`BMbB+ /2}MBiBQM Q7 i?2 7`�+iBQM�H aQ#QH2p bT�+2b
QM ∂ΩX

.2}MBiBQM jXRyX G2i s ≥ 0 #2 � `2�H MmK#2`X h?2M r2 /2}M2 i?2 >BH#2`i bT�+2 Hs(∂Ω)
�b i?2 b2i

Hs(∂Ω) :=
{
u : ∂Ω → R bm+? i?�i ∀i ∈ 1, . . . , N : u|∂Ωi ∈ Hs(∂Ωi)

}
,

2[mBTT2/ rBi? i?2 BMM2` T`Q/m+i

(u, v)Hs(∂Ω) :=
N∑

i=1

(u, v)Hs(∂Ωi)
∀u, v ∈ Hs(∂Ω). UjX9V

�//BiBQM�HHv- r2 r`Bi2 ||| · |||Hs(∂Ω) iQ /2MQi2 i?2 MQ`K BM/m+2/ #v i?2 BMM2` T`Q/@
m+i (·, ·)Hs(∂Ω)X

_2K�`F jXRRX � /B`2+i +�H+mH�iBQM b?Qrb i?�i i?2 MQ`K ||| · |||
H

1
2 (∂Ω)

+QBM+B/2b rBi? i?2
||| · ||| MQ`K /2}M2/ i?`Qm;? .2}MBiBQM jX9X JQ`2Qp2`- i?2 ||| · |||

H
1
2 (∂Ω)

MQ`K +QBM+B/2b
rBi? i?2 ∥ · ∥W ℓmax MQ`K QM i?2 bT�+2 W ℓmax X

q2 �`2 MQr `2�/v iQ bi�i2 Qm` K�BM `2bmHibX

h?2Q`2K jXRk U1``Q` 1biBK�i2bVX

G2i ℓmax ∈ N- H2i σf ∈ Hs(∂Ω) 7Q` bQK2 s ≥ 0- H2i Eσf : H− 1
2 (∂Ω) → R #2 i?2 2H2+i`Qbi�iB+

2M2`;v 7mM+iBQM�H /2}M2/ i?`Qm;? .2}MBiBQM jXR- H2i ν ∈ H− 1
2 (∂Ω) #2 i?2 mMB[m2 bQHmiBQM

iQ i?2 r2�F 7Q`KmH�iBQM UkX8V rBi? `B;?i ?�M/ bB/2 ;Bp2M #v σf - H2i νℓmax ∈ W ℓmax #2
i?2 mMB[m2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM /2}M2/ i?`Qm;? 1[m�iBQM UkX3V- �M/
H2i Q⊥

0 : H− 1
2 (∂Ω) → H̆− 1

2 (∂Ω) /2MQi2 i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? G2KK�
jXkX h?2M i?2`2 2tBbi +QMbi�Mib C+?�`;2, C2M2`;v > 0 i?�i /2T2M/ QM i?2 `�/BB Q7 i?2 QT2M
#�HHb- i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2 #mi �`2
BM/2T2M/2Mi Q7 #Qi? s �M/ i?2 MmK#2` Q7 QT2M #�HHb N bm+? i?�i

|||ν − νℓmax |||∗ ≤ C+?�`;2

(
max rj
ℓmax + 1

)s+ 1
2
(
|||Q⊥

0 ν|||Hs(∂Ω) +
2

κ0
|||Q⊥

0 σf |||Hs(∂Ω)

)
,
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jXR J�BM h?2Q`2iB+�H _2bmHib

∣∣Eσf (ν)− Eσf (νℓmax)
∣∣≤ C2M2`;v

(
max ri
ℓmax + 1

)2s+1(
|||Q⊥

0 ν|||2Hs(∂Ω) +
2

κ0
|||Q⊥

0 σf |||2Hs(∂Ω)

)
.

h?2Q`2K jXRk Bb � bi�M/�`/ � T`BQ`B 2``Q` 2biBK�i2 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2
+?�`;2 �M/ �TT`QtBK�i2 2H2+i`Qbi�iB+ 2M2`;v Q#i�BM2/ #v bQHpBM; i?2 :�H2`FBM /Bb+`2iBb�@
iBQM UkX3VX q2 2KT?�bBb2 i?�i i?2 KQbi BKTQ`i�Mi �bT2+i Q7 i?Bb 2``Q` 2biBK�i2 Bb i?�i i?2
+QMp2`;2M+2 `�i2 T`2@7�+iQ`b C+?�`;2 �M/ C2M2`;v �`2 2tTHB+BiHv BM/2T2M/2Mi Q7 i?2 MmK#2`
Q7 Q#D2+ib N X *QMb2[m2MiHv- 7Q` �Mv ;2QK2i`v BM i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�i@
Bb7vBM; �bbmKTiBQMb :�RV@:�jV- i?2 7QHHQrBM; ?QH/b, :Bp2M � }t2/ MmK#2` Q7 /2;`22b
Q7 7`22/QK ℓmax T2` bT?2`2- i?2 `2H�iBp2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ BM i?2
iQi�H 2H2+i`Qbi�iB+ 2M2`;v /Q2b MQi BM+`2�b2 �b N BM+`2�b2bX h?Bb BKTHB2b BM T�`iB+mH�`
i?�i 7Q` �Mv +QM};m`�iBQM BM i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I- BM Q`/2` iQ ;m�`�Mi22 i?2
b�K2 `2H�iBp2 �++m`�+v BM i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ 2H2+i`Qbi�iB+ 2M2`;v- QM2 /Q2b
MQi M22/ iQ BM+`2�b2 i?2 MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bT?2`2 �b NF BM+`2�b2bX

h?2Q`2K jXRj U1tTQM2MiB�H *QMp2`;2M+2VX G2i ℓmax ∈ N- H2i C+?�`;2 �M/ C2M2`;v
/2MQi2 i?2 +QMp2`;2M+2 `�i2 T`2@7�+iQ`b 7`QK h?2Q`2K jXRk- H2i σf ∈ C∞(∂Ω) #2 �M�HviB+
QM ∂Ω BM i?2 b2Mb2 i?�i i?2 HQ+�H bT?2`B+�H ?�`KQMB+b +Q2{+B2Mib Q7 σf QM 2�+? bT?2`2
/2+�v 2tTQM2MiB�HHv 7�bi- H2i Eσf : H

− 1
2 (∂Ω) → R #2 i?2 2H2+i`Qbi�iB+ 2M2`;v 7mM+iBQM�H

/2}M2/ i?`Qm;? .2}MBiBQM 8XR- �M/ H2i ν ∈ H− 1
2 (∂Ω) �M/ νℓmax ∈ W ℓmax #2 i?2 mMB[m2

bQHmiBQMb iQ i?2 r2�F 7Q`KmH�iBQM UkX8V �M/ :�H2`FBM /Bb+`2iBb�iBQM UkX3V rBi? `B;?i ?�M/
bB/2b ;Bp2M #v σf `2bT2+iBp2HvX 6Q` ℓmax bm{+B2MiHv H�`;2- B7 ν Bb �M�HviB+ QM ∂Ω i?2M
i?2`2 2tBbi +QMbi�Mib Cν,σf > 0 /2T2M/BM; QM i?2 2t�+i bQHmiBQM ν �M/ i?2 7`22 +?�`;2 σf -
�M/ Cr > 0 /2T2M/BM; QMHv QM i?2 K�tBKmK `�/Bmb Q7 i?2 QT2M #�HHb bm+? bm+? i?�i

1√
N

|||ν − νℓmax |||∗ ≤
√

CrCν,σfCcharge exp

(
− 1

4Cν,σf

ℓmax + 1

max rj

)
,

1

N

∣∣Eσf (ν)− Eσf (νℓmax)
∣∣≤ CrC

2
ν,σfCenergy exp

(
− 1

2Cν,σf

ℓmax + 1

max rj

)
.

.2}MBiBQM kXRR Q7 i?2 �TT`QtBK�iBQM bT�+2 BKTHB2b i?�i i?2 MmK2`B+�H K2i?Q/ /2}M2/
#v 1[m�iBQM UkX3V Bb 2bb2MiB�HHv � bT2+i`�H :�H2`FBM K2i?Q/- r?B+? �`2 r2HH@FMQrM iQ
/2KQMbi`�i2 2tTQM2MiB�H +QMp2`;2M+2 7Q` bm{+B2MiHv bKQQi? bQHmiBQM 7mM+iBQMbX h?2Q`2K
jXRj T`QpB/2b � T`QQ7 Q7 i?Bb BMimBiBp2 `2bmHiX q2 2KT?�bBb2 i?�i i?2 ?vTQi?2b2b Q7
h?2Q`2K jXRj �`2 �M�HQ;Qmb iQ i?2 ?vTQi?2b2b ivTB+�HHv �bbmK2/ #v i?2 /Bb+QMiBMmQmb
:�H2`FBM }MBi2 2H2K2Mi +QKKmMBiv 7Q` hp }MBi2 2H2K2Mib Ub22- 2X;X- (Ryk- Ryj- Ry9)VX
_2K�`F jXR9X *QMbB/2` h?2Q`2Kb jXRk �M/ jXRjX AM #Qi? Q7 i?2b2 i?2Q`2Kb- i?2 �TT`QtB@
K�i2 2H2+i`Qbi�iB+ 2M2`;v Bb �bbmK2/ iQ #2 Eσf (νℓmax) r?2`2 νℓmax ∈ W ℓmax Bb i?2 mMB[m2
bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3VX AM T`�+iB+2 ?Qr2p2`- B7 i?2 7`22 +?�`;2
σf ∈ H− 1

2 (∂Ω) Bb �M BM}MBi2@/BK2MbBQM�H 7mM+iBQM- QM2 ivTB+�HHv +QKTmi2b BMbi2�/ i?2
[m�MiBiv EQℓmaxσf (νℓmax) r?2`2 Qℓmaxσf ∈ W ℓmax /2MQi2b i?2 T`QD2+iBQM UBM � T`2+Bb2
b2Mb2 i?�i Bb +H�`B}2/ BM .2}MBiBQM jXjyV Q7 i?2 7`22 +?�`;2 σf QMiQ i?2 �TT`QtBK�iBQM
bT�+2 W ℓmax X lbBM; i?2 bm#b2[m2Mi �M�HvbBb r2 T`2b2Mi BM i?Bb +?�Ti2`- Bi Bb � bBKTH2
2t2`+Bb2 iQ Q#i�BM +Q``2bTQM/BM; +QMp2`;2M+2 `�i2b 7Q` i?2 [m�MiBiv EQℓmaxσf (νℓmax) i?�i
�`2 2bb2MiB�HHv B/2MiB+�H iQ i?Qb2 Q7 h?2Q`2Kb jXRk �M/ jXRjX LQi2- ?Qr2p2`- i?�i +QK@
TmiBM; EQℓmaxσf (νℓmax) BM T`�+iB+�H i2`Kb HBF2Hv BMi`Q/m+2b �M �//BiBQM�H 2``Q` /m2 iQ i?2
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mb2 Q7 MmK2`B+�H [m�/`�im`2 QM � bT?2`2 r?2M +QKTmiBM; Qℓmaxσf - r?B+? r2 /Q MQi
T`2+Bb2Hv [m�MiB7vX
_2K�`F jXR8X *QMbB/2` h?2Q`2Kb jXRk �M/ jXRjX Ai Bb � mb27mH 2t2`+Bb2 iQ bi�i2 2tTHB+BiHv
i?2 b+�HBM; BM i2`Kb Q7 N Q7 i?2 /Bz2`2Mi +QMbi�Mib �M/ [m�MiBiB2b Q7 BMi2`2bi �TT2�`BM;
BM i?2b2 `2bmHib 7Q` � bBKTH2 7�KBHv Q7 ;2QK2i`B2b {Ω−

F }F∈IX hQ i?Bb 2M/- r2 +QMbB/2` i?2
7QHHQrBM; ;2QK2i`B+�H b2iiBM;, 6Q` 2�+? M�im`�H MmK#2` L > 1- r2 /2}M2 i?2 ;2QK2i`v
Ω−
L := ∪(L+1)3

i=1 Ωi �b � +QHH2+iBQM Q7 N = (L+ 1)3 QT2M #�HHb- 2�+? Q7 `�/Bmb r HQ+�i2/ �i
i?2 p2`iB+2b Q7 � bBKTH2 +m#B+ H�iiB+2 Q7 2/;2 H2M;i? ρ > 2r �b b?QrM BM 6B;m`2 jXRX

6B;m`2 jXR, 6`QK H27i iQ `B;?i, i?2 ;2QK2i`v Ω−
2 rBi? kd T�`iB+H2b- i?2 ;2QK2i`v Ω−

4 rBi?
Rk8 T�`iB+H2b- �M/ i?2 ;2QK2i`v Ω−

6 rBi? j9j T�`iB+H2bX

L2ti- H2i mb �bbmK2 i?�i

||σf,j ||2
H− 1

2 (∂Ωj)
= O(1) ∀j ∈ {1, . . . , N}, �M/

||νj ||2
H− 1

2 (∂Ωj)
= O(Nα) 7Q` bQK2 α ≥ 0 �M/ ∀j ∈ {1, . . . , N},

r?2`2 σf,j := σf |∂Ωj �M/ νj := ν|∂Ωj X q2 2KT?�bBb2 ?2`2 i?�i i?2 T`2+Bb2 b+�HBM; Q7 i?2
bQHmiBQM ν Bb � T`BQ`B mMFMQrM bBM+2 Bi /2T2M/b MQi QMHv QM i?2 b+�HBM; Q7 σf - r?B+?ě
�b BMTmi /�i�ě +�M #2 �bbmK2/ iQ #2 FMQrM #mi �HbQ QM i?2 b+�HBM; Q7 i?2 BM7@bmT
+QMbi�Mi Q7 i?2 QT2`�iQ` A∗- r?B+? Bb MQi T`2+Bb2Hv [m�MiB}2/ BM i?Bb +?�Ti2`X lM/2`
i?2b2 �bbmKTiBQMb ?Qr2p2`- � +�`27mH bim/v Q7 i?2 T`QQ7b Q7 h?2Q`2Kb jXRk �M/ jXRj
`2p2�Hb i?2 7QHHQrBM; b+�HBM; BM i2`Kb Q7 N Q7 F2v +QMbi�Mib �M/ [m�MiBiB2b Q7 BMi2`2bi BM
Qm` 2``Q` 2biBK�i2bX

q2 +QM+Hm/2 i?Bb b2+iBQM #v 2KT?�bBbBM; i?�i- i�F2M iQ;2i?2`- h?2Q`2Kb jXRk �M/
jXRj 2bi�#HBb? i?�i i?2 �++m`�+v Q7 Qm` MmK2`B+�H �H;Q`Bi?K Bb `Q#mbi rBi? `2bT2+i iQ i?2
MmK#2` Q7 QT2M #�HHb N 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b b�iBb7vBM; i?2 �bbmKTiBQMb :�RV@
:�jVX AM T�`iB+mH�`- h?2Q`2K jXRk BKTHB2b i?�i Qm` MmK2`B+�H K2i?Q/ Bb N @2``Q` bi�#H2
BM i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;vX P7 +Qm`b2-
BM Q`/2` iQ T`Qp2 i?�i i?2 MmK2`B+�H K2i?Q/ Bb HBM2�` b+�HBM; BM �++m`�+v- r2 rQmH/
?�p2 iQ T`Qp2- BM �//BiBQM- i?�i 7Q` � }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bT?2`2- i?2
+QKTmi�iBQM�H +Qbi Q7 bQHpBM; i?2 HBM2�` bvbi2K Q#i�BM2/ 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM
UkX3V b+�H2b �b O(N)X LmK2`B+�H 2pB/2M+2 Ub22 (Rkd)V bm;;2bib i?�i i?Bb Bb BM/22/ i?2 +�b2-

8e



jXk amTTQ`iBM; LmK2`B+�H 1pB/2M+2

*QMbi�Mi Q` Zm�MiBiv Q7 AMi2`2bi a+�HBM; BM i2`Kb Q7 N
|||σf |||Hs(∂Ω) O(

√
N)

|||ν|||Hs(∂Ω) O(
√
Nα+1)

Ccharge O(1)
Cenergy O(1)

Cν,σf O(
√
Nα)

|||ν − νℓmax |||∗ O(
√
Nα+1)

Eσf (ν)− Eσf (νℓmax) O(Nα+1)

h�#H2 jXR, a+�HBM; Q7 p�`BQmb [m�MiBiB2b �TT2�`BM; BM h?2Q`2Kb jXRk �M/ jXRjX

�M/ � /2i�BH2/ +QKTH2tBiv �M�HvbBb r?B+? T`QpB/2b � i?2Q`2iB+�H DmbiB}+�iBQM Bb i?2 bm#D2+i
Q7 *?�Ti2` 9X

jXk amTTQ`iBM; LmK2`B+�H 1pB/2M+2

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ #`B2~v T`QpB/2 MmK2`B+�H 2pB/2M+2 BM bmTTQ`i Q7 Qm` K�BM
`2bmHib h?2Q`2Kb jXRk �M/ jXRjX Pm` MmK2`B+�H 2tT2`BK2Mib rBHH i?2`27Q`2 b?Qr i?�i

Ç 6Q` � }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bT?2`2 �M/ ;2QK2i`B2b b�iBb7vBM; i?2
�bbmKTiBQMb :�RV@:�jV- i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 `2K�BMb
#QmM/2/ �b i?2 MmK#2` Q7 QT2M #�HHb N BM i?2 bvbi2K Bb BM+`2�b2/X

Ç 6Q` � }t2/ MmK#2` Q7 QT2M #�HHb N BM i?2 bvbi2K- i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/
bm`7�+2 +?�`;2 +QMp2`;2b 2tTQM2MiB�HHv �b i?2 MmK#2` Q7 /2;`22b Q7 7`22/QK T2`
bT?2`2 Bb BM+`2�b2/X

q2 +QMbB/2` i?2 7QHHQrBM; ;2QK2i`B+ b2iiBM;, h?2 2ti2`M�H K2/BmK Bb �bbmK2/ iQ
#2 p�+mmK r?B+? ?�b � /B2H2+i`B+ +QMbi�Mi κ0 = 1X hrQ ivT2b Q7 /B2H2+i`B+ bT?2`2b �`2
+QMbB/2`2/- QM2 rBi? `�/Bmb R- /B2H2+i`B+ +QMbi�Mi Ry- �M/ M2i M2;�iBp2 7`22 +?�`;2- �M/
i?2 Qi?2` rBi? `�/Bmb k- /B2H2+i`B+ +QMbi�Mi 8 �M/ M2i TQbBiBp2 7`22 +?�`;2X JQ`2Qp2`- BM
Q`/2` iQ BM+Hm/2 i?2 2z2+i Q7 i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2- r2 +QMbB/2`
irQ b2ib Q7 MmK2`B+�H 2tT2`BK2MibX h?2 }`bi BMpQHp2b i?2 /B2H2+i`B+ bT?2`2b �``�M;2/ QM
� i?`22 /BK2MbBQM�H- `2;mH�` +m#B+ H�iiB+2 rBi? 2/;2 H2M;i? Ry �M/ i?2 Qi?2` BMpQHp2b
� bBKBH�` H�iiB+2 rBi? � bK�HH2` 2/;2 H2M;i? Q7 8 �b /BbTH�v2/ BM 6B;m`2b jXk� �M/ jXk#
`2bT2+iBp2HvX �HH MmK2`B+�H bBKmH�iBQMb r2`2 `mM mbBM; � `2H�iBp2 iQH2`�M+2 Q7 10−14X

6B;m`2b jXj� �M/ jXj# /BbTH�v i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 �b i?2
MmK#2` Q7 /B2H2+i`B+ bT?2`2b N Bb BM+`2�b2/ 7Q` i?2 irQ ivT2b Q7 H�iiB+2bX h?2 `272`@
2M+2 bQHmiBQM BM #Qi? +�b2b r�b +QMbi`m+i2/ #v b2iiBM; i?2 K�tBKmK /2;`22 Q7 bT?2`B+�H
?�`KQMB+b BM i?2 �TT`QtBK�iBQM bT�+2 QM 2�+? bT?2`2 �b ℓmax = 20X h?2 �TT`QtBK�i2
bQHmiBQMb r2`2 �HH +QMbi`m+i2/ mbBM; ℓmax = 6X
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U�V .B2H2+i`B+ bT?2`2b �``�M;2/ QM � i?`22
/BK2MbBQM�H- `2;mH�` +m#B+ H�iiB+2 rBi? 2/;2
H2M;i? RyX

U#V .B2H2+i`B+ bT?2`2b �``�M;2/ QM � i?`22
/BK2MbBQM�H- `2;mH�` +m#B+ H�iiB+2 rBi? 2/;2
H2M;i? 8X

6B;m`2 jXk, h?2 ;2QK2i`B+ b2iiBM;b 7Q` #Qi? b2ib Q7 MmK2`B+�H 2tT2`BK2MibX

6B;m`2b jX9� �M/ jX9# /BbTH�v i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 �b i?2
K�tBKmK /2;`22 Q7 bT?2`B+�H ?�`KQMB+b ℓmax BM i?2 �TT`QtBK�iBQM bT�+2 QM 2�+? bT?2`2
Bb BM+`2�b2/X h?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2b r�b +?Qb2M �b N = 215X PM+2 �;�BM-
i?2 `272`2M+2 bQHmiBQM BM #Qi? +�b2b r�b +QMbi`m+i2/ #v b2iiBM; i?2 K�tBKmK /2;`22 Q7
bT?2`B+�H ?�`KQMB+b �b ℓmax = 20X
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U#V _2bmHib 7Q` i?2 +m#B+ H�iiB+2 rBi? 2/;2
H2M;i? 8X

6B;m`2 jXj, GQ;@HBM THQi Q7 i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 p2`bmb i?2
MmK#2` Q7 /B2H2+i`B+ bT?2`2b N X

Ai Bb `2�/BHv b22M i?�i #Qi? b2ib Q7 MmK2`B+�H `2bmHib �`2 BM �;`22K2Mi rBi? i?2 +QM@
+HmbBQMb Q7 Qm` K�BM `2bmHib h?2Q`2Kb jXRk �M/ h?2Q`2K jXRjX 6m`i?2`KQ`2- r2 Q#b2`p2
i?�i i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 BM+`2�b2b B7 i?2 /Bbi�M+2 #2ir22M

83
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M2B;?#Qm`BM; /B2H2+i`B+ T�`iB+H2b Bb `2/m+2/ r?B+? bm;;2bib bQK2 /2T2M/2M+2 Q7 i?2 �T@
T`QtBK�iBQM 2``Q` QM i?2 KBMBK�H BMi2` bT?2`2 b2T�`�iBQM /Bbi�M+2X h?Bb /2T2M/2M+2 rBHH
#2 i?2 bm#D2+i Q7 KQ`2 /Bb+mbbBQM BM a2+iBQM jXjX

2 4 6 8 10

10
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U�V _2bmHib 7Q` i?2 +m#B+ H�iiB+2 rBi? 2/;2
H2M;i? RyX

2 4 6 8 10

10
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10
-6

10
-4

10
-2

U#V _2bmHib 7Q` i?2 +m#B+ H�iiB+2 rBi? 2/;2
H2M;i? 8X

6B;m`2 jX9, GQ;@HBM THQi Q7 i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 p2`bmb i?2
K�tBKmK /2;`22 ℓmax Q7 bT?2`B+�H ?�`KQMB+b BM i?2 �TT`QtBK�iBQM bT�+2X

jXj S`QQ7b
�b /Bb+mbb2/ BM a2+iBQM kX9- r2 M22/ iQ BMi`Q/m+2 � M2r �M�HvbBb BM Q`/2` iQ T`Qp2 Qm`
K�BM `2bmHib h?2Q`2Kb jXRk �M/ jXRjX hQ i?Bb 2M/- r2 #2;BM #v Q#b2`pBM; i?�i i?2 bBM;H2
H�v2` #QmM/�`v QT2`�iQ` V : H− 1

2 (∂Ω) → H
1
2 (∂Ω) Bb � #BD2+iBQMX h?2`27Q`2- i?2 BMi2;`�H

2[m�iBQM UkXjV +�M BM 7�+i #2 `27Q`KmH�i2/ BM i2`Kb Q7 �M mMFMQrM bm`7�+2 2H2+i`Qbi�iB+
TQi2MiB�H λ := Vν ∈ H

1
2 (∂Ω)X

AMi2;`�H 2[m�iBQM 7Q`KmH�iBQM 7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H

G2i σf ∈ H− 1
2 (∂Ω)X 6BM/ λ ∈ H

1
2 (∂Ω) rBi? i?2 T`QT2`iv i?�i

Aλ = λ− V.iL
(κ0 − κ

κ0
λ
)
=

1

κ0
Vσf . UjX8V

L�im`�HHv- i?2 BMi2;`�H 2[m�iBQM UjX8V ?�b � bi`�B;?i7Q`r�`/ r2�F 7Q`KmH�iBQMX

q2�F 7Q`KmH�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UjX8V

G2i σf ∈ H− 1
2 (∂Ω) �M/ H2i A : H

1
2 (∂Ω) → H

1
2 (∂Ω) #2 i?2 QT2`�iQ` /2}M2/ i?`Qm;?

.2}MBiBQM kX3X 6BM/ λ ∈ H
1
2 (∂Ω) bm+? i?�i 7Q` �HH σ ∈ H− 1

2 (∂Ω) Bi ?QH/b i?�i

⟨σ,Aλ⟩∂Ω =
1

κ0
⟨σ,Vσf ⟩∂Ω . UjXeV

8N
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h?2 BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM UjX8V MQr H2�/b iQ � +Q``2bTQM/BM; :�H2`FBM /Bb@
+`2iBb�iBQM 7Q` �M mMFMQrM �TT`QtBK�i2 bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�H λℓmax ∈ W ℓmax X

:�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UjX8V G2i σf ∈ H− 1
2 (∂Ω) �M/ H2i

ℓmax ∈ NX 6BM/ λ̂ℓmax ∈ W ℓmax bm+? i?�i 7Q` �HH ψ̂ℓmax ∈ W ℓmax Bi ?QH/b i?�i

(
ψ̂ℓmax ,Aλ̂ℓmax

)

L2(∂Ω)
=

1

κ0

(
ψ̂ℓmax ,Vσf

)

L2(∂Ω)
. UjXdV

q2 2KT?�bBb2 i?�i 7Q` i?2 Tm`TQb2 Q7 �TTHB+�iBQMb- QM2 Bb ivTB+�HHv BMi2`2bi2/ BM
+�H+mH�iBM; 2Bi?2` i?2 BM/m+2/ bm`7�+2 +?�`;2 ν ∈ H− 1

2 (∂Ω) Q` i?2 iQi�H 2H2+i`Qbi�iB+
2M2`;v Eσf (ν)- r?B+? Bib2H7 +�M #2 Q#i�BM2/ /B`2+iHv 7`QK i?2 BM/m+2/ bm`7�+2 +?�`;2 ν-
�M/ i?Bb Bb T`2+Bb2Hv r?v Qm` K�BM `2bmHib h?2Q`2Kb jXRk �M/ jXRj ?�p2 #22M 7Q`KmH�i2/
BM i2`Kb Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 ν `�i?2` i?�M i?2 bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�H λ ∈
H

1
2 (∂Ω)X PM2 K�v i?2`27Q`2 rQM/2` r?v r2 M22/ BMi`Q/m+2 i?2 r2�F 7Q`KmH�iBQM UjXeV

7Q` i?2 bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�H λ �M/ Bib :�H2`FBM /Bb+`2iBb�iBQM UjXdV �i �HHX

h?2 F2v /B{+mHiv BM Qm` �M�HvbBb Bb i?�i i?2 +QMiBMmBiv +QMbi�Mi Q7 i?2 `2H2p�Mi
#QmM/�`v BMi2;`�H QT2`�iQ` �M/ i?2 /Bb+`2i2 BM7@bmT +QMbi�Mi #Qi? �TT2�` �b T`2@7�+iQ`b
BM i?2 [m�bB@QTiBK�HBiv #QmM/ �M/ ?2M+2 �HbQ i?2 2``Q` 2biBK�i2b �TT2�`BM; BM h?2Q`2Kb
jXRk �M/ jXRjX Ai i?2`27Q`2 #2+QK2b 2bb2MiB�H iQ Q#i�BM #Qi? � +QMiBMmBiv +QMbi�Mi �M/
�M BM7@bmT +QMbi�Mi i?�i Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 #�HHb N BM i?2 N @#Q/v T`Q#@
H2KX lM7Q`imM�i2Hv- r2 ?�p2 #22M mM�#H2 iQ Q#i�BM bm+? N @BM/2T2M/2Mi +QMiBMmBiv �M/
bi�#BHBiv +QMbi�Mib B7 r2 �/QTi � /B`2+i �M�HvbBb Q7 i?2 r2�F 7Q`KmH�iBQM UkX8V 7Q` i?2
BM/m+2/ bm`7�+2 ν �M/ Bib :�H2`FBM /Bb+`2iBb�iBQM UkX3VX

h?2 r2�F 7Q`KmH�iBQM UjXeV �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV ?�p2 i?mb #22M
BMi`Q/m+2/ �b �M�HviB+�H iQQHb i?�i rBHH �B/ Qm` MmK2`B+�H �M�HvbBbX �b r2 rBHH H�i2` b?Qr-
i?2 /B{+mHiB2b ?B;?HB;?i2/ �#Qp2 +�M #2 �pQB/2/ B7 r2 �M�Hvb2 }`bi i?2 r2�F 7Q`KmH�iBQM
UjXeV �M/ Bib :�H2`FBM /Bb+`2iBb�iBQM UjXdV BMpQHpBM; i?2 2t�+i �M/ �TT`QtBK�i2 bm`7�+2
2H2+i`Qbi�iB+ TQi2MiB�H �M/ i?2M Q#i�BM �b � +Q`QHH�`v- �M�HQ;Qmb `2bmHib 7Q` i?2 r2�F
7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V �M/ �HbQ T`QQ7b 7Q` h?2Q`2Kb jXRk
�M/ jXRjX

q2 /BpB/2 i?2 `2K�BM/2` Q7 i?Bb b2+iBQM BMiQ i?`22 T�`ibX q2 }`bi T`Qp2 i?�i i?2
r2�F 7Q`KmH�iBQM UjXeV �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV �`2 r2HH@TQb2/- �M/ Q#i�BM �
T�`iB�H [m�bB@QTiBK�HBiv `2bmHi 7Q` i?2 �TT`QtBK�i2 bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�HX L2ti-
r2 T`Qp2 i?�i i?2 r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V �`2 �HbQ
r2HH@TQb2/- �M/ Q#i�BM �M �TT`QtBK�iBQM `2bmHi 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2X 6BM�HHv-
r2 T`QpB/2 T`QQ7b 7Q` h?2Q`2Kb jXRk �M/ jXRjX

ey
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jXjXR q2HH@TQb2/M2bb �M�HvbBb 7Q` i?2 bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�H
jXjXRXR GBKBi�iBQMb Q7 i?2 +H�bbB+�H �M�HvbBb Q7 i?2 BM}MBi2@/BK2MbBQM�H T`Q#@

H2K

h?2 }`bi bi2T BM i?2 r2HH@TQb2/M2bb �M�HvbBb Q7 i?2 r2�F 7Q`KmH�iBQM UjXeV Q7 i?2 #QmM/@
�`v BMi2;`�H 2[m�iBQM UjX8V Bb iQ T`Qp2 i?2 +QMiBMmBiv Q7 i?2 mM/2`HvBM; HBM2�` #QmM/�`v
BMi2;`�H QT2`�iQ` A : H

1
2 (∂Ω) → H

1
2 (∂Ω) /2}M2/ i?`Qm;? .2}MBiBQM kX3X hQ i?Bb 2M/- H2i

mb }`bi MQi2 i?�i bBM+2 i?2 b2i Ω− Bb- BM T�`iB+mH�`- � C1 /QK�BM- i?2 /Qm#H2 H�v2` #QmM/@
�`v BMi2;`�H QT2`�iQ` K : H

1
2 (∂Ω) → H

1
2 (∂Ω) +�M #2 b?QrM iQ +QMiBMmQmbHv K�T L2(∂Ω)

BMiQ L2(∂Ω) Ub22 (e8- h?2Q`2K kXR)V- �M/ i?2`27Q`2- i?2 L2 QT2`�iQ` MQ`K ∥K∥L2(∂Ω) Q7
K Bb r2HH /2}M2/X

G2KK� jXReX G2i i?2 +QMbi�Mib cV �M/ cK #2 /2}M2/ �b BM h?2Q`2K RXkd �M/ h?2Q`2K
RXk3 `2bT2+iBp2Hv 7`QK a2+iBQM RX9- H2i ∥K∥L2(∂Ω) /2MQi2 i?2 L2 QT2`�iQ` MQ`K Q7 i?2
/Qm#H2 H�v2` #QmM/�`v QT2`�iQ` K : H

1
2 (∂Ω) → H

1
2 (∂Ω)- �M/ H2i i?2 +QMbi�Mi CA #2

/2}M2/ �b

CA := 1 + max
∣∣∣
κ− κ0
κ0

∣∣∣

√
(1
2
+ ∥K∥L2(∂Ω)

)2
(1 + max ri) +

c2equivc
3
K

cV
.

h?2M i?2 HBM2�` QT2`�iQ` A : H
1
2 (∂Ω) → H

1
2 (∂Ω) /2}M2/ BM .2}MBiBQM kX3 b�iBb}2b

∥A∥PS := sup
0 ̸=λ∈H

1
2 (∂Ω)

|||Aλ|||
|||λ||| ≤ CA.

S`QQ7X G2i λ ∈ H
1
2 (∂Ω)X h?2M Bi ?QH/b i?�i

|||Aλ||| =
∣∣∣
∣∣∣
∣∣∣λ− V.iL

(κ0 − κ

κ0
λ
)∣∣∣
∣∣∣
∣∣∣≤ |||λ|||+

∣∣∣
∣∣∣
∣∣∣V.iL

(κ0 − κ

κ0
λ
)∣∣∣
∣∣∣
∣∣∣.

G2i λκ := κ0−κ
κ0

λX lbBM; .2}MBiBQM jX9 Q7 i?2 ||| · ||| MQ`K r2 Q#i�BM

|||V.iLλκ|||2 = ∥P0V.iLλκ∥2L2(∂Ω) + ⟨.iLV.iLλκ,V.iLλκ⟩∂Ω .

G2i mb }`bi 7Q+mb QM i?2 b2+QM/ i2`KX lbBM; i?2 #QmM/2/M2bb `2bmHi G2KK� RXjk
7`QK a2+iBQM RX9- r2 Q#i�BM

⟨.iLV.iLλκ,V.iLλκ⟩∂Ω =
〈
V−1V.iLV.iLλκ,V.iLλκ

〉
∂Ω

=
(
(V.iL)2λκ,V.iLλκ

)
V−1

≤
∥∥(V.iL)2λκ

∥∥
V−1

∥∥V.iLλκ
∥∥
V−1

≤ c2K ∥λκ∥V−1 cK ∥λκ∥V−1

≤
c3Kc

2
equiv

cV
|||λκ|||2 ≤

c3Kc
2
equiv

cV
max

∣∣∣
κ− κ0
κ0

∣∣∣
2
|||λ|||2.
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L2ti- r2 +QMbB/2` i?2 }`bi i2`KX h?2 *�H/2`ƦM B/2MiBiB2b Ub22 G2KK� RXjRV vB2H/

∥P0V.iLλκ∥2L2(∂Ω) =

∥∥∥∥P0

(1
2
I +K

)
λκ

∥∥∥∥
2

L2(∂Ω)

≤
(1
2
+ ∥K∥L2(∂Ω)

)2
∥λκ∥2L2(∂Ω)

≤
(1
2
+ ∥K∥L2(∂Ω)

)2
max

∣∣∣
κ− κ0
κ0

∣∣∣
2
∥λ∥2L2(∂Ω).

LQiB+2 i?�i

∥λ∥2L2(∂Ω) = ∥P0λ∥2L2(∂Ω) + ∥P⊥
0 λ∥2L2(∂Ω) = |||P0λ|||2 + ∥P⊥

0 λ∥2L2(∂Ω)

≤ |||P0λ|||2 +max ri|||P⊥
0 λ|||2 ≤ (1 + max ri)|||λ|||2.

q2 +�M i?2`27Q`2 +QM+Hm/2 i?�i

∣∣∣
∣∣∣
∣∣∣V.iL

(κ0 − κ

κ0
λ
)∣∣∣
∣∣∣
∣∣∣≤ max

∣∣∣
κ− κ0
κ0

∣∣∣

√
(1
2
+ ∥K∥L2(∂Ω)

)2
(1 + max ri) +

c3Kc
2
equiv

cV
|||λ|||.

h?2 T`QQ7 MQr 7QHHQrbX

_2K�`F jXRdX *QMbB/2` i?2 b2iiBM; Q7 G2KK� jXReX h?2 +QMiBMmBiv +QMbi�Mi CA Q7 i?2
QT2`�iQ` A �b /2i2`KBM2/ BM G2KK� jXRe /2T2M/b QM i?2 QT2`�iQ` MQ`K Q7 i?2 /Qm#H2
H�v2` #QmM/�`v QT2`�iQ` KX ai�M/�`/ #QmM/b 7Q` i?Bb QT2`�iQ` MQ`K /2T2M/ QM i?2
/B�K2i2` Q7 i?2 /QK�BM Ω− Ub22- 2X;X- (e3- *?�Ti2` d) Q` (R38- *?�Ti2` j)V- r?B+? BKTHB2b
i?�i i?2 +QMiBMmBiv +QMbi�Mi CA +QmH/ TQi2MiB�HHv BM+`2�b2 �b i?2 MmK#2` Q7 QT2M #�HHb
N BM+`2�b2bX

LQiB+2 ?Qr2p2`- i?�i i?2 /2T2M/2M+2 Q7 i?2 +QMiBMmBiv +QMbi�Mi CA QM i?2 QT2`�iQ`
MQ`K ∥K∥L2(∂Ω) �TT2�`b QMHv r?2M 2p�Hm�iBM; i?2 QT2`�iQ` MQ`K ∥V.iL∥L2(∂Ω)X AM
T`BM+BTH2- Bi Bb TQbbB#H2 iQ `2}M2 i?2 2biBK�i2 7Q` i?2 QT2`�iQ` MQ`K ∥V.iL∥L2(∂Ω) mbBM;
i?2 �//BiBQM i?2Q`2K 7Q` bT?2`B+�H ?�`KQMB+b �M/ i?2 bQ@+�HH2/ JmHiBTQH2@iQ@GQ+�H QT2`@
�iQ`b BMi`Q/m+2/ #v :`22M;�`/ �M/ _QF?HBM (3d)X lM7Q`imM�i2Hv- Bi im`Mb Qmi i?�i 7Q` �
+QKTH2i2Hv �`#Bi`�`v ;2QK2i`v Ω− = ∪N

i=1Ωi- Bi Bb MQi TQbbB#H2 iQ 2MiB`2Hv 2HBKBM�i2 i?2
/2T2M/2M+2 Q7 i?2 +QMiBMmBiv +QMbi�Mi CA QM i?2 MmK#2` Q7 QT2M #�HHb N X AM/22/- �M
2tTHB+Bi +QmMi2`@2t�KTH2 +�M #2 +QMbi`m+i2/X

P#pBQmbHv- i?Bb /2;`�/�iBQM Q7 i?2 +QMiBMmBiv +QMbi�Mi TQb2b � b2`BQmb T`Q#H2K B7
rBb? iQ Q#i�BM 2``Q` 2biBK�i2b BM/2T2M/2Mi Q7 N X 6Q`imM�i2Hv- �b r2 rBHH MQr b?Qr- Bi Bb
TQbbB#H2 iQ +B`+mKp2Mi i?Bb Bbbm2 #v i�FBM; �/p�Mi�;2 Q7 i?2 T�`iB+mH�` bi`m+im`2 Q7 i?2
"A1b UkXjV �M/ UjX8VX

jXjXRXk h?2 M2r �M�HvbBb Q7 i?2 BM}MBi2@/BK2MbBQM�H T`Q#H2K

AM T`BM+BTH2- i?2 M2ti bi2T BM Qm` �M�HvbBb rQmH/ #2 iQ T`Qp2 i?�i i?2 r2�F 7Q`KmH�iBQM
UjXeV Bb r2HH@TQb2/X AM pB2r Q7 _2K�`F jXRd ?Qr2p2`- r2 +�MMQi Q#i�BM N @BM/2T2M/2Mi
bi�#BHBiv �M/ +QMiBMmBiv +QMbi�Mib mbBM; � bi`�B;?i7Q`r�`/ �M�HvbBb Q7 i?2 #QmM/�`v BM@
i2;`�H QT2`�iQ` A- �M/ r2 Kmbi i?2`27Q`2 �/QTi � bK�`i2`- BM/B`2+i �TT`Q�+?X hQ i?Bb

ek



jXj S`QQ7b

2M/- r2 rBHH �TT2�H iQ i?2 +QKTH2K2Mi�`v /2+QKTQbBiBQMb Q7 i?2 bT�+2b H
1
2 (∂Ω) �M/

H− 1
2 (∂Ω) BMi`Q/m+2/ BM G2KK� jXkX h?Bb +QKTH2K2Mi�`v /2+QKTQbBiBQM- iQ;2i?2` rBi?

_2K�`F jXj- �HHQrb mb iQ `2r`Bi2 i?2 r2�F 7Q`KmH�iBQM UjXeV BM i2`Kb Q7 i`B�H �M/ i2bi
7mM+iBQMb i?�i #2HQM; iQ i?2 bT�+2b C(∂Ω)- H̆ 1

2 (∂Ω)- �M/ H̆− 1
2 (∂Ω)X

JQ/B}2/ r2�F 7Q`KmH�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UjX8V

G2i σf ∈ H− 1
2 (∂Ω)X 6BM/ 7mM+iBQMb (λ0, λ̃) ∈ C(∂Ω)× H̆

1
2 (∂Ω) bm+? i?�i 7Q` �HH i2bi

7mM+iBQMb (σ0, σ̃) ∈ C(∂Ω)× H̆− 1
2 (∂Ω) Bi ?QH/b i?�i

⟨σ0,λ0⟩∂Ω −
〈
σ0,V.iL

(
κ0 − κ

κ0
λ̃

)〉

∂Ω

=
1

κ0
⟨σ0,Vσf ⟩∂Ω , UjX3V

〈
σ̃, λ̃

〉

∂Ω
−
〈
σ̃,V.iL

(
κ0 − κ

κ0
λ̃

)〉

∂Ω

=
1

κ0
⟨σ̃,Vσf ⟩∂Ω . UjXNV

Ai Bb � bBKTH2 2t2`+Bb2 iQ T`Qp2 i?�i i?2 KQ/B}2/ r2�F 7Q`KmH�iBQM UjX3V@UjXNV Bb
BM/22/ 2[mBp�H2Mi iQ i?2 r2�F 7Q`KmH�iBQM UjXeVX

*QMbB/2` MQr 1[m�iBQMb UjX3V �M/ UjXNVX q2 Q#b2`p2 i?�i 1[m�iBQM UjXNV BMpQHp2b
QMHv i?2 mMFMQrM 7mM+iBQM λ̃ ∈ H̆

1
2 (∂Ω)X Ai Bb i?2`27Q`2 +H2�` i?�i B7 1[m�iBQM UjXNV

Bb mMB[m2Hv bQHp�#H2- i?2M 1[m�iBQM UjX3V Bb �HbQ mMB[m2Hv bQHp�#H2- �M/ ?2M+2 i?2 r2�F
7Q`KmH�iBQM UjX8V Bb r2HH@TQb2/X 6QHHQrBM; bi�M/�`/ T`�+iB+2 BM 7mM+iBQM�H �M�HvbBb- r2
T`Qp2 mMB[m2 bQHp�#BHBiv Q7 1[m�iBQM UjXNV #v 2bi�#HBb?BM; i?�i i?2 mM/2`HvBM; `2/m+2/
#BHBM2�` 7Q`K Bb #QmM/2/ �M/ b�iBb}2b i?2 BM7@bmT +QM/BiBQMX
_2K�`F jXR3X AM T`BM+BTH2- QM2 +QmH/ mb2 i?2 b�K2 +QKTH2K2Mi�`v /2+QKTQbBiBQM iQ bTHBi
i?2 r2�F 7Q`KmH�iBQM UkX8V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 νX AM i?Bb +�b2 ?Qr2p2`- r2 /Q
MQi Q#i�BM i?2 mb27mH ǳmTT2`@i`B�M;mH�`Ǵ bi`m+im`2 ?B;?HB;?i2/ �#Qp2- �M/ +QMb2[m2MiHv
Qm` bm#b2[m2Mi �M�HvbBb +�MMQi #2 �TTHB2/X

.2}MBiBQM jXRNX q2 /2}M2 i?2 ǳ`2/m+2/Ǵ #BHBM2�` 7Q`K ã : H̆
1
2 (∂Ω) × H̆− 1

2 (∂Ω) → R
�b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH λ̃ ∈ H̆

1
2 (∂Ω) �M/ �HH σ̃ ∈ H̆− 1

2 (∂Ω) Bi ?QH/b
i?�i

ã(λ̃, σ̃) :=
〈
σ̃, λ̃

〉

∂Ω
−
〈
σ̃,V.iL

(
κ0 − κ

κ0
λ̃

)〉

∂Ω

.

q2 }`bi T`Qp2 i?�i i?2 `2/m+2/ #BHBM2�` 7Q`K ã Bb #QmM/2/X
G2KK� jXkyX G2i i?2 +QMbi�Mi CÃ #2 /2}M2/ �b

CÃ := 1 + max

∣∣∣∣
κ− κ0
κ0

∣∣∣∣·

⎛

⎝c
3
2
Kcequiv√

cV

⎞

⎠ , UjXRyV

�M/ H2i i?2 #BHBM2�` 7Q`K ã : H̆
1
2 (∂Ω) × H̆− 1

2 (∂Ω) → R #2 /2}M2/ �b BM .2}MBiBQM jXRNX
h?2M 7Q` �HH λ̃ ∈ H̆

1
2 (∂Ω) �M/ �HH σ̃ ∈ H̆− 1

2 (∂Ω) Bi ?QH/b i?�i

|ã(λ̃, σ̃)| ≤ CÃ|||λ̃||| |||σ̃|||
∗.

ej



jX 1__P_ �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

S`QQ7X G2i i?2 HBM2�` QT2`�iQ` Ã : H̆
1
2 (∂Ω) → H̆

1
2 (∂Ω) #2 /2}M2/ �b Ã := P⊥

0 AP⊥
0 X

h?2M Ã Bb i?2 HBM2�` QT2`�iQ` �bbQ+B�i2/ rBi? i?2 `2/m+2/ #BHBM2�` 7Q`K ãX aBM+2
|||P⊥

0 λ||| ≤ |||λ||| 7Q` �HH λ ∈ H
1
2 (∂Ω)- i?2 T`QQ7 #2+QK2b B/2MiB+�H iQ i?2 }`bi T�`i Q7 i?2

T`QQ7 Q7 G2KK� jXRe rBi? QM2 KBMQ` KQ/B}+�iBQMX

_2K�`F jXkRX *QMbB/2` i?2 b2iiBM; Q7 G2KK� jXky �M/ i?2 +QMiBMmBiv +QMbi�Mi CÃ Q7 i?2
KQ/B}2/ #QmM/�`v BMi2;`�H QT2`�iQ` ÃX q2 Q#b2`p2 i?�i i?2 +QMbi�Mi cK Bb #QmM/2/ #v
QM2- �M/ i?2`27Q`2 i?2 QMHv MQM [m�MiB}2/ +QMbi�Mi �TT2�`BM; BM i?2 2tT`2bbBQM Q7 CÃ Bb
i?2 +Q2`+BpBiv +QMbi�Mi cV Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ`X � T`BQ`B- Bi Bb MQi +H2�`
?Qr i?Bb +Q2`+BpBiv +QMbi�Mi /2T2M/b QM i?2 ;2QK2i`B+�H b2iiBM; Q7 Qm` T`Q#H2K BM+Hm/BM;
i?2 MmK#2` Q7 QT2M #�HHb N BM Qm` bvbi2KX h?2 M2ti bi2T BM Qm` �M�HvbBb i?2`27Q`2- Bb
iQ Q#i�BM � +HQb2/ 7Q`K 2tT`2bbBQM 7Q` i?Bb +Q2`+BpBiv +QMbi�Mi �M/ iQ b?Qr BM T�`iB+mH�`
i?�i Bi /Q2b MQi 2tTHB+BiHv /2T2M/ QM N X

q2 }`bi `2[mB`2 i?2 7QHHQrBM; H2KK�,

G2KK� jXkkX h?2`2 2tBbi +QMbi�Mib cint, cext > 0 i?�i �`2 BM/2T2M/2Mi Q7 i?2 MmK#2` N
Q7 QT2M #�HHb bm+? i?�i 7Q` �HH ?�`KQMB+ 7mM+iBQMb v ∈ H1(Ω−) �M/ w ∈ H1(Ω+) Bi ?QH/b
i?�i

∥γ−Nv∥
H− 1

2 (∂Ω)
≤ cint∥∇v∥L2(Ω−), �M/ ∥γ+Nw∥

H− 1
2 (∂Ω)

≤ cext∥∇w∥L2(Ω+).

�//BiBQM�HHv- i?2 +QMbi�Mi cint /2T2M/b QMHv QM i?2 `�/BB {rj}Nj=1 Q7 i?2 QT2M #�HHb
r?BH2 i?2 +QMbi�Mi cext /2T2M/b QM #Qi? i?2 `�/BB Q7 i?2 QT2M #�HHb �b r2HH �b i?2 KBMBKmK
BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2- BX2X- mini,j∈{1,...,N}

i ̸=j

(
|xi − xj |− ri − rj

)
X

S`QQ7X h?2 }`bi #QmM/ Bb bi`�B;?i7Q`r�`/ iQ T`Qp2X AM/22/- H2i Eint
H : H

1
2 (∂Ω) → H1(Ω−)

#2 /2}M2/ �b i?2 BMi2`BQ` ?�`KQMB+ 2ti2MbBQM QT2`�iQ` QM Ω−X � /B`2+i +�H+mH�iBQM vB2H/b

∥γ−Nv∥
H− 1

2 (∂Ω)
= sup

0 ̸=λ∈H
1
2 (∂Ω)

⟨γ−Nv,λ⟩∂Ω
∥λ∥

H
1
2 (∂Ω)

= sup
0 ̸=λ∈H

1
2 (∂Ω)

∫
Ω− ∇v(x) ·∇Eint

H λ(x) dx

∥λ∥
H

1
2 (∂Ω)

≤ ∥∇v∥L2(Ω−) sup
0 ̸=λ∈H

1
2 (∂Ω)

∥∇Eint
H λ∥L2(Ω−)

∥λ∥
H

1
2 (∂Ω)

≤ ∥∇v∥L2(Ω−) sup
0 ̸=λ∈H

1
2 (∂Ω)

∥Eint
H λ∥H1(Ω−)

∥λ∥
H

1
2 (∂Ω)

≤ cequiv∥Eint
H ∥PS∥∇v∥L2(Ω−),

r?2`2 i?2 N @BM/2T2M/2Mi MQ`K 2[mBp�H2M+2 +QMbi�Mi cequiv �`Bb2b /m2 iQ i?2 7�+i i?�i
#v Qm` +QMp2MiBQM- H

1
2 (∂Ω) Bb 2[mBTT2/ rBi? i?2 M2r ||| · ||| ;Bp2M #v .2}MBiBQM jX9

`�i?2` i?�M i?2 aQ#QH2p@aHQ#Q/2+FBD MQ`K ∥ · ∥
H

1
2 (∂Ω)

X aBM+2 Ω− Bb bBKTHv i?2 mMBQM Q7
MQM@BMi2`b2+iBM; QT2M #�HHb- BX2X- Ω− = ∪N

j=1Ωj - Bi Bb 2�bv iQ b22 i?�i i?2 QT2`�iQ` MQ`K

e9



jXj S`QQ7b

∥Eint
H ∥PS /2T2M/b QMHv QM i?2 `�/BB {rj}Nj=1 Q7 i?2 QT2M #�HHb {Ωj}Nj=1 �M/ Bb BM/2T2M/2Mi

Q7 i?2 MmK#2` N Q7 QT2M #�HHbX h?Bb +QKTH2i2b i?2 T`QQ7 7Q` i?2 }`bi #QmM/X

AM Q`/2` iQ +QKTmi2 i?2 b2+QM/ #QmM/- r2 `2[mB`2 KQ`2 rQ`FX h?2 2bb2MiB�H B/2� Bb
iQ KBKB+ i?2 T`QQ7 7Q` i?2 }`bi #QmM/ #mi i?Bb `2[mB`2b mb iQ }`bi /2}M2 �M 2ti2MbBQM
QT2`�iQ` Eexternal : H

1
2 (∂Ω) → H1(Ω+) r?Qb2 QT2`�iQ` MQ`K Bb �HbQ BM/2T2M/2Mi Q7 N X

q2 T`Q+22/ BM 7Qm` bi2TbX

ai2T RV q2 }`bi /2}M2 � 7�KBHv Q7 QM2@/BK2MbBQM�H +QMiBMmQmbHv /Bz2`2MiB�#H2 +miQz 7mM+@
iBQMbX hQ i?Bb 2M/- H2i r > 0 �M/ ϵ > 0 #2 `2�H MmK#2`bX q2 /2}M2 i?2 +m#B+
TQHvMQKB�H pr,ϵ : R → R �b

∀x ∈ R : pr,ϵ(x) =
1

ϵ3

(
2x3 − 3(2r + ϵ)x2 + 6r(r + ϵ)x− (r + ϵ)2(2r − ϵ)

)
.

h?2M 7Q` �Mv r > 0 �M/ ϵ > 0 r2 /2}M2 i?2 +miQz 7mM+iBQM φr,ϵ : R → [0, 1] �b i?2
K�TTBM; rBi? i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH x ∈ R Bi ?QH/b i?�i

φr,ϵ(x) :=

⎧
⎪⎨

⎪⎩

1 B7 x ≤ r,

pr,ϵ(x) B7 x ∈ (r, r + ϵ),

0 B7 x ≥ r + ϵ.

G2i r > 0 �M/ ϵ > 0 #2 }t2/X Ai +�M `2�/BHv #2 p2`B}2/ i?�i i?2 +miQz 7mM+iBQM
φr,ϵ ∈ C1(R)- ∥φr,ϵ∥L∞(R) = 1- �M/ 7m`i?2`KQ`2 i?�i ∥φ′r,ϵ∥L∞(R) =

3
2ϵ X

ai2T kV G2i i ∈ {1, . . . , N}X q2 /2}M2 i?2 U2ti2`BQ`V ?�`KQMB+ 2ti2MbBQM QT2`�iQ`
Eext
i,H : H

1
2 (∂Ωi) → H1(R3 \ Ωi) �b 7QHHQrb, :Bp2M �Mv λi ∈ H

1
2 (∂Ωi)- i?2`2 2t@

Bbi +Q2{+B2Mib [λi]mℓ , ℓ ∈ N0, −ℓ ≤ m ≤ ℓ bm+? i?�i 7Q` �HH x ∈ ∂Ωi Bi ?QH/b
i?�i

λi(x) =
∑

ℓ=0

m=ℓ∑

m=−ℓ
[λi]

m
ℓ Y

m
ℓ

(
x− xi

|x− xi|

)
.

q2 i?2`27Q`2 /2}M2

(
Eext
i,Hλi

)
(x) :=

∞∑

ℓ=0

m=ℓ∑

m=−ℓ
[λi]

m
ℓ

(
ri

|x− xi|

)ℓ+1

Ym
ℓ

(
x− xi

|x− xi|

)
, UjXRRV

7Q` �HH x ∈ R3 bm+? i?�i |x − xi| ≥ riX h?2 #QmM/2/M2bb Q7 i?Bb QT2`�iQ` +�M #2
/2/m+2/ 7`QK i?2 r2HH@TQb2/M2bb �M/ `2;mH�`Biv `2bmHib QM i?2 2ti2`BQ` .B`B+?H2i
T`Q#H2K 7Q` i?2 G�TH�+2 2[m�iBQMX

ai2T jV q2 MQr `2+�HH i?�i r2 ?�p2 #v �bbmKTiBQM i?�i i?2 KBMBKmK b2T�`�iBQM /Bbi�M+2 Q7
i?2 QT2M #�HHb {Ωi}Ni=1 Bb mMB7Q`KHv #QmM/2/ #2HQr rBi? `2bT2+i iQ N X G2i ϵ̃ > 0 #2 �

e8
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6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

HQr2` #QmM/ 7Q` i?Bb b2T�`�iBQM /Bbi�M+2 �M/ /2}M2 ϵ := ϵ̃
4 X JQ`2Qp2`- H2i QM+2 �;�BM

i ∈ {1, . . . , N}X q2 MQr /2}M2 i?2 HQ+�H 2ti2MbBQM QT2`�iQ` Ei
external : H

1
2 (∂Ωi) →

H1(Ω+) �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH λi ∈ H
1
2 (∂Ωi) �M/ �HH x ∈ Ω+

Bi ?QH/b i?�i
(
Ei
externalλi

)
(x) :=

(
Eext
i,Hλi

)
(x)φri,ϵ

(
|x− xi|

)
.

AMimBiBp2Hv- i?Bb HQ+�H 2ti2MbBQM QT2`�iQ` Ei
external i�F2b �b BMTmi .B`B+?H2i /�i� QM

∂Ωi- +QMbi`m+ib i?2 2ti2`BQ` ?�`KQMB+ 2ti2MbBQM �++Q`/BM; iQ 1[m�iBQM UjXRRV- �M/
i?2M KmHiBTHB2b i?Bb 2ti2MbBQM rBi? � bKQQi? +mi@Qz 7mM+iBQMX h?2 7QHHQrBM; T`QT@
2`iB2b Q7 i?Bb HQ+�H 2ti2MbBQM QT2`�iQ` +�M 2�bBHv #2 /2/m+2/,

S`QT2`iv R, 6Q` �HH x ∈ Ω+ Bi ?QH/b i?�i
∣∣(Ei

externalλi
)
(x)
∣∣≤

∣∣∣
(
Eext
i,Hλi

)
(x)
∣∣∣X

S`QT2`iv k, 6Q` �HH x ∈ Ω+ bm+? i?�i |x − xi| ≥ ri + ϵ- Bi ?QH/b i?�i
(
Ei
externalλi

)
(x) = 0X

AM Qi?2` rQ`/b- i?2 HQ+�H 2ti2MbBQM QT2`�iQ` Ei
external Bb x2`Q QmibB/2 � #�HH Q7

`�/Bmb ri + ϵ +2Mi`2/ �i xi- BX2X- i?2 +2Mi`2 Q7 i?2 QT2M #�HH ΩiX h?Bb BKTHB2b BM
T�`iB+mH�` i?�i i?2 HQ+�H 2ti2MbBQM QT2`�iQ` Ei

external Bb x2`Q QM �HH +HQb2/ #�HHb
Ωj , j ∈ {1, . . . , N} bm+? i?�i j ̸= iX

S`QT2`iv j, 6Q` �HH x ∈ Ω+ bm+? i?�i |x− xi| < ri + ϵ- i?2 ;`�/B2Mi ∇x
(
Ei
externalλi

)
(x) BM

+�`i2bB�M +QQ`/BM�i2b b�iBb}2b,

|∇x
(
Ei
externalλi

)
(x)| =

∣∣∣φri,ϵ
(
|x− xi|

)
∇x
(
Eext
i,Hλi

)
(x) +

(
Eext
i,Hλi

)
(x)∇xφri,ϵ

(
|x− xi|

)∣∣∣

≤
∣∣∣∇x

(
Eext
i,Hλi

)
(x)
∣∣∣+
∣∣∣
(
Eext
i,Hλi

)
(x)φ′ri,ϵ

(
|x− xi|

)∣∣∣

=
∣∣∣∇x

(
Eext
i,Hλi

)
(x)
∣∣∣+

3

2ϵ

∣∣∣
(
Eext
i,Hλi

)
(x)
∣∣∣.

P7 +Qm`b2- r2 ?�p2 MQi v2i b?QrM i?�i i?2 K�TTBM; Ei
external : H

1
2 (∂Ωi) → H1(Ω+)

Bb #QmM/2/ �b +H�BK2/X AM Q`/2` iQ b?Qr i?Bb- H2i mb /2MQi2 #v Bri+ϵ(xi) i?2 QT2M
#�HH Q7 `�/Bmb ri + ϵ rBi? +2Mi`2 �i xiX *QK#BMBM; T`QT2`iB2b R �M/ j vB2H/b i?�i

∥Ei
externalλi∥2H1(Ω+) =

∫

Ω+

|Ei
externalλi(x)|2

1 + |x|2 dx+

∫

Ω+
|∇x

(
Ei
externalλi

)
(x)|2 dx

≤
(
1 +

9

2ϵ2

)∫

Ω+∩Bri+ϵ(xi)
|Eext

i,Hλi(x)|2 dx

+ 2

∫

Ω+∩Bri+ϵ(xi)

∣∣∇x
(
Eext
i,Hλi

)
(x)
∣∣2 dx

≤ max

{
2, 1 +

9

2ϵ2

}
∥Eext

i,Hλi∥2H1
(
Ω+∩Bri+ϵ(xi)

).

AM Q`/2` iQ bBKTHB7v i?2 }M�H 2tT`2bbBQM r2 }`bi mb2 1[m�iBQM UjXRRV iQ bBKTHB7v i?2
L2
(
Ω+ ∩ Bri+ϵ(xi)

)
MQ`KX _2+�HH i?�i r2 ?�p2 �/QTi2/ i?2 +QMp2MiBQM i?�i i?2

ee



jXj S`QQ7b

bT�+2 H
1
2 (∂Ωi) Bb 2[mBTT2/ rBi? i?2 MQ`K ||| · |||

H
1
2 (∂Ωi)

/2}M2/ i?`Qm;? .2}MBiBQM
jX3X � /B`2+i +�H+mH�iBQM i?mb vB2H/b

∥Eext
i,Hλi∥2L2

(
Ω+∩Bri+ϵ(xi)

) ≤ 1

3

(
(ri + ϵ)3 − r3i

) ∞∑

ℓ=0

ℓ∑

m=−ℓ
([λi]

m
ℓ )

2

=

(
ϵr2i + ϵ2ri +

ϵ3

3

) ∞∑

ℓ=0

ℓ∑

m=−ℓ
([λi]

m
ℓ )

2

≤ ϵmax

{
1

ri
,
1

r2i

}(
r2i + ϵri +

ϵ2

3

)
|||λi|||2

H
1
2 (∂Ωi)

.

L2ti- r2 mb2 i?2 7�+i i?�i i?2 HQ+�H 2ti2MbBQM Eext
i,Hλi Bb � ?�`KQMB+ 7mM+iBQM bQ i?�i

:`22MǶb B/2MiBiv �TTHB2b BM i?2 /QK�BM Ω+ ∩Bri+ϵ(xi)X aBKTH2 +�H+mHmb i?2M vB2H/b
i?�i

∥∇Eext
i,Hλi∥2L2

(
Ω+∩Bri+ϵ(xi)

) = r2i

∞∑

ℓ=0

ℓ∑

m=−ℓ

ℓ+ 1

ri
([λi]

m
ℓ )

2

− (ri + ϵ)2
∞∑

ℓ=0

ℓ∑

m=−ℓ

ℓ+ 1

ri + ϵ
([λi]

m
ℓ )

2
(

ri
ri + ϵ

)2ℓ+2

= r2i

∞∑

ℓ=0

ℓ∑

m=−ℓ
(ℓ+ 1) ([λi]

m
ℓ )

2

(
1

ri
− 1

ri + ϵ

(
ri

ri + ϵ

)2ℓ
)

= r2i

∞∑

ℓ=0

ℓ∑

m=−ℓ
(ℓ+ 1) ([λi]

m
ℓ )

2 (ri + ϵ)2ℓ+1 − r2ℓ+1
i

ri(ri + ϵ)2ℓ+1
.

h?Bb H�bi 2tT`2bbBQM +�M #2 7m`i?2` bBKTHB}2/ #v Q#b2`pBM; i?�i 7Q` �HH ℓ ≥ 0 Bi
?QH/b i?�i

(ri + ϵ)2ℓ+1 − r2ℓ+1
i

ri(ri + ϵ)2ℓ+1
=

(1 + ϵ
ri
)2ℓ+1 − 1

ri(1 +
ϵ
ri
)2ℓ+1

=
ϵ
ri
(1 + ϵ

ri
)2ℓ + (1 + ϵ

ri
)2ℓ − 1

ri(1 +
ϵ
ri
)2ℓ+1

≤ ϵ

r2i

(1 + ϵ
ri
)2ℓ

(1 + ϵ
ri
)2ℓ+1

≤ ϵ

r2i
.

q2 +QM+Hm/2 i?�i

∥∇Eext
i,Hλi∥2L2

(
Ω+∩Bri+ϵ(xi)

) ≤ ϵ
∞∑

ℓ=0

ℓ∑

m=−ℓ
(ℓ+ 1) ([λi]

m
ℓ )

2

≤ 2ϵmax

{
1

ri
,
1

r2i

}
|||λi|||2

H
1
2 (∂Ωi)

.

ed
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6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

*QMb2[m2MiHv- r2 +�M /2}M2 � +QMbi�Mi Cri,ϵ > 0 /2T2M/BM; QMHv QM ϵ �M/ ri �b

Cri,ϵ := ϵmax

{
1

ri
,
1

r2i

}
max{r2i + ϵri +

ϵ2

3
, 2}, UjXRkV

�M/ r2 Q#i�BM i?�i

∥Ei
externalλi∥2H1(Ω+) ≤ max

{
2, 1 +

9

2ϵ2

}
∥Eext

i,Hλi∥2H1
(
Ω+∩Bri+ϵ(xi)

)

≤ max

{
2, 1 +

9

2ϵ2

}
Cri,ϵ|||λi|||2

H
1
2 (∂Ωi)

. UjXRjV

Ai 7QHHQrb i?�i i?2 HQ+�H 2ti2MbBQM QT2`�iQ` Ei
external : H

1
2 (∂Ωi) → H1(Ω+) Bb BM/22/

#QmM/2/X

ai2T 9V q2 �`2 MQr `2�/v iQ /2}M2 i?2 2ti2MbBQM QT2`�iQ` Eexternal : H
1
2 (∂Ω) → H1(Ω+)X

:Bp2M λ ∈ H
1
2 (∂Ω) �M/ /2MQiBM; λi := λ|∂Ωi 7Q` 2�+? i ∈ {1, . . . , N}- r2 /2}M2,

Eexternal(λ) :=
N∑

i=1

Ei
externalλi.

S`QT2`iv k Q7 i?2 HQ+�H 2ti2MbBQM QT2`�iQ`b Ei
external, i = 1, . . . , N MQr vB2H/b i?�i

γ+
(
Eexternal(λ)

)
= λX JQ`2Qp2`- 7`QK i?2 #QmM/ UjXRjV r2 b22 i?�i

∥Eexternal(λ)∥2H1(Ω+) ≤ max

{
2, 1 +

9

ϵ2

}
max

i=1,...,N
Cri,ϵ

N∑

i=1

|||λi|||2
H

1
2 (∂Ωi)

= max

{
2, 1 +

9

ϵ2

}
max

i=1,...,N
Cri,ϵ|||λ|||2.

h?mb- i?2 K�TTBM; Eexternal : H
1
2 (∂Ω) → H1(Ω+) Bb BM/22/ � #QmM/2/ 2ti2MbBQM

QT2`�iQ` rBi? QT2`�iQ` MQ`K

∥Eexternal∥2OP := max

{
2, 1 +

9

ϵ2

}
max

i=1,...,N
Cri,ϵ,

LQiB+2 i?�i i?2 QT2`�iQ` MQ`K Bb BM/2T2M/2Mi Q7 i?2 MmK#2` N Q7 QT2M #�HHb
�M/ /2T2M/b QMHv i?2 `�/BB Q7 i?2 QT2M #�HHb {Ωi}Ni=1 �M/ i?2 KBMBK�H BMi2`@
bT?2`2 b2T�`�iBQM /Bbi�M+2 ϵX 6m`i?2`KQ`2- Bi 7QHHQrb 7`QK 1[m�iBQM UjXRkV i?�i
maxi=1,...,N Cri,ϵ = O(ϵ) �b ϵ → 0X *QMb2[m2MiHv- r2 Q#i�BM i?�i ∥Eexternal∥2OP =
O
(
1
ϵ

)
�b ϵ→ 0X

lbBM; i?2 2ti2MbBQM QT2`�iQ` Eexternal r2 ?�p2 Dmbi /2}M2/- r2 +�M KBKB+ i?2 +�H+m@
H�iBQMb T2`7Q`K2/ BM i?2 #2;BMMBM; Q7 i?Bb T`QQ7 BM Q`/2` iQ Q#i�BM i?2 b2+QM/- `2[mB`2/
#QmM/,

∥γ+Nw∥
H− 1

2 (∂Ω)
≤ cequiv∥Eexternal∥PS∥∇w∥L2(Ω+).

e3



jXj S`QQ7b

>2`2- i?2 N @BM/2T2M/2Mi MQ`K 2[mBp�H2M+2 +QMbi�Mi cequiv �`Bb2b QM+2 �;�BM /m2 iQ i?2
7�+i i?�i i?2 +�MQMB+�H /m�H MQ`K ∥ · ∥

H− 1
2 (∂Ω)

Bb /2}M2/ rBi? `2bT2+i iQ i?2 aQ#QH2p@
aHQ#Q/2+FBD MQ`K ∥ · ∥

H
1
2 (∂Ω)

`�i?2` i?�M i?2 M2r ||| · ||| MQ`K ;Bp2M #v .2}MBiBQM jX9X
.2}MBM; cint := cequiv∥Eint

H ∥OP �M/ cext := cequiv∥Eexternal∥OP +QKTH2i2b i?2 T`QQ7X

q2 +�M MQr /2/m+2 � HQr2` #QmM/ 7Q` i?2 +Q2`+BpBiv +QMbi�Mi cV Q7 i?2 bBM;H2 H�v2`
#QmM/�`v QT2`�iQ`X

G2KK� jXkjX G2i i?2 +QMbi�Mib cint > 0 �M/ cext > 0 #2 /2}M2/ �b BM G2KK� jXkk
�M/ H2i cV > 0 /2MQi2 i?2 +Q2`+BpBiv +QMbi�Mi Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ`
V : H

1
2 (∂Ω) → H

1
2 (∂Ω)X h?2M Bi ?QH/b i?�i

cV ≥ 1

2
min

{
1

c2int
,

1

c2ext

}
.

S`QQ7X G2i σ ∈ H− 1
2 (∂Ω) �M/ H2i u = Sσ ∈ H1

loc(R3)X Ai 7QHHQrb 7`QK i?2 DmKT T`QT2`iB2b
Q7 i?2 bBM;H2 H�v2` TQi2MiB�H Ub22 h?2Q`2K RXkj BM a2+iBQM RX9V i?�i

⟨σ,Vσ⟩∂Ω =

∫

Ω−
|∇u(x)|2 dx+

∫

ΩY
|∇u(x)|2 dx.

G2KK� jXkk i?2`27Q`2 vB2H/b i?�i

⟨σ,Vσ⟩∂Ω ≥ 1

c2BMi
∥γ−Nu∥2

H− 1
2 (∂Ω)

+
1

c22ti
∥γ+Nu∥2

H− 1
2 (∂Ω)

≥ min
{ 1

c2BMi
,

1

c22ti

}(
∥γ−Nu∥2

H− 1
2 (∂Ω)

+ ∥γ+Nu∥2
H− 1

2 (∂Ω)

)

≥ min
{ 1

c2BMi
,

1

c22ti

}(1

2
∥γ−Nu− γ+Nu∥2

H− 1
2 (∂Ω)

)

=
1

2
min

{ 1

c2BMi
,

1

c22ti

}
∥σ∥2

H− 1
2 (∂Ω)

.

_2K�`F jXk9X *QMbB/2` i?2 b2iiBM;b Q7 G2KK� jXkk �M/ G2KK� jXkjX hrQ 7�+ib +�M
#2 /2/m+2/ 7`QK i?2 T`QQ7b Q7 i?2b2 `2bmHibX 6B`bi- i?�i i?2 +Q2`+BpBiv +QMbi�Mi cV Q7
i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` /2T2M/b QMHv QM i?2 `�/BB {rj}Nj=1 Q7 i?2 QT2M #�HHb
{Ωj}Nj=1 �M/ i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2X �b � +QMb2[m2M+2- i?2 +QMiB@
MmBiv +QMbi�Mi C

Ã
Q7 i?2 `2/m+2/ #BHBM2�` 7Q`K ã Ub22 G2KK� jXkyV /2T2M/b QMHv QM i?2

`�/BB Q7 i?2 QT2M #�HHb- i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2- �M/ i?2 /B2H2+i`B+
+QMbi�Mib {κj}Nj=1X a2+QM/- r2 ?�p2 �HbQ Q#i�BM2/ bB;MB}+�Mi BMbB;?i BMiQ i?2 #2?�pBQm`
Q7 i?2 +Q2`+BpBiv +QMbi�Mi cV 7Q` bK�HH KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2X AM/22/-
H2i ϵ := mini,j∈{1,...,N}

i ̸=j

(
|xi−xj |− ri− rj

)
X h?2M cV = O(ϵ) 7Q` ϵ→ 0X h?Bb `2bmHi BKTHB2b

i?�i i?2 +QMiBMmBiv +QMbi�Mi C
Ã

;`Qrb rBi? `�i2 �i KQbi O( 1√
ϵ
) �b ϵ→ 0X

eN
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LQr i?�i r2 ?�p2 �M�Hvb2/ i?2 +QMiBMmBiv +QMbi�Mi C
Ã

Q7 i?2 `2/m+2/ #BHBM2�` 7Q`K
ã : H̆

1
2 (∂Ω)× H̆− 1

2 (∂Ω) → R BM /2i�BH- i?2 M2ti bi2T BM Qm` �M�HvbBb Bb iQ T`Qp2 i?�i i?Bb
#BHBM2�` 7Q`K b�iBb}2b i?2 BM7@bmT +QM/BiBQMX

G2KK� jXk8X G2i i?2 #BHBM2�` 7Q`K ã : H̆
1
2 (∂Ω) × H̆− 1

2 (∂Ω) → R #2 /2}M2/ �b BM
.2}MBiBQM jXRNX h?2M i?2`2 2tBbib � +QMbi�Mi βÃ > 0 i?�i /2T2M/b QMHv QM i?2 /B2H2+i`B+
7mM+iBQM κ �M/ i?2 /B2H2+i`B+ +QMbi�Mi κ0 > 0 Q7 i?2 2ti2`M�H K2/BmK bm+? i?�i

UBV Ai ?QH/b i?�i

inf
0 ̸=λ̃∈H̆

1
2 (∂Ω)

sup
0 ̸=σ̃∈H̆− 1

2 (∂Ω)

|ã(λ̃, σ̃)|
|||λ̃||| |||σ̃|||∗

≥ βÃ > 0; U"QmM/2/ "2HQrV

UBBV 6Q` �HH 0 ̸= σ̃ ∈ H̆− 1
2 (∂Ω) Bi ?QH/b i?�i

sup
0 ̸=λ̃∈H̆

1
2 (∂Ω)

|ã(λ̃, σ̃)| > 0. U.2Mb2 _�M;2V

S`QQ7X h?2 T`QQ7 `2HB2b QM i?2 7�+i i?�i i?2 .B`B+?H2i@iQ@L2mK�MM K�T .iL : H̆
1
2 (∂Ω) →

H̆− 1
2 (∂Ω) Bb �M BbQKQ`T?BbKX q2 }`bi T`Qp2 S`QT2`iv UBVX hQ i?Bb 2M/- H2i λ̂ ∈ H̆

1
2 (∂Ω)

#2 �`#Bi`�`vX q2 /2+QKTQb2 λ̂ �b i?2 bmK Q7 irQ 7mM+iBQMb �b 7QHHQrb,

λ̂ = λ̂+ + λ̂−.

>2`2- λ̂+ ∈ H̆
1
2 (∂Ω) Bb � 7mM+iBQM 2[m�H iQ λ̂ QM �HH bT?2`2b ∂Ωi, i ∈ {1, . . . , N} bm+?

i?�i κi − κ0 > 0 �M/ x2`Q Qi?2`rBb2X aBKBH�`Hv- λ̂− ∈ H̆
1
2 (∂Ω) Bb � 7mM+iBQM 2[m�H iQ λ̂

QM �HH bT?2`2b ∂Ωi, i ∈ {1, . . . , N} bm+? i?�i κi − κ0 < 0 �M/ x2`Q Qi?2`rBb2X q2 `2+�HH
i?�i /m2 iQ i?2 KQ/2HHBM; �bbmKTiBQM J�jV 7`QK a2+iBQM kXk- r2 ?�p2 κ ̸= κ0 Ub22 �HbQ
_2K�`F kX8VX

q2 MQr /2}M2 � +Q``2bTQM/BM; i2bi 7mM+iBQM σ̂ ∈ H̆
1
2 (∂Ω) #v b2iiBM;

σ̂ :=
κ− κ0
κ0

.iLλ̂+ − κ− κ0
κ0

.iLλ̂−.

6Q` MQi�iBQM�H +QMp2MB2M+2- r2 /2}M2 b2ib Q7 BM/B+2b N+, N− ⊂ N bm+? i?�i i ∈
N+ ⇐⇒ κi − κ0 > 0 �M/ i ∈ N− ⇐⇒ κi − κ0 < 0X JQ`2Qp2`- 7Q` �HH j = 1, . . . , N r2
/2}M2

λ̂j :=

{
λ̂ QM ∂Ωj ,

0 Qi?2`rBb2-
σ̂j :=

{
σ̂ QM ∂Ωj ,

0 Qi?2`rBb2-

Ai 7QHHQrb i?�i i?2 `2/m+2/ #BHBM2�` 7Q`K ã b�iBb}2b

ã(λ̂, σ̂) =
∑

j∈N+

κj − κ0
κ0

|||λ̂j |||2 +
∑

j∈N−

κ0 − κj
κ0

|||λ̂j |||2 +
〈
σ̂,V.iL

(
κ− κ0
κ0

λ̂

)〉

∂Ω︸ ︷︷ ︸
:=J

.

dy



jXj S`QQ7b

LQi2 i?�i /m2 iQ Qm` +?QB+2 Q7 i2bi 7mM+iBQM σ̂- i?2 +Q2{+B2Mib Q7 �HH i2`Kb BM i?2
�#Qp2 irQ bmKb �`2 TQbBiBp2X h?2`27Q`2- H2i mb 7Q+mb QM �M�HvbBM; i?2 i2`K J X lbBM; i?2
/2+QKTQbBiBQM r2 ?�p2 BMi`Q/m+2/- r2 Q#i�BM i?�i

J =

〈
σ̂,V.iL

(
κ− κ0
κ0

λ̂

)〉

∂Ω

=

〈
.iL

(
κ− κ0
κ0

λ̂+

)
,V.iL

(
κ− κ0
κ0

λ̂+

)〉

∂Ω

−
〈

.iL
(
κ− κ0
κ0

λ̂−

)
,V.iL

(
κ− κ0
κ0

λ̂−

)〉

∂Ω

.

lbBM; i?2 *�H/2`ƦM B/2MiBiB2b Ub22 G2KK� RXjRV- r2 7m`i?2` Q#i�BM i?�i

−
〈

.iL
(
κ− κ0
κ0

λ̂−

)
,V.iL

(
κ− κ0
κ0

λ̂−

)〉

∂Ω

=−
〈

.iL
(
κ− κ0
κ0

λ̂−

)
,

(
κ− κ0
κ0

λ̂−

)〉

∂Ω

+

〈
W

(
κ− κ0
κ0

λ̂−

)
,

(
κ− κ0
κ0

λ̂−

)〉

∂Ω

.

h?2 MQM@M2;�iBpBiv Q7 i?2 ?vT2`bBM;mH�` QT2`�iQ` W : H
1
2 (∂Ω) → H− 1

2 (∂Ω) Ub22 h?2@
Q`2K RXk3V i?mb BKTHB2b i?�i

J ≥ −
〈

.iL
(
κ− κ0
κ0

λ̂−

)
,

(
κ− κ0
κ0

λ̂−

)〉

∂Ω

= −
∑

j∈N−

(κj − κ0
κ0

)2
|||λ̂j |||2.

*QMb2[m2MiHv- r2 Q#i�BM i?�i

ã(λ̂, σ̂) ≥
∑

j∈N+

κj − κ0
κ0

|||λ̂j |||2 +
∑

j∈N−

κ0 − κj
κ0

|||λ̂j |||2 −
∑

j∈N−

(κ0 − κj
κ0

)2
|||λ̂j |||2

=
∑

j∈N+

κj − κ0
κ0

|||λ̂j |||2 −
∑

j∈N−

κj
κ0

κj − κ0
κ0

|||λ̂j |||2

≥ min

{
min
j∈N+

κj − κ0
κ0

, min
j∈N−

κj
κ0

κ0 − κj
κ0

}
|||λ̂|||2.

6m`i?2`KQ`2- mbBM; _2K�`F jXd r2 Q#i�BM i?�i i?2 MQ`K Q7 i?2 i2bi 7mM+iBQM σ̂ b�iBb}2b

|||σ̂|||∗ =
∣∣∣
∣∣∣
∣∣∣
κ− κ0
κ0

.iLλ̂+ − κ− κ0
κ0

.iLλ̂−
∣∣∣
∣∣∣
∣∣∣
∗

=
∣∣∣
∣∣∣
∣∣∣
κ− κ0
κ0

λ̂+ − κ− κ0
κ0

λ̂−
∣∣∣
∣∣∣
∣∣∣

≤ max
j=1,...,N

∣∣∣
κj − κ0
κ0

∣∣∣|||λ̂|||.

q2 i?2`27Q`2 /2}M2 i?2 +QMbi�Mi βÃ > 0 �b

βÃ :=
min

{
minj∈N+

κj−κ0
κ0

, minj∈N−
κj
κ0

κ0−κj
κ0

}

maxj=1,...,N

∣∣∣κj−κ0κ0

∣∣∣
. UjXR9V

dR
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q2 i?2M Q#i�BM i?�i

inf
0 ̸=λ̃∈H̆

1
2 (∂Ω)

sup
0 ̸=σ̃∈H̆− 1

2 (∂Ω)

|ã(λ̃, σ̃)|
|||λ̃||| |||σ̃|||∗

≥ βÃ,

r?B+? +QKTH2i2b i?2 T`QQ7 Q7 S`QT2`iv UBVX

G2i mb MQr im`M iQ i?2 T`QQ7 Q7 S`QT2`iv UBBVX G2i 0 ̸= σ̂ ∈ H̆− 1
2 (∂Ω) #2 �`#Bi`�`v �M/

H2i Li. : H̆− 1
2 (∂Ω) → H̆

1
2 (∂Ω) #2 i?2 BMp2`b2 Q7 i?2 .B`B+?H2i@iQ@L2mK�MM K�TX lbBM;

i?2 /2+QKTQbBiBQM �M/ MQi�iBQM /2p2HQT2/ �#Qp2- Bi Bb TQbbB#H2 iQ /2}M2 � +Q``2bTQM/BM;
7mM+iBQM λ̂ ∈ H̆

1
2 (∂Ω) �b

λ̂ :=
∑

j∈N+

κ0
κj − κ0

Li.σ̂j −
∑

j∈N−

κ0
κj − κ0

Li.σ̂j .

qBi? i?Bb +?QB+2 Q7 λ̂- r2 BKK2/B�i2Hv Q#i�BM i?�i

σ̂ =
∑

j∈N+

κj − κ0
κ0

.iLλ̂j −
∑

j∈N−

κj − κ0
κ0

.iLλ̂j .

h?2`27Q`2- � bBKBH�` +�H+mH�iBQM iQ i?2 QM2 mb2/ iQ T`Qp2 S`QT2`iv UBV `2p2�Hb i?�i

|ã(λ̂, σ̂)| ≥ min

{
min
j∈N+

κj − κ0
κ0

, min
j∈N−

κj
κ0

κ0 − κj
κ0

}
|||λ̂|||2

≥
βÃ

maxj=1,...,N

∣∣∣κj−κ0κ0

∣∣∣

(
|||σ̂|||∗

)2
.

q2 +QM+Hm/2 i?�i 7Q` �HH 0 ̸= σ̃ ∈ H̆− 1
2 (∂Ω) Bi ?QH/b i?�i

sup
0 ̸=λ̃∈H̆

1
2 (∂Ω)

|ã(λ̃, σ̃)| > 0.

h?Bb +QKTH2i2b i?2 T`QQ7X

�M BKK2/B�i2 +QMb2[m2M+2 Q7 G2KK� jXk8 Bb i?�i #Qi? i?2 KQ/B}2/ r2�F 7Q`KmH�iBQM
UjX3V@UjXNV �M/ i?2 r2�F 7Q`KmH�iBQM UjXeV �`2 r2HH@TQb2/X

jXjXRXj h?2 M2r �M�HvbBb Q7 i?2 /Bb+`2i2 T`Q#H2K

Pm` M2ti ;Q�H Bb iQ T`Qp2 i?�i i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV Bb �HbQ r2HH@TQb2/ rBi?
� bi�#BHBiv +QMbi�Mi i?�i Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 QT2M #�HHb N X aBKBH�` iQ i?2
BM}MBi2@/BK2MbBQM�H +�b2- r2 �/QTi �M BM/B`2+i �TT`Q�+?- �M/ `27Q`KmH�i2 1[m�iBQM UjXdV
�b � KQ/B}2/ :�H2`FBM /Bb+`2iBb�iBQM mbBM; i?2 T`QD2+iBQM QT2`�iQ`b P0 �M/ P⊥

0 BMi`Q/m+2/
i?`Qm;? G2KK� jXkX q2 }`bi /2}M2 i?2 `2H2p�Mi �TT`QtBK�iBQM bT�+2X

dk



jXj S`QQ7b

.2}MBiBQM jXke U_2/m+2/ :HQ#�H �TT`QtBK�iBQM aT�+2VX G2i ℓmax ∈ NX q2 /2}M2 i?2
}MBi2@/BK2MbBQM�H >BH#2`i bT�+2 W ℓmax

0 ⊂ H̆
1
2 (∂Ω) �b i?2 b2i

W ℓmax
0 :=

{
u ∈ W ℓmax(∂Ω) : P0u = 0

}
,

2[mBTT2/ rBi? i?2 (·, ·)W ℓmax BMM2` T`Q/m+iX

_2K�`F jXkdX lbBM; i?2 7�+i i?�i i?2 bT?2`B+�H ?�`KQMB+b 7mM+iBQMb �`2 bKQQi?- r2 +�M
BKK2/B�i2Hv BM72` i?�i i?2 }MBi2@/BK2MbBQM�H >BH#2`i bT�+2b W ℓmax

0 ⊂ W ℓmax ⊂ H̆
1
2 (∂Ω)

�HbQ b�iBb7v

W ℓmax
0 ⊂ W ℓmax ⊂ H̆− 1

2 (∂Ω) �M/ ∀λℓmax ∈ W ℓmax
0 : ∥λℓmax∥2W ℓmax = |||λℓmax |||2.

LQi2 i?�i B7 QM2 rBb?2b iQ pB2r W ℓmax �M/ W ℓmax
0 �b bm#bT�+2b Q7 H− 1

2 (∂Ω)- i?2M i?2
/2}MBiBQM Q7 i?2 2[mBTT2/ MQ`Kb rQmH/ ?�p2 iQ #2 KQ/B}2/ �++Q`/BM;HvX

JQ/B}2/ :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 AMi2;`�H 1[m�iBQM UjX8V

G2i σf ∈ H− 1
2 (∂Ω)X 6BM/ 7mM+iBQMb (λ0,λℓmax) ∈ C(∂Ω)×W ℓmax

0 bm+? i?�i 7Q` �HH i2bi
7mM+iBQMb (σ0,σℓmax) ∈ C(∂Ω)×W ℓmax

0 Bi ?QH/b i?�i

(σ0,λ0)L2(∂Ω) −
(
σ0,V.iL

(κ0 − κ

κ0
λℓmax

))

L2(∂Ω)

=
1

κ0
(σ0,Vσf )L2(∂Ω) ,

UjXR8V

(σℓmax ,λℓmax)L2(∂Ω) −
(
σℓmax ,V.iL

(κ0 − κ

κ0
λℓmax

))

L2(∂Ω)

=
1

κ0
(σℓmax ,Vσf )L2(∂Ω) .

UjXReV

Ai Bb � bBKTH2 2t2`+Bb2 iQ T`Qp2 i?�i i?2 KQ/B}2/ :�H2`FBM /Bb+`2iBb�iBQM UjXR8V@UjXReV
Bb BM/22/ 2[mBp�H2Mi iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdVX

h?2 bi`m+im`2 Q7 i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXR8V@UjXReV Bb p2`v bBKBH�` iQ i?2 bi`m+@
im`2 Q7 i?2 BM}MBi2@/BK2MbBQM�H KQ/B}2/ r2�F 7Q`KmH�iBQM UjX3V@UjXNVX AM/22/- r2 Q#b2`p2
QM+2 �;�BM i?�i 1[m�iBQM UjXReV BMpQHp2b QMHv i?2 mMFMQrM 7mM+iBQM λℓmax ∈ W ℓmax

0 X Ai
Bb i?2`27Q`2 +H2�` i?�i B7 1[m�iBQM UjXReV Bb mMB[m2Hv bQHp�#H2- i?2M 1[m�iBQM UjXR8V Bb
�HbQ mMB[m2Hv bQHp�#H2- �M/ ?2M+2 i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV Bb r2HH@TQb2/X JQ`2@
Qp2`- i?�MFb iQ i?2 �M�HvbBb +�``B2/ Qmi 7Q` i?2 BM}MBi2@/BK2MbBQM�H 1[m�iBQM UjXNV- r2HH@
TQb2/M2bb Q7 i?2 }MBi2@/BK2MbBQM�H 2[m�iBQM UjXReV 7QHHQrb �HKQbi BKK2/B�i2HvX AM/22/-
r2 ?�p2 i?2 7QHHQrBM; `2bmHiX

G2KK� jXk3X G2i i?2 #BHBM2�` 7Q`K ã : H̆
1
2 (∂Ω) × H̆− 1

2 (∂Ω) → R #2 /2}M2/ �b BM
.2}MBiBQM jXRN- �M/ H2i i?2 +QMbi�Mi βÃ > 0 #2 /2}M2/ i?`Qm;? 1[m�iBQM UjXR9V �b BM i?2
T`QQ7 Q7 G2KK� jXk8X h?2M Bi ?QH/b i?�i

inf
0 ̸=λℓmax∈W

ℓmax
0

sup
0 ̸=σℓmax∈W

ℓmax
0

|ã(λℓmax ,σℓmax)|
|||λℓmax ||| |||σℓmax |||∗

≥ βÃ > 0. U.Bb+`2i2 BM7@bmT *QM/BiBQMV

dj
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S`QQ7X h?2 T`QQ7 mb2b i?2 7�+i i?�i i?2 .B`B+?H2i@iQ@L2mK�MM QT2`�iQ` .iL : W ℓmax
0 →

W ℓmax
0 Bb �M BbQKQ`T?BbKX AM/22/- +QMbB/2` λj ∈ W ℓmax

0 (∂Ωj) ;Bp2M #v

λj(x) =
ℓmax∑

ℓ=1

m=+ℓ∑

m=−ℓ
[λj ]

m
ℓ Y

m
ℓ

(
x− xj

|x− xj |

)
.

h?2M i?2 7mM+iBQM .iLλj ∈ W ℓmax
0 Bb ;Bp2M #v

.iLλj(x) =
ℓmax∑

ℓ=1

m=+ℓ∑

m=−ℓ

ℓ

rj
[λj ]

m
ℓ Y

m
ℓ

(
x− xj

|x− xj |

)
.

*QMb2[m2MiHv ;Bp2M �Mv �`#Bi`�`v 7mM+iBQM λ̂ ∈ W ℓmax
0 ⊂ H̆

1
2 (∂Ω)- r2 K�v TB+F �b

i?2 i2bi 7mM+iBQM σ̂ ∈ W ℓmax
0 ⊂ H̆− 1

2 (∂Ω) ;Bp2M #v

σ̂ =
κ− κ0
κ0

.iLλ̂+ − κ− κ0
κ0

.iLλ̂−,

r?2`2 r2 ?�p2 mb2/ i?2 /2+QKTQbBiBQM λ̂ = λ̂+ + λ̂− BMi`Q/m+2/ BM i?2 T`QQ7 Q7 G2KK�
jXk8X h?2 `2K�BM/2` Q7 i?2 T`QQ7 Bb MQr B/2MiB+�H iQ i?2 T`QQ7 Q7 G2KK� jXk8 �M/ vB2H/b
i?2 /Bb+`2i2 BM7@bmT +QMbi�Mi βÃ /2}M2/ i?`Qm;? 1[m�iBQM UjXR9VX

G2KK� jXk3 MQr ?�b b2p2`�H BKTQ`i�Mi +QMb2[m2M+2b,

RX "Qi? i?2 KQ/B}2/ :�H2`FBM /Bb+`2iBb�iBQM UjXR8V@UjXReV �M/ i?2 :�H2`FBM /Bb+`2iB@
b�iBQM UjXdV �`2 r2HH@TQb2/X

kX 6Q` 2p2`v +?QB+2 Q7 i?2 �TT`QtBK�iBQM T�`�K2i2` ℓmax ∈ N- i?2 }MBi2@/BK2MbBQM�H
bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV b�iBb}2b � bi�M/�`/ [m�bB@QTiBK�HBiv
`2bmHiX

jX aBM+2 i?2 /Bb+`2i2 BM7@bmT +QMbi�Mi βÃ Bb BM/2T2M/2Mi Q7 i?2 �TT`QtBK�iBQM bT�+2-
r2 Q#i�BM bi�#BHBiv �M/ +QMp2`;2M+2 iQ i?2 2t�+i bQHmiBQM Q7 i?2 �TT`QtBK�i2 bQHm@
iBQMb �b i?2 �TT`QtBK�iBQM T�`�K2i2` ℓmax → ∞X

�HH Q7 i?2 �#Qp2 `2bmHib +�M #2 T`Qp2M mbBM; i2ti@#QQF 7mM+iBQM�H �M�HvbBb i2+?@
MB[m2bX q2 bi�i2 QM2 T�`iB+mH�` [m�bB@QTiBK�HBiv `2bmHi +QM+2`MBM; bQHmiBQMb iQ i?2 }MBi2@
/BK2MbBQM�H 2[m�iBQM UjXReV r?B+? rBHH #2 Q7 mb2 BM i?2 M2ti bm#b2+iBQMX
G2KK� jXkN US�`iB�H Zm�bB@PTiBK�HBivVX G2i CÃ > 0 #2 i?2 +QMiBMmBiv +QMbi�Mi /2}M2/
i?`Qm;? 1[m�iBQM UjXRyV BM G2KK� jXky- H2i βÃ > 0 #2 i?2 BM7@bmT +QMbi�Mi /2}M2/ i?`Qm;?
1[m�iBQM UjXR9V BM G2KK� jXk8- H2i σf ∈ H− 1

2 (∂Ω)- H2i ℓmax ∈ N- H2i λℓmax ∈ W ℓmax
0 #2

i?2 mMB[m2 bQHmiBQM iQ i?2 }MBi2@/BK2MbBQM�H 1[m�iBQM UjXReV rBi? `B;?i ?�M/ bB/2 ;Bp2M
#v σf - �M/ H2i λ̃ ∈ H̆

1
2 (∂Ω) #2 i?2 mMB[m2 bQHmiBQM iQ BM}MBi2@/BK2MbBQM�H 1[m�iBQM UjXNV

rBi? `B;?i ?�M/ bB/2 ;Bp2M #v σf X h?2M Bi ?QH/b i?�i

|||λ̃− λℓmax ||| ≤
(
1 +

CÃ

βÃ

)
inf

ψ∈W ℓmax
0

|||λ̃− ψ|||. UjXRdV

d9
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S`QQ7X h?2 T`QQ7 Bb �HbQ i2ti@#QQF 7mM+iBQM�H �M�HvbBbX

LQiB+2 i?�i i?mb 7�`- r2 ?�p2 QMHv T`Qp2/ r2HH@TQb2/M2bb Q7 i?2 BM}MBi2@/BK2MbBQM�H
r2�F 7Q`KmH�iBQM UjXeV �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV BMpQHpBM; i?2 bm`7�+2 2H2+@
i`Qbi�iB+ TQi2MiB�HX >Qr2p2`- i?2 K�BM `2bmHib BM a2+iBQM jXR ?�p2 #22M 7Q`KmH�i2/ 7Q`
i?2 BM/m+2/ bm`7�+2 +?�`;2X h?2`27Q`2- i?2 M2ti bi2T BM Qm` �M�HvbBb rBHH #2 iQ i`�Mb72`
Qm` 2tBbiBM; `2bmHib iQ i?2 BM}MBi2@/BK2MbBQM�H r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM
/Bb+`2iBb�iBQM UkX3V BMpQHpBM; i?2 2t�+i �M/ �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2X

jXjXk q2HH@TQb2/M2bb �M�HvbBb 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2

�b i?2 �bimi2 `2�/2` K�v �H`2�/v ?�p2 `2�HBb2/- i?2 r2HH@TQb2/M2bb �M�HvbBb 7Q` i?2
BM}MBi2@/BK2MbBQM�H r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V Bb 2t@
+22/BM;Hv bBKTH2 #2+�mb2 i?2 mM/2`HvBM; #QmM/�`v BMi2;`�H QT2`�iQ` Bb bBKTHv A∗- BX2X-
i?2 �/DQBMi Q7 i?2 #QmM/�`v BMi2;`�H QT2`�iQ` A- r?B+? ?�b �H`2�/v #22M +QKTH2i2Hv
�M�Hvb2/ BM #Qi? i?2 BM}MBi2@/BK2MbBQM�H �M/ }MBi2 /BK2MbBQM�H b2iiBM;X hQ 7�+BHBi�i2
i?2 bm#b2[m2Mi 2tTQbBiBQM- r2 BMi`Q/m+2 bQK2 �//BiBQM�H MQi�iBQMX

.2}MBiBQM jXjy U6BMBi2@.BK2MbBQM�H S`QD2+iBQM PT2`�iQ`bVX G2i ℓmax ∈ NX q2 /2}M2
i?2 T`QD2+iBQM QT2`�iQ` Pℓmax : H

1
2 (∂Ω) → W ℓmax �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i

7Q` �Mv ψ ∈ H
1
2 (∂Ω)- Pℓmaxψ Bb i?2 mMB[m2 2H2K2Mi Q7 W ℓmax b�iBb7vBM;

(φℓmax ,Pℓmaxψ)L2(∂Ω) = ⟨φℓmax ,ψ⟩∂Ω ∀φℓmax ∈ W ℓmax ,

JQ`2Qp2`- r2 /2}M2 i?2 T`QD2+iBQM QT2`�iQ` Qℓmax : H
− 1

2 (∂Ω) → W ℓmax �b i?2 K�T@
TBM; rBi? i?2 T`QT2`iv i?�i 7Q` �Mv σ ∈ H− 1

2 (∂Ω)- Qℓmaxσ Bb i?2 mMB[m2 2H2K2Mi Q7 W ℓmax

b�iBb7vBM;

(Qℓmaxσ,φℓmax)L2(∂Ω) = ⟨σ,φℓmax⟩∂Ω ∀φℓmax ∈ W ℓmax .

_2K�`F jXjRX *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM jXjyX Ai Bb TQbbB#H2 iQ b?Qr i?�i i?2
T`QD2+iBQM QT2`�iQ`b Pℓmax �M/ Qℓmax �`2 bi�#H2- BX2X- 7Q` �HH ψ ∈ H

1
2 (∂Ω) �M/ �HH σ ∈

H− 1
2 (∂Ω) Bi ?QH/b i?�i

|||Pℓmaxψ||| ≤ |||ψ||| �M/ |||Qℓmaxσ|||∗ ≤ |||σ|||∗.

q2 MQr ?�p2 i?2 7QHHQrBM; bBKTH2 `2bmHiX

h?2Q`2K jXjk UAM}MBi2@.BK2MbBQM�H q2HH@SQb2/M2bbVX h?2 BM}MBi2@/BK2MbBQM�H r2�F
7Q`KmH�iBQM UkX8V Q7 i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV Bb r2HH@TQb2/X

S`QQ7X h?2 r2HH@TQb2/M2bb Q7 i?2 BM}MBi2@/BK2MbBQM�H r2�F 7Q`KmH�iBQM UjXeV BKTHB2b i?�i
i?2 #QmM/�`v BMi2;`�H QT2`�iQ` A : H

1
2 (∂Ω) → H

1
2 (∂Ω) /2}M2/ i?`Qm;? .2}MBiBQM kX3 Bb

� +QMiBMmQmb #BD2+iBQMX *QMb2[m2MiHv i?2 �/DQBMi QT2`�iQ` A∗ : H− 1
2 (∂Ω) → H− 1

2 (∂Ω) Bb
�HbQ � +QMiBMmQmb #BD2+iBQMX

d8
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� bBKBH�` `2bmHi ?QH/b 7Q` i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 BMi2;`�H 2[m�iBQM UkXjV 7Q`
i?2 BM/m+2/ bm`7�+2 +?�`;2X

h?2Q`2K jXjj U6BMBi2@.BK2MbBQM�H q2HH@SQb2/M2bbVX h?2 }MBi2@/BK2MbBQM�H :�H2`FBM
/Bb+`2iBb�iBQM UkX3V Q7 i?2 r2�F 7Q`KmH�iBQM UkX8V Bb r2HH@TQb2/X

S`QQ7X G2i Pℓmax : H
1
2 (∂Ω) → W ℓmax �M/ Qℓmax : H

− 1
2 (∂Ω) → W ℓmax /2MQi2 i?2 T`Q@

D2+iBQM QT2`�iQ`b /2}M2/ i?`Qm;? .2}MBiBQM jXjyX h?2 r2HH@TQb2/M2bb Q7 i?2 }MBi2@
/BK2MbBQM�H :�H2`FBM /Bb+`2iBb�iBQM UjXdV BKTHB2b i?�i i?2 #QmM/�`v BMi2;`�H QT2`�iQ`
PℓmaxAPℓmax : W

ℓmax → W ℓmax Bb � +QMiBMmQmb #BD2+iBQMX *QMb2[m2MiHv- i?2 �/DQBMi QT2`@
�iQ` QℓmaxA

∗Qℓmax : W
ℓmax → W ℓmax Bb �HbQ � +QMiBMmQmb #BD2+iBQMX

q2 +QM+Hm/2 i?Bb bm#b2+iBQM #v bi�iBM; � }`bi �TT`QtBK�iBQM `2bmHi 7Q` i?2 bQHmiBQM
νℓmax ∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3VX

h?2Q`2K jXj9 U6B`bi �TT`QtBK�#BHBiv _2bmHiVX G2i ℓmax ∈ N- H2i Qℓmax : H
− 1

2 (∂Ω) →
W ℓmax /2MQi2 i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM jXjy- H2i Q⊥

ℓmax
:= I −

Qℓmax r?2`2 I Bb i?2 B/2MiBiv K�T QM H− 1
2 (∂Ω)- H2i CÃ > 0 #2 i?2 +QMiBMmBiv +QMbi�Mi

/2}M2/ i?`Qm;? 1[m�iBQM UjXRyV BM G2KK� jXky- H2i βÃ > 0 #2 i?2 BM7@bmT +QMbi�Mi /2}M2/
i?`Qm;? 1[m�iBQM UjXR9V BM G2KK� jXk8- H2i σf ∈ H− 1

2 (∂Ω)- H2i ν ∈ H− 1
2 (∂Ω) #2 i?2

mMB[m2 bQHmiBQM iQ BM}MBi2@/BK2MbBQM�H r2�F 7Q`KmH�iBQM UkX8V rBi? `B;?i ?�M/ bB/2 ;Bp2M
#v σf �M/ H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2 bQHmiBQM iQ i?2 }MBi2@/BK2MbBQM�H :�H2`FBM
/Bb+`2iBb�iBQM UkX3V rBi? `B;?i ?�M/ bB/2 ;Bp2M #v σf X h?2M Bi ?QH/b i?�i

|||ν − νℓmax |||∗ ≤
max

∣∣∣κ0−κκ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)(∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗
+

2

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
σf
∣∣∣
∣∣∣
∣∣∣
∗
)
. UjXR3V

S`QQ7X G2i λ̃ ∈ H̆
1
2 (∂Ω) #2 i?2 bQHmiBQM Q7 1[m�iBQM UjXNV Q7 i?2 KQ/B}2/ r2�F 7Q`KmH�@

iBQMX Ai Bb bi`�B;?i7Q`r�`/ iQ b?Qr i?�i

ν =
κ0 − κ

κ0
.iLλ̃+

σf
κ0

. UjXRNV

L2ti- H2i A #2 i?2 BMi2;`�H QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM kX3- H2i λ̂ℓmax ∈ W ℓmax

#2 i?2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UjXdV- �M/ H2i Pℓmax : H
1
2 (∂Ω) → W ℓmax

/2MQi2 i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM jXjyX q2 i?2M /2}M2 i?2
K�TTBM;b

Vℓmax := PℓmaxVQℓmax , Aℓmax := PℓmaxAPℓmax , �M/ A∗
ℓmax

:= QℓmaxA
∗Qℓmax ,

�M/ r2 /2}M2 i?2 7mM+iBQM ψℓmax := Vℓmaxνℓmax ∈ W ℓmax X q2 }`bi +H�BK i?�i ψℓmax

b�iBb}2b i?2 2[m�iBQM

Aℓmaxψℓmax =
1

κ0
Vℓmaxσf . UjXkyV

de



jXj S`QQ7b

AM/22/- bBM+2 νℓmax b�iBb}2b i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V r2 Q#pBQmbHv ?�p2

A∗
ℓmax

νℓmax =
1

κ0
Qℓmaxσf r?B+? BKTHB2b i?�i VℓmaxA

∗
ℓmax

νℓmax =
1

κ0
Vℓmaxσf .

lbBM; i?2 7�+i i?�i VℓmaxA
∗
ℓmax

= AℓmaxVℓmax vB2H/b

Aℓmaxψℓmax = AℓmaxVℓmaxνℓmax = VℓmaxA
∗
ℓmax

νℓmax =
1

κ0
Vℓmaxσf ,

r?B+? ;Bp2b i?2 BMi2`K2/B�`v `2bmHiX

q2 MQr +QMbB/2` �;�BM i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3VX lbBM; i?2 /2}MBiBQM Q7 ψℓmax

�M/ i?2 7�+i i?�i Qℓmax.iL = .iLPℓmax r2 Q#i�BM i?�i

νℓmax =
κ0 − κ

κ0
Qℓmax.iLVνℓmax +

1

κ0
Qℓmaxσf =

κ0 − κ

κ0
.iLψℓmax +

1

κ0
Qℓmaxσf . UjXkRV

G2i P⊥
0 : H

1
2 (∂Ω) → H̆

1
2 (∂Ω) #2 i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? G2KK� jXkX

am#i`�+iBM; 1[m�iBQM UjXkRV 7`QK 1[m�iBQM UjXRNV i?2M ;Bp2b

|||ν − νℓmax |||∗ =
∣∣∣
∣∣∣
∣∣∣
κ0 − κ

κ0
.iLλ̃− κ0 − κ

κ0
.iLψℓmax +

1

κ0
(σf −Qℓmaxσf )

∣∣∣
∣∣∣
∣∣∣
∗

≤
∣∣∣
∣∣∣
∣∣∣
κ0 − κ

κ0
.iLλ̃− κ0 − κ

κ0
.iLψℓmax

∣∣∣
∣∣∣
∣∣∣
∗
+

1

κ0

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗

=
∣∣∣
∣∣∣
∣∣∣
κ0 − κ

κ0

(
λ̃− P⊥

0 ψℓmax

)∣∣∣
∣∣∣
∣∣∣+

1

κ0

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗

≤ max
∣∣∣
κ0 − κ

κ0

∣∣∣|||λ̃− P⊥
0 ψℓmax |||+

1

κ0

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗. UjXkkV

G2i λℓmax ∈ W ℓmax
0 /2MQi2 i?2 bQHmiBQM iQ 1[m�iBQM UjXReV Q7 i?2 KQ/B}2/ :�H2`FBM

/Bb+`2iBb�iBQMX h?2 }`bi i2`K BM i?2 #QmM/ UjXkkV +�M i?2M #2 r`Bii2M �b

|||λ̃− P⊥
0 ψℓmax ||| ≤ |||λℓmax − P⊥

0 ψℓmax |||+ |||λ̃− λℓmax |||. UjXkjV

h?2 }`bi i2`K BM AM2[m�HBiv UjXkjV +�M #2 bBKTHB}2/ �b 7QHHQrb, q2 }`bi /2}M2 i?2
K�TTBM; Ãℓmax : W

ℓmax
0 → W ℓmax

0 �b Ãℓmax := P⊥
0 AℓmaxP⊥

0 X h?mb- Ãℓmax Bb i?2 QT2`�iQ`
�bbQ+B�i2/ rBi? i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 ǳ`2/m+2/Ǵ #BHBM2�` 7Q`K /2}M2/ i?`Qm;?
.2}MBiBQM jXRNX q2 i?2`27Q`2 Q#i�BM 7`QK G2KK� jXk3 i?�i

|||λℓmax − P⊥
0 ψℓmax ||| =

∣∣∣∣∣∣̃A−1
ℓmax

Ãℓmax

(
λℓmax − P⊥

0 ψℓmax

)∣∣∣∣∣∣

≤ 1

βÃ

∣∣∣∣∣∣̃Aℓmax

(
λℓmax − P⊥

0 ψℓmax

)∣∣∣∣∣∣.

AM Q`/2` iQ bBKTHB7v i?Bb H�bi #QmM/- r2 }`bi mb2 1[m�iBQM UjXkyV- i?2 /2}MBiBQMb Q7
i?2 QT2`�iQ`b Ãℓmax �M/ Aℓmax iQ;2i?2` rBi? � bBKTH2 +�H+mH�iBQM iQ /2/m+2 i?�i

ÃℓmaxP⊥
0 ψℓmax = P⊥

0 AℓmaxP⊥
0 ψℓmax =

1

κ0
P⊥
0 Vℓmaxσf =

1

κ0
P⊥
0 PℓmaxVQℓmaxσf .

dd



jX 1__P_ �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

� bBKBH�` +�H+mH�iBQM mbBM; i?2 /2}MBiBQM Q7 λℓmax Ub22 1[m�iBQM UjXReVV vB2H/b

Ãℓmaxλℓmax =
1

κ0
P⊥
0 PℓmaxVσf .

q2 +�M i?2`27Q`2 /2/m+2 i?�i

|||λℓmax − P⊥
0 ψℓmax ||| ≤

1

βÃ

∣∣∣∣∣∣̃A
(
λℓmax − P⊥

0 ψℓmax

)∣∣∣∣∣∣≤ 1

κ0βÃ

∣∣∣
∣∣∣
∣∣∣P⊥

0 PℓmaxVQ⊥
ℓmax

σf
)∣∣∣
∣∣∣
∣∣∣.

aBM+2 .iL : H̆
1
2 (∂Ω) → H̆− 1

2 (∂Ω) Bb �M BbQKQ`T?BbK �M/ i?mb BMp2`iB#H2- r2 +�M
/2}M2 Φℓmax := .iL−1Q⊥

ℓmax
σf X q2 i?2M Q#i�BM

1

κ0βÃ

∣∣∣
∣∣∣
∣∣∣P⊥

0 PℓmaxVQ⊥
ℓmax

σf
)∣∣∣
∣∣∣
∣∣∣=

1

κ0βÃ

∣∣∣
∣∣∣
∣∣∣PℓmaxP⊥

0 VQ⊥
ℓmax

σf
)∣∣∣
∣∣∣
∣∣∣≤

1

κ0βÃ

∣∣∣
∣∣∣
∣∣∣P⊥

0 V.iLΦℓmax

∣∣∣
∣∣∣
∣∣∣

≤ 1

κ0βÃ

c
3
2
Kcequiv√

cV
|||Φℓmax ||| =

1

κ0βÃ

c
3
2
Kcequiv√

cV
|||Q⊥

ℓmax
σf |||∗,

r?2`2 i?2 }`bi bi2T BM i?2 b2+QM/ HBM2 7QHHQrb 7`QK i?2 �`;mK2Mib mb2/ BM i?2 T`QQ7 Q7
G2KK� jXReX AM Q`/2` iQ bBKTHB7v i?2 b2+QM/ i2`K BM i?2 AM2[m�HBiv UjXkjV r2 mb2 i?2
[m�bB@QTiBK�HBiv `2bmHi G2KK� jXkN,

|||λ̃− λℓmax ||| ≤
(
1 +

CÃ

βÃ

)
inf

ψ∈W ℓmax
0

|||λ̃− ψ|||.

lbBM; �;�BM i?2 7�+i i?�i .iL : H̆
1
2 (∂Ω) → H̆− 1

2 (∂Ω) Bb BMp2`iB#H2- r2 /2/m+2 7`QK
1[m�iBQM UjXRNV i?�i

λ̃ =
κ0

κ0 − κ
.iL−1Q⊥

0 ν −
κ0

κ0 − κ

1

κ0
.iL−1Q⊥

0 σf .

aBM+2 i?2 .B`B+?H2i@iQ@L2mK�MM K�TTBM; Bb #BD2+iBp2 QM W ℓmax
0 - r2 +�M r`Bi2

inf
ψ∈W ℓmax

0

|||λ̃− ψ||| = inf
.iL−1σ0∈W ℓmax

0

∣∣∣
∣∣∣
∣∣∣

κ0
κ0 − κ

.iL−1Q⊥
0

(
ν − 1

κ0
σf
)
− .iL−1σ0

∣∣∣
∣∣∣
∣∣∣

= inf
σ0∈W ℓmax

0

∣∣∣
∣∣∣
∣∣∣

κ0
κ0 − κ

.iL−1
(
Q⊥

0

(
ν − 1

κ0
σf
)
− σ0

)∣∣∣
∣∣∣
∣∣∣

≤ 1

min
∣∣∣κ−κ0κ0

∣∣∣
inf

σ0∈W ℓmax
0

∣∣∣
∣∣∣
∣∣∣Q⊥

0

(
ν − 1

κ0
σf
)
− σ0

∣∣∣
∣∣∣
∣∣∣
∗
.

AM i?2 �#Qp2 BM}KmK- r2 K�v TB+F σ0 = Q⊥
0 Qℓmax

(
ν − 1

κ0
σf
)

�M/ mb2 i?2 i`B�M;H2
BM2[m�HBiv iQ Q#i�BM

inf
ψ∈W ℓmax

0

|||λ̃− ψ||| ≤ 1

min
∣∣∣κ−κ0κ0

∣∣∣

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗
+

1

min
∣∣∣κ−κ0κ0

∣∣∣

1

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
σf
∣∣∣
∣∣∣
∣∣∣
∗
.

d3



jXj S`QQ7b

lbBM; i?2 �#Qp2 +�H+mH�iBQMb- r2 +�M }M�HHv #QmM/ i?2 Q`B;BM�H AM2[m�HBiv UjXkkV �b

|||ν − νℓmax |||∗ ≤
max

∣∣∣κ0−κκ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)(∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗
+

1

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
σf
∣∣∣
∣∣∣
∣∣∣
∗
)

+
1

κ0

1

βÃ
max

∣∣∣
κ0 − κ

κ0

∣∣∣
c
3
2
Kcequiv√

cV

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗ + 1

κ0

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗.

lbBM; i?2 7�+i i?�i max
∣∣∣κ0−κκ0

∣∣∣c
3
2
Kcequiv√

cV
≤ C

Ã
- r2 i?2`27Q`2 Q#i�BM

|||ν − νℓmax |||∗ ≤
max

∣∣∣κ0−κκ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)(∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗
+

1

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
σf
∣∣∣
∣∣∣
∣∣∣
∗
)

+
(
1 +

C
Ã

βÃ

) 1

κ0

∣∣∣∣∣∣Q⊥
ℓmax

σf
∣∣∣∣∣∣∗

≤
max

∣∣∣κ0−κκ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)(∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗
+

2

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
σf
∣∣∣
∣∣∣
∣∣∣
∗
)
,

�b +H�BK2/X

jXjXj S`QQ7b Q7 i?2 K�BM `2bmHib

q2 #2;BM rBi? i?2 T`QQ7 Q7 h?2Q`2K jXRk- r?B+? BMpQHp2b � T`BQ`B 2``Q` 2biBK�i2b �M/
+QMp2`;2M+2 `�i2bX

S`QQ7 Q7 h?2Q`2K jXRk,
*QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K jXRkX q2 }`bi Q#b2`p2 i?�i 7Q` �HH s ≥ 0- /m2

iQ i?2 `2;mH�`Biv i?2Q`v 7Q` #QmM/�`v BMi2;`�H 2[m�iBQMb Ub22- 2X;X- (9- a2+iBQM NXRX9)V-
σf ∈ Hs(∂Ω) BKTHB2b i?�i ν ∈ Hs(∂Ω)X

L2ti- H2i j ∈ {1, . . . , N} �M/ H2i νj , σf,j ∈ Hs(∂Ωj) #2 /2}M2/ �b νj := ν|∂Ωj �M/
σf,j := σf |∂Ωj X Ai 7QHHQrb i?�i i?2`2 2tBbi +Q2{+B2Mib [νj ]mℓ , [σf,j ]mℓ - ℓ ∈ N0, −ℓ ≤ m ≤ ℓ
bm+? i?�i 7Q` �HH x ∈ ∂Ωj Bi ?QH/b i?�i

νj(x) =
∞∑

ℓ=0

m=+ℓ∑

m=−ℓ
[νj ]

m
ℓ Y

m
ℓ

(
x− xj

|x− xj |

)
, �M/ σf,j(x) =

∞∑

ℓ=0

m=+ℓ∑

m=−ℓ
[σf,j ]

m
ℓ Y

m
ℓ

(
x− xj

|x− xj |

)
.

lbBM; .2}MBiBQM jX9 Q7 i?2 ||| · |||∗ MQ`K- .2}MBiBQM jXjy Q7 i?2 T`QD2+iBQM QT2`�iQ`
Q⊥
ℓmax

�M/ i?2 /2}MBiBQM Q7 i?2 |||·|||Hs(∂Ω) MQ`K 7`QK 1[m�iBQM UjX9V- � bBKTH2 +�H+mH�iBQM

dN



jX 1__P_ �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

vB2H/b
∣∣∣
∣∣∣
∣∣∣Q⊥

ℓmax
ν
∣∣∣
∣∣∣
∣∣∣
∗2

≤
N∑

j=1

r2j

∞∑

ℓ=ℓmax+1

m=+ℓ∑

m=−ℓ

(
ℓ

rj

)−1

([νj ]
m
ℓ )

2

≤
(

max rj
ℓmax + 1

)1+2s N∑

j=1

r2j

∞∑

ℓ=ℓmax+1

m=+ℓ∑

m=−ℓ

(
ℓ

rj

)2s

([νj ]
m
ℓ )

2

≤
(

max rj
ℓmax + 1

)1+2s∣∣∣
∣∣∣
∣∣∣Q⊥

0 ν
∣∣∣
∣∣∣
∣∣∣
2

Hs(∂Ω)
,

�M/
∣∣∣∣∣∣Q⊥

ℓmax
σf
∣∣∣∣∣∣∗2 ≤

N∑

j=1

r2j

∞∑

ℓ=ℓmax+1

m=+ℓ∑

m=−ℓ

(
ℓ

rj

)−1

([σf,j ]
m
ℓ )

2

≤
(

max rj
ℓmax + 1

)1+2s N∑

j=1

r2j

∞∑

ℓ=ℓmax+1

m=+ℓ∑

m=−ℓ

(
ℓ

rj

)2s

([σf,j ]
m
ℓ )

2

≤
(

max rj
ℓmax + 1

)1+2s∣∣∣
∣∣∣
∣∣∣Q⊥

0 σf
∣∣∣
∣∣∣
∣∣∣
2

Hs(∂Ω)
.

lbBM; i?2 �TT`QtBK�#BHBiv `2bmHi Q7 h?2Q`2K jXj9 i?2M ;Bp2b

|||ν − νℓmax |||∗ ≤
max

∣∣∣κ−κ0κ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)(
max rj
ℓmax + 1

)s+ 1
2

(∣∣∣
∣∣∣
∣∣∣Q⊥

0 ν
∣∣∣
∣∣∣
∣∣∣
Hs(∂Ω)

+
2

κ0

∣∣∣
∣∣∣
∣∣∣Q⊥

0 σf
∣∣∣
∣∣∣
∣∣∣
Hs(∂Ω)

)
.

AM Q`/2` iQ Q#i�BM i?2 +QMp2`;2M+2 `�i2b 7Q` i?2 2H2+i`Qbi�iB+ 2M2`;v- r2 }`bi MQiB+2
i?�i

|Eσf (ν)− Eσf (νℓmax)| =
κ0
2

∣∣∣∣

〈
ν − νℓmax ,

1

κ0
Vσf

〉

∂Ω

∣∣∣∣.

L2ti- H2i λ ∈ H
1
2 (∂Ω) #2 i?2 mMB[m2 bQHmiBQM iQ "A1 UjX8V 7Q` i?2 bm`7�+2 2H2+i`Q@

bi�iB+ TQi2MiB�H rBi? `B;?i ?�M/ bB/2 ;Bp2M #v σf X Ai 7QHHQrb i?�i Aλ = 1
κ0
Vσf - r?2`2

A : H
1
2 (∂Ω) → H

1
2 (∂Ω) Bb i?2 #QmM/�`v BMi2;`�H QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM kX3X

q2 +�M i?2`27Q`2 /2/m+2 i?�i

|Eσf (ν)− Eσf (νℓmax)| =
κ0
2

∣∣〈A∗(ν − νℓmax

)
,λ
〉
∂Ω

∣∣,

r?2`2 A∗ : H− 1
2 (∂Ω) → H− 1

2 (∂Ω) /2MQi2b i?2 �/DQBMi Q7 AX

G2i λℓmax ∈ W ℓmax
0 #2 i?2 mMB[m2 bQHmiBQM iQ i?2 KQ/B}2/ :�H2`FBM 2[m�iBQM UjXReVX

q2 /2}M2 i?2 7mM+iBQM ψℓmax ∈ W ℓmax #v b2iiBM;

P⊥
0 ψℓmax = λℓmax �M/ P0ψℓmax = P0λ.

3y



jXj S`QQ7b

:�H2`FBM Q`i?Q;QM�HBiv Ub22 1[m�iBQM UkX3VV i?2M BKTHB2b i?�i

|Eσf (ν)− Eσf (νℓmax)| =
κ0
2

∣∣〈A∗(ν − νℓmax

)
,λ
〉
∂Ω

∣∣= κ0
2

∣∣〈A∗(ν − νℓmax

)
,λ− ψℓmax

〉
∂Ω

∣∣

=
κ0
2

∣∣〈ν − νℓmax ,A
(
λ− ψℓmax

)〉
∂Ω

∣∣.

LQiB+2 i?�i i?2 BM}MBi2@/BK2MbBQM�H 2[m�iBQM UkX8V �M/ Bib :�H2`FBM /Bb+`2iBb�@
iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 iQ;2i?2` BKTHv i?�i Q0(ν − νℓmax) = 0X *QMb2@
[m2MiHv- i?2 *�m+?v@a+?r�`x BM2[m�HBiv vB2H/b

|Eσf (ν)− Eσf (νℓmax)| =
κ0
2

∣∣〈ν − νℓmax ,A
(
λ− ψℓmax

)〉
∂Ω

∣∣

≤ κ0
2
|||ν − νℓmax |||∗|||P⊥

0 AP⊥
0 (λ− ψℓmax)|||.

q2 MQr `2+�HH i?�i P⊥
0 AP⊥

0 = Ã r?2`2 Ã : H̆
1
2 (∂Ω) → H̆

1
2 (∂Ω) Bb i?2 QT2`�iQ` �bbQ@

+B�i2/ rBi? i?2 ǳ`2/m+2/Ǵ #BHBM2�` 7Q`K /2}M2/ i?`Qm;? .2}MBiBQM jXRNX *QMb2[m2MiHv-
mbBM; i?2 +QMiBMmBiv +QMbi�Mi Q7 Ã Ub22 G2KK� jXkyV r2 /2/m+2 i?�i

|||P⊥
0 AP⊥

0 (λ− ψℓmax)||| ≤ C
Ã
|||λ̃− λℓmax |||,

r?2`2 λ̃ = P⊥
0 λ ∈ H̆

1
2 (∂Ω) Bb i?2 mMB[m2 bQHmiBQM iQ BM}MBi2@/BK2MbBQM�H 1[m�iBQM UjXNV

rBi? `B;?i ?�M/ bB/2 ;Bp2M #v σf X L2ti- mbBM; G2KK� jXkN �M/ 2KTHQvBM; i?2 b�K2
�`;mK2Mib mb2/ BM i?2 T`QQ7 Q7 h?2Q`2K jXj9- r2 Q#i�BM i?2 #QmM/

C
Ã
|||λ̃− λℓmax ||| ≤

κ0CÃ

min |κ− κ0|

(
1 +

C
Ã

β
Ã

)(
|||Q⊥

ℓmax
ν|||∗ + 1

κ0
|||Q⊥

ℓmax
σf |||∗

)
,

�M/ i?2`27Q`2

|Eσf (ν)− Eσf (νℓmax)| ≤
κ20CÃ

2min |κ− κ0|

(
1 +

C
Ã

β
Ã

)
|||ν − νℓmax |||∗

(
|||Q⊥

ℓmax
ν|||∗ + 1

κ0
|||Q⊥

ℓmax
σf |||∗

)
.

h?2 `2K�BMBM; T`QQ7 MQr 7QHHQrb mbBM; h?2Q`2K jXj9 iQ;2i?2` rBi? i?2 b�K2 �`;m@
K2Mib i?�i r2`2 mb2/ iQ /2`Bp2 i?2 +QMp2`;2M+2 `�i2b 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2X

S`QQ7 Q7 h?2Q`2K jXRj,
*QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K jXRjX q2 }`bi Q#b2`p2 i?�i bBM+2 σf ∈ C∞(∂Ω)- i?2

`2;mH�`Biv i?2Q`v 7Q` #QmM/�`v BMi2;`�H 2[m�iBQMb Ub22- 2X;X- (9- a2+iBQM NXRX9)V BKTHB2b
i?�i ν ∈ C∞(∂Ω)X L2ti- H2i mb 7Q+mb QM Q#i�BMBM; �M 2tT`2bbBQM 7Q` i?2 MQ`K Q7 i?2
BM/m+2/ bm`7�+2 +?�`;2 νX hQ i?Bb 2M/- H2i j ∈ {1, . . . , N} �M/ H2i νj ∈ C∞(∂Ωj) #2
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jX 1__P_ �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

/2}M2/ �b νj := ν|∂Ωj X Ai 7QHHQrb i?�i i?2`2 2tBbi +Q2{+B2Mib [νj ]mℓ , ℓ ∈ N0,−ℓ ≤ m ≤ ℓ
bm+? i?�i 7Q` �HH x ∈ ∂Ωj Bi ?QH/b i?�i

νj(x) =
∞∑

ℓ=0

m=+ℓ∑

m=−ℓ
[νj ]

m
ℓ Y

m
ℓ

( x− xj

|x− xj |

)
.

G2i EHνj ∈ C∞(Ωj) #2 i?2 ?�`KQMB+ 2ti2MbBQM Q7 νj BMbB/2 i?2 #�HH Ωj X h?2M 7Q` �HH
x ∈ Ωj Bi ?QH/b i?�i

(
EHνj

)
(x) =

∞∑

ℓ=0

m=+ℓ∑

m=−ℓ
[νj ]

m
ℓ

( |x− xj |
rj

)ℓ
Ym
ℓ

( x− xj

|x− xj |

)
. UjXk9V

lbBM; 1[m�iBQM UjXk9V- Bi Bb 2�bv iQ p2`B7v i?�i 7Q` �HH BMi2;2`b k ∈ N0 r2 ?�p2

|||Q⊥
0 νj |||2Hk(∂Ωj)

=

∫

∂Ωj

(
EHνj

)
(x)

∂2k
(
EHνj

)
(x)

∂η2k
dx, UjXk8V

r?2`2 Q⊥
0 : H− 1

2 (∂Ω) → H̆− 1
2 (∂Ω) Bb i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? G2KK� jXk

�M/ η : ∂Ωj → R3 Bb i?2 mMBi Qmir�`/@TQBMiBM; MQ`K�H p2+iQ`X PM i?2 Qi?2` ?�M/- r2
?�p2 #v �bbmKTiBQM i?�i EHνj Bb �M�HviB+ QM Ωj X h?2`27Q`2- i?2`2 2tBbib bQK2 +QMbi�Mi
Cνj > 1 i?�i /2T2M/b QM i?2 7mM+iBQM νj bm+? i?�i 7Q` �HH k ∈ N0 �M/ x ∈ ∂Ωj Bi ?QH/b
i?�i

∣∣∣
∂k
(
EHνj

)
(x)

∂ηk

∣∣∣≤ Ck+1
νj k!.

.2}MBM; i?2 +QMbi�Mi Cν := maxj Cνj - r2 Q#i�BM 7`QK 1[m�iBQM UjXk8V i?�i

|||Q⊥
0 νj |||2Hk(∂Ωj)

≤ 4πr2jC
2k+2
νj (2k)!, bQ i?�i 1

N
|||Q⊥

0 ν|||2Hk(∂Ω) ≤ 4πmax
j

r2jC
2k+2
ν (2k)!,

� bBKBH�` +�H+mH�iBQM r?B+? mb2b i?2 7�+i i?�i i?2 ?�`KQMB+ 2ti2MbBQM Q7 σf Bb �M�HviB+
QM Ω− vB2H/b i?�i i?2`2 2tBbi bQK2 +QMbi�Mi Cσf /2T2M/BM; QM σf bm+? i?�i

1

N
|||Q⊥

0 σf |||2Hk(∂Ω) ≤ 4πmax
j

r2jC
2k+2
σf (2k)!.

h?2 `2K�BMBM; T`QQ7 Bb bi�M/�`/, q2 /2}M2 Cν,σf := max

{
Cν ,

(
2
κ0

) 1
2k+2

Cσf

}
�M/

mb2 i?2 2``Q` 2biBK�i2 7`QK h?2Q`2K jXRk iQ Q#i�BM

1

N
|||ν − νℓmax |||∗

2 ≤ 8πmax
j

r2j
max

∣∣∣κ−κ0κ0

∣∣∣
2

min
∣∣∣κ−κ0κ0

∣∣∣
2

(
1 +

CÃ

βÃ

)2(
C2k+2
ν (2k)! +

2

κ0
C2k+2
σf (2k)!

)

3k



jX9 *QM+HmbBQM

≤ 8πmax
j

r2j
max

∣∣∣κ−κ0κ0

∣∣∣
2

min
∣∣∣κ−κ0κ0

∣∣∣
2

(
1 +

CÃ

βÃ

)2( max rj
ℓmax + 1

)1+2k

C2k+2
ν,σf (2k)!.

aiB`HBM;Ƕb 7Q`KmH� i?2M vB2H/b i?�i
(

max rj
ℓmax + 1

)1+2k

C2k+2
ν,σf (2k)! ≤

(
max rj
ℓmax + 1

)1+2k

C2k+2
ν,σf e−2k+1(2k)2k+

1
2 .

AM T�`iB+mH�`- 7Q` ℓmax bm{+B2MiHv H�`;2- r2 +�M +?QQb2 α ∈
[

1
4Cν,σf

, 1
2Cν,σf

]
bm+? i?�i

k = α ℓmax+1
max rj

∈ NX q2 i?2M b22 i?�i
(

max rj
ℓmax + 1

)1+2k

C2k+2
ν,σf e−2k+1(2k)2k+

1
2 =

(α
k

)1+2k
C2k+2
ν,σf e−2k+1(2k)2k+

1
2

= α1+2kC2k+2
ν,σf e−2k+122k+

1
2k−

1
2

=
αC2

ν,σf e
√
2

√
k

(
4α2C2

ν,σf

1

e2

)k

≤
√
α√

ℓmax+1
max rj

C2
ν,σf

√
2e−2k+1

≤
√
2max rjC

2
ν,σf exp

(
−2α

ℓmax + 1

max rj
+ 1

)

≤
√
2max rjC

2
ν,σf exp

(
− 1

2Cν,σf

ℓmax + 1

max rj
+ 1

)
.

q2 +QM+Hm/2 i?�i

1√
N

|||ν − νℓmax |||∗ ≤
√

8πmax r2j (2max rj)
1
4Cν,σf

max
∣∣∣κ−κ0κ0

∣∣∣

min
∣∣∣κ−κ0κ0

∣∣∣

(
1 +

CÃ

βÃ

)

exp

(
− 1

4Cν,σf

ℓmax + 1

max rj
+

1

2

)
.

h?Bb 2bb2MiB�HHv +QKTH2i2b i?2 T`QQ7 7Q` i?2 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 �TT`QtB@
K�i2 BM/m+2/ bm`7�+2 +?�`;2X h?2 T`QQ7 7Q` i?2 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 �TT`QtB@
K�i2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Bb M2�`Hv B/2MiB+�HX

jX9 *QM+HmbBQM

AM i?Bb +?�Ti2`- r2 T`2b2Mi2/ � r2HH@TQb2/M2bb �M�HvbBb Q7 i?2 b2+QM/ FBM/ #QmM/�`v
BMi2;`�H 2[m�iBQM UkXjV 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2b `2bmHiBM; QM � H�`;2 MmK#2` Q7

3j
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/B2H2+i`B+ bT?2`2b Q7 p�`vBM; `�/BB �M/ /B2H2+i`B+ +QMbi�Mib- 2K#2//2/ BM � ?QKQ;2MQmb
/B2H2+i`B+ K2/BmK �M/ mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX �b T�`i Q7 Qm` �M�HvbBb- r2
2bi�#HBb?2/ i?2 r2HH@TQb2/M2bb Q7 i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V Q7 i?Bb "A1 �M/ r2
/2`Bp2/ � T`BQ`B 2``Q` 2biBK�i2b �M/ +QMp2`;2M+2 `�i2b 7Q` #Qi? i?2 BM/m+2/ bm`7�+2 +?�`;2
�M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2 bvbi2K i?�i /Q MQi ?�p2 �Mv 2tTHB+Bi /2T2M/2M+2 QM
i?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2b N BM i?2 bvbi2KX AM Q`/2` iQ �+?B2p2 i?Bb- r2 BMi`Q/m+2/
� M2r �M�HvbBb Q7 b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQMb TQb2/ QM bT?2`B+�H /QK�BMbX
q2 ?�p2 i?2`27Q`2 2bi�#HBb?2/ N @2``Q` bi�#BHBiv Q7 Qm` MmK2`B+�H �H;Q`Bi?K rBi? `2bT2+i
iQ i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ i?2 2H2+i`Qbi�iB+ 2M2`;v 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b
b�iBb7vBM; i?2 �bbmKTiBQMb :�RV@:�jVX

AM Q`/2` iQ +QKTH2i2 � b+�H�#BHBiv �M�HvbBb Q7 i?2 MmK2`B+�H �H;Q`Bi?K mM/2` +QMbB/@
2`�iBQM �M/ BM T�`iB+mH�` iQ /2i2`KBM2 B7 Bi Bb HBM2�` b+�HBM; BM +Qbi �M/ i?2`27Q`2 HBM2�`
b+�HBM; BM �++m`�+v- Bi Bb �HbQ M2+2bb�`v iQ �M�Hvb2 +QKTmi�iBQM�H �bT2+ib Q7 i?2 �H;Q`Bi?K
bm+? �b i?2 +QM/BiBQMBM; Q7 i?2 HBM2�` bvbi2K i?�i �`Bb2b 7`QK i?2 :�H2`FBM /Bb+`2iBb�@
iBQM UkX3VX h?Bb iQTB+- �b r2HH �b `2H�i2/ +QKTmi�iBQM�H +QMbB/2`�iBQMb- Bb i?2 bm#D2+i Q7
*?�Ti2` 9X

39



9

*QKTH2tBiv �M�HvbBb Q7 i?2
AMi2;`�H 1[m�iBQM 6Q`KmH�iBQM Q7
i?2 N@"Q/v .B2H2+i`B+ aT?2`2b
S`Q#H2K

h?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH �bbmK2 i?2 b2iiBM; Q7 *?�Ti2`b R �M/ kX JQ`2Qp2`- r2
rBHH 7`2[m2MiHv `272` iQ i?2 r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V
Q7 i?2 b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV r?B+? /2b+`B#2b i?2 BM/m+2/ bm`7�+2
+?�`;2 `2bmHiBM; QM /B2H2+i`B+ bT?2`B+�H T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX 6BM�HHv-
r2 rBHH �HbQ mb2 i?2 �M�HvbBb �M/ K�BM `2bmHi h?2Q`2K NX3 Q7 *?�Ti2` jX

h?2 �BK Q7 i?Bb +?�Ti2` Bb iQ T`2b2Mi � /2i�BH2/ +QKTH2tBiv �M�HvbBb 7Q` +QKTmiBM;
i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v mbBM; i?2 :�H2`FBM /Bb+`2iBb�@
iBQM UkX3V rBi? i?2 ;Q�H Q7 b?QrBM; i?�i i?2 K2i?Q/ Bb HBM2�` b+�HBM; BM +QbiX Pm` K�BM
`2bmHi rBHH b?Qr i?�iĜ mM/2` KBH/ �bbmKTiBQMbĜ i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb
`2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V- mT iQ
� ;Bp2M iQH2`�M+2- /Q2b MQi 2tTHB+BiHv /2T2M/ QM N - BX2X- i?2 MmK#2` Q7 /B2H2+i`B+ T�`@
iB+H2b BM i?2 bvbi2KX *QMb2[m2MiHv- i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb `2[mB`2/ iQ
+QKTmi2 �M �TT`QtBK�i2 bQHmiBQM Bb mMB7Q`KHv #QmM/2/ 7Q` �Mv ;2QK2i`v BM i?2 7�KBHv
Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; �bbmKTiBQMb :�RV@:�jVX aBM+2 i?2 7�bi KmHiBTQH2
K2i?Q/ U6JJV �HHQrb mb iQ +QKTmi2 �TT`QtBK�i2 K�i`Bt@p2+iQ` T`Q/m+ib BMpQHpBM; i?2
bQHmiBQM K�i`Bt mbBM; O(N) QT2`�iBQMb- Bi rBHH 7QHHQr i?�i �M �TT`QtBK�i2 bQHmiBQM rBi? �
;Bp2M �M/ }t2/ `2H�iBp2 2``Q` +�M BM/22/ #2 +QMbi`m+i2/ #v K2�Mb Q7 �M Bi2`�iBp2 K2i?Q/
mbBM; QMHv O(N) QT2`�iBQMbX *QK#BM2/ rBi? i?2 �M�HvbBb T`2b2Mi2/ BM *?�Ti2` j r?B+?
2bi�#HBb?2b N @2``Q` bi�#BHBiv- i?Bb `2bmHi rBHH +QM}`K i?�i Qm` :�H2`FBM K2i?Q/ Bb HBM2�`
b+�HBM; BM �++m`�+v 7Q` i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ 2H2+i`Qbi�iB+
2M2`;vX
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9XR "`B27 _2+�T

6Q` 2�b2 Q7 2tTQbBiBQM- H2i mb }`bi #`B2~v `2+�HH bQK2 F2v K�i?2K�iB+�H Q#D2+ib i?�i r2`2
BMi`Q/m+2/ BM *?�Ti2` jX

.2}MBiBQM 9XRX G2i P⊥
0 : H

1
2 (∂Ω) → H̆

1
2 (∂Ω) /2MQi2 i?2 T`QD2+iBQM QT2`�iQ` �bbQ+B�i2/

rBi? i?2 +QKTH2K2Mi�`v /2+QKTQbBiBQM BMi`Q/m+2/ BM G2KK� jXk- �M/ H2i i?2 #QmM/�`v
BMi2;`�H QT2`�iQ` A : H

1
2 (∂Ω) → H

1
2 (∂Ω) #2 /2}M2/ �b BM .2}MBiBQM kX3 BM a2+iBQM kXjX

h?2M r2 /2}M2 i?2 HBM2�` QT2`�iQ` Ã : H̆
1
2 (∂Ω) → H̆

1
2 (∂Ω) �b Ã := P⊥

0 AP⊥
0 - �M/ r2 `272`

iQ Ã �b i?2 ǵKQ/B}2/Ƕ #QmM/�`v BMi2;`�H QT2`�iQ`X

_2K�`F 9XkX q2 `2+�HH i?�i Ã : H̆
1
2 (∂Ω) → H̆

1
2 (∂Ω) Bb i?2 HBM2�` QT2`�iQ` �bbQ+B�i2/

rBi? i?2 ǳ`2/m+2/Ǵ #BHBM2�` 7Q`K ã : H̆
1
2 (∂Ω)×H̆− 1

2 (∂Ω) → R /2}M2/ i?`Qm;? .2}MBiBQM
jXRN BM *?�Ti2` jX JQ`2Qp2`- i?Bb ǳ`2/m+2/Ǵ #BHBM2�` 7Q`K r�b i?2 bm#D2+i Q7 2ti2MbBp2
/Bb+mbbBQM BM *?�Ti2` jX AM T�`iB+mH�`- r2 ?�p2 T`2+Bb2 2biBK�i2b QM i?2 +QMiBMmBiv
+QMbi�Mi C

Ã
�M/ BM7@bmT +QMbi�Mi β

Ã
Q7 i?2 QT2`�iQ` Ã i?`Qm;? G2KK�b jXky �M/ jXk8

`2bT2+iBp2HvX

h?2 ǵKQ/B}2/Ƕ #QmM/�`v BMi2;`�H QT2`�iQ` Ã TH�v2/ � F2v `QH2 BM i?2 bQ@+�HH2/ ǵKQ/@
B}2/Ƕ :�H2`FBM /Bb+`2iBb�iBQM UjXR8V@UjXReV Q7 i?2 "A1 UjX8V i?�i /2b+`B#2b i?2 bQ@+�HH2/
bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�H λ := Vν Ub22 *?�Ti2` jVX hQ �B/ i?2 bm#b2[m2Mi �M�HvbBb
r2 T`2b2Mi BM i?Bb +?�Ti2` ?Qr2p2`- Bi Bb M2+2bb�`v iQ BMi`Q/m+2 i?2 bQ@+�HH2/ ǳ`2/m+2/Ǵ
:�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 AMi2;`�H 2[m�iBQM UjX8V rBi? KQ/B}2/ `B;?i@?�M/ bB/2X q2
`2KBM/ i?2 `2�/2` i?�i i?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH 7`2[m2MiHv `272` iQ i?2 �TT`QtB@
K�iBQM bT�+2 W ℓmax , ℓmax ∈ N0 r?B+? r�b /2}M2/ i?`Qm;? .2}MBiBQM kXRR BM a2+iBQM kXjX

ǳ_2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM Q7 AMi2;`�H 1[m�iBQM UjX8V rBi? KQ/B}2/
_>a

G2i σf ∈ H− 1
2 (∂Ω)- H2i ℓmax ∈ N- �M/ H2i Qℓmax : H

− 1
2 (∂Ω) → W ℓmax #2 i?2 T`QD2+iBQM

QT2`�iQ` QM i?2 �TT`QtBK�iBQM bT�+2 �b /2}M2/ BM .2}MBiBQM jXjyX 6BM/ λℓmax ∈ W ℓmax
0

bm+? i?�i 7Q` �HH σℓmax ∈ W ℓmax
0 Bi ?QH/b i?�i

(
Ãλℓmax ,σℓmax

)

L2(∂Ω)
=

1

κ0
(VQℓmaxσf ,σℓmax)L2(∂Ω) . U9XRV

LQiB+2 i?�i 1[m�iBQM U9XRV Bb bHB;?iHv /Bz2`2Mi 7`QK i?2 i`m2 :�H2`FBM /Bb+`2iBb�iBQM
UjXReV Q7 i?2 "A1 UjX8V QM i?2 `2/m+2/ �TT`QtBK�iBQM bT�+2 W ℓmax

0 X h?Bb Bb #2+�mb2- BM
+QMi`�bi iQ 1[m�iBQM UjXReV- i?2 `B;?i@?�M/ bB/2 Q7 1[m�iBQM U9XRV Bb MQi T`2+Bb2Hv i?2
T`QD2+iBQM Q7 i?2 `B;?i@?�M/ bB/2 Q7 i?2 "A1 UjX8V QMiQ W ℓmax

0 mMH2bb σf ∈ W ℓmax X h?2
7QHHQrBM; `2K�`F Bb i?2`27Q`2 BKTQ`i�MiX
_2K�`F 9XjX *QMbB/2` i?2 i`m2 :�H2`FBM /Bb+`2iBb�iBQM UjXReV Q7 i?2 "A1 UjX8V QM i?2
`2/m+2/ �TT`QtBK�iBQM bT�+2 W ℓmax

0 �M/ i?2 bQ@+�HH2/ ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM
U9XRV rBi? KQ/B}2/ _>aX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i r2 ?�p2 7`2[m2MiHv mb2/- BM *?�Ti2`
j- i?2 MQi�iBQM λℓmax ∈ W ℓmax

0 iQ /2MQi2 i?2 bQHmiBQM Q7 1[m�iBQM UjXReV- �M/ r2 �`2
mbBM;- ?2`2 BM *?�Ti2` 9- i?2 b�K2 MQi�iBQM λℓmax ∈ W ℓmax

0 iQ /2MQi2 i?2 bQHmiBQM Q7

3e



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

1[m�iBQM U9XRVX >Qr2p2`- i?2b2 irQ bQHmiBQMb �`2 MQi- BM ;2M2`�H- i?2 b�K2X q2 i?2`27Q`2
2M+Qm`�;2 i?2 `2�/2` iQ T�v +HQb2 �ii2MiBQM iQ i?2 /2}MBiBQM Q7 λℓmax r?2M Bi �TT2�`b BM
i?2 bm#b2[m2Mi `2bmHibX

h?2 `2�bQM r2 ?�p2 BMi`Q/m+2/ i?Bb KQ/B}2/ ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM Bb i?�i
B7 r2 ?�p2 Q#i�BM2/ � bQHmiBQM iQ 1[m�iBQM U9XRV- i?2M � bQHmiBQM iQ i?2 Q`B;BM�H :�H2`FBM
/Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 +�M #2 +QKTmi2/ 2�bBHvX AM/22/- r2
?�p2 i?2 7QHHQrBM; H2KK�X

G2KK� 9X9X G2i σf ∈ H− 1
2 (∂Ω)- H2i ℓmax ∈ N- H2i Qℓmax : H

− 1
2 (∂Ω) → W ℓmax /2MQi2

i?2 T`QD2+iBQM QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM jXjy- H2i λℓmax ∈ W ℓmax
0 #2 i?2 bQHmiBQM

Q7 i?2 ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM U9XRV rBi? KQ/B}2/ `B;?i ?�M/ bB/2 ;Bp2M #v σf -
�M/ H2i νℓmax ∈ W ℓmax #2 i?2 bQHmiBQM Q7 i?2 Q`B;BM�H :�H2`FBM /Bb+`2iBb�iBQM UkX3V rBi?
`B;?i ?�M/ bB/2 ;Bp2M #v σf X h?2M Bi ?QH/b i?�i

νℓmax =
κ0 − κ

κ0
.iLλℓmax +

1

κ0
Qℓmaxσf .

S`QQ7X a22 i?2 T`QQ7 Q7 h?2Q`2K jXj9 BM *?�Ti2` jX

G2KK� 9X9 bm;;2bib � p2`v M�im`�H irQ@bi2T T`Q+2/m`2 iQ Q#i�BM � bQHmiBQM νℓmax iQ i?2
:�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2, q2 }`bi bQHp2 i?2 ǳ`2/m+2/Ǵ
:�H2`FBM /Bb+`2iBb�iBQM U9XRV rBi? KQ/B}2/ _>a iQ Q#i�BM i?2 7mM+iBQM λℓmax - �M/ r2
i?2M mb2 i?2 �{M2 K�TTBM; bi�i2/ BM G2KK� 9X9 iQ Q#i�BM νℓmax X h?Bb T`Q+2/m`2 rBHH
#2 mb2/ r?2M r2 /2b+`B#2 Qm` bQHmiBQM bi`�i2;v 7Q` Q#i�BMBM; i?2 �TT`QtBK�i2 BM/m+2/
bm`7�+2 +?�`;2 νℓmax X

9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM
ai`�i2;B2b

q2 #2;BM i?Bb b2+iBQM #v /2b+`B#BM; BM KQ`2 /2i�BH i?2 Q#bi�+H2b r2 7�+2 BM T2`7Q`KBM; �
/2i�BH2/ +QMp2`;2M+2 �M�HvbBbX Pm` K�BM ;Q�H Bb iQ T`Qp2 i?�i r2 +�M Q#i�BM � bQHmiBQMĜ
mT iQ ;Bp2M �M/ }t2/ iQH2`�M+2Ĝ iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2
BM/m+2/ bm`7�+2 +?�`;2 νℓmax mbBM; QMHv O(N) QT2`�iBQMbX L�im`�HHv- +QKTmiBM; � bQHmiBQM
iQ i?2 }MBi2@/BK2MbBQM�H 2[m�iBQM UkX3V BMpQHp2b bQHpBM; � HBM2�` bvbi2K- r?B+? Bb ivTB+�HHv
/QM2 mbBM; � E`vHQp bm#bT�+2 bQHp2`X *QMb2[m2MiHv- BM Q`/2` iQ Q#i�BM i?2 `2[mB`2/ O(N)
b+�HBM;- r2 Kmbi b?Qr i?�i

"RV Ai Bb TQbbB#H2 iQ T2`7Q`K K�i`Bt p2+iQ` KmHiBTHB+�iBQMb BMpQHpBM; i?2 mM/2`HvBM;
bQHmiBQM K�i`Bt mbBM; O(N) QT2`�iBQMbc

"kV Ai Bb TQbbB#H2 iQ Q#i�BM �M mTT2` #QmM/ BM/2T2M/2Mi Q7 N QM i?2 MmK#2` Q7 Bi2`@
�iBQMb Q7 i?2 E`vHQp bm#bT�+2 bQHp2` `2[mB`2/ iQ Q#i�BM i?2 bQHmiBQM Q7 i?2 HBM2�`
bvbi2K UmT iQ bQK2 iQH2`�M+2VX

3d



9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

G2i mb }`bi +QMbB/2` "RVX LQiB+2 i?�i i?2 mM/2`HvBM; #QmM/�`v BMi2;`�H QT2`�iQ`b
A∗ �M/ A /2}M2/ i?`Qm;? .2}MBiBQM kX3 BM *?�Ti2` k �`2 +QMbi`m+i2/ 7`QK i?2 bBM;H2
H�v2` #QmM/�`v QT2`�iQ` V- i?2 .B`B+?H2i@iQ@L2mK�MM K�T .iL- i?2 B/2MiBiv K�T- �M/
i?2 /B2H2+i`B+ 7mM+iBQM κX :Bp2M Qm` +?QB+2 Q7 �TT`QtBK�iBQM bT�+2 W ℓmax - i?2 .iL K�T-
i?2 B/2MiBiv K�T- �M/ i?2 /B2H2+i`B+ 7mM+iBQM κ +�M #2 r`Bii2M �b /B�;QM�H K�i`B+2bX
6m`i?2`KQ`2- i?2 7�bi KmHiBTQH2 K2i?Q/ U6JJV +�M #2 mb2/ iQ +QKTmi2 i?2 �+iBQM Q7 V
QM �M �`#Bi`�`v 2H2K2Mi Q7 W ℓmax mT iQ � ;Bp2M �++m`�+v BM O(N) QT2`�iBQMbX h?mb- �HH
K�i`Bt@p2+iQ` T`Q/m+ib BMpQHpBM; i?2 bQHmiBQM K�i`Bt Q#i�BM2/ 7`QK i?2 /Bb+`2iBb�iBQM Q7
A∗ U�M/ �HbQ AV +�M #2 T2`7Q`K2/ BM O(N) mT iQ � ;Bp2M �++m`�+v Ub22 �HbQ (Rkd) 7Q`
7m`i?2` /2i�BHbVX

L2ti- H2i mb +QMbB/2` i?2 bi�i2K2Mi "kV- r?B+? `2[mB`2b mb iQ T2`7Q`K � +QMp2`@
;2M+2 �M�HvbBb Q7 i?2 E`vHQp bm#bT�+2 bQHp2` mb2/ iQ bQHp2 i?2 HBM2�` bvbi2K �`BbBM; 7`QK
:�H2`FBM /Bb+`2iBb�iBQM UkX3VX >2`2- r2 2M+QmMi2` i?2 }`bi Q#bi�+H2, Ai Bb r2HH FMQrM i?�i
i?2 +QMp2`;2M+2 #2?�pBQm` Q7 E`vHQp bm#bT�+2 bQHp2`b /2T2M/b +`m+B�HHv QM i?2 bT2+i`mK
Q7 i?2 QT2`�iQ` i?�i Bb #2BM; /Bb+`2iBb2/- BX2X- A∗X h?2 bT2+i`mK BM im`M /2T2M/b QM
i?2 +QMiBMmBiv �M/ +Q2`+BpBivfBM7@bmT +QMbi�Mib Q7 i?2 QT2`�iQ`- r?B+? i?2Kb2Hp2b �`2
Q#i�BM2/ i?`Qm;? � /2i�BH2/ MmK2`B+�H �M�HvbBbX >Qr2p2`- i?2 �M�HvbBb r2 T`2b2Mi2/ BM
*?�Ti2` j Q7 i?Bb /Bbb2`i�iBQM /2`Bp2/ 2tTHB+Bi N @BM/2T2M/2Mi +QMiBMmBiv �M/ BM7@bmT +QM@
bi�Mib QMHv 7Q` i?2 ǵKQ/B}2/Ƕ #QmM/�`v BMi2;`�H QT2`�iQ` Ã �M/ mb2/ �M BM/B`2+i �TT`Q�+?
iQ Q#i�BM +QMp2`;2M+2 `�i2b 7Q` i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3VX lM7Q`imM�i2Hv- r2 ?�p2
HBiiH2 2tTHB+Bi BM7Q`K�iBQM QM i?2 bT2+i`mK Q7 A∗ �M/ +2`i�BMHv MQ N @BM/2T2M/2Mi #QmM/b
QM i?2 H�`;2bi �M/ bK�HH2bi 2B;2Mp�Hm2bX

Pm` bQHmiBQM iQ i?Bb Q#bi�+H2 Bb iQ �/QTi QM+2 �;�BM �M BM/B`2+i `Qmi2, :Bp2M � 7`22
+?�`;2 σf ∈ H− 1

2 (∂Ω)

ai2T RV q2 bQHp2 i?2 ǵ`2/m+2/Ƕ :�H2`FBM /Bb+`2iBb�iBQM U9XRV rBi? KQ/B}2/ _>a iQ Q#i�BM
λℓmax ∈ W ℓmax

0 7Q` bQK2 ℓmax ∈ NX h?Bb bi2T rBHH `2[mB`2 i?2 bQHmiBQM Q7 � HBM2�`
bvbi2K mbBM; � E`vHQp bm#bT�+2 bQHp2`X

ai2T kV q2 K�F2 mb2 Q7 G2KK� 9X9 iQ +QKTmi2 i?2 bQHmiBQM νℓmax ∈ W ℓmax iQ i?2 Q`B;BM�H
:�H2`FBM /Bb+`2iBb�iBQM UkX3V mbBM; λℓmax X h?Bb bi2T /Q2b MQi `2[mB`2 �M �//BiBQM�H
HBM2�` bvbi2K iQ #2 bQHp2/X

L�im`�HHv- i?2 �/p�Mi�;2 Q7 i?Bb bi`�i2;v Bb i?�i i?2 `2[mB`2/ bT2+i`�H BM7Q`K�iBQM Q7
i?2 QT2`�iQ` Ã Bb �p�BH�#H2 7`QK Qm` T`BQ` �M�HvbBb BM *?�Ti2` jX

Ai i?2`27Q`2 `2K�BMb iQ T2`7Q`K � +QMp2`;2M+2 �M�HvbBb Q7 i?2 E`vHQp bm#bT�+2 bQHp2`
mb2/ iQ bQHp2 i?2 HBM2�` bvbi2K �`BbBM; 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM U9XRVX q2 MQr
2M+QmMi2` i?2 b2+QM/ /B{+mHiv, aBM+2 i?2 #QmM/�`v BMi2;`�H QT2`�iQ` Ã Bb Q#pBQmbHv MQM@
bvKK2i`B+- r2 bQHp2 i?2 HBM2�` bvbi2K �bbQ+B�i2/ rBi? i?2 :�H2`FBM /Bb+`2iBb�iBQM U9XRV
mbBM; i?2 :J_1a bQHp2` BMi`Q/m+2/ #v a��/ �M/ a+?mHix (R3j)X �M/ i?2 +QMp2`;2M+2
#2?�pBQm` Q7 :J_1a Bb- BM ;2M2`�H- +QMbB/2`�#Hv KQ`2 +QKTH2t i?�M i?�i Q7 i?2 r2HH@
FMQrM +QMDm;�i2 ;`�/B2Mi U*:V K2i?Q/ Ub22- 2X;X- (Rk8) 7Q` � +QKT`2?2MbBp2 /Bb+mbbBQMVX

"`Q�/Hv bT2�FBM;- i?2 :J_1a bQHp2` +�M #2 �TTHB2/ iQ 7Qm` [m�HBi�iBp2Hv /Bz2`2Mi
U`2�HV bQHmiBQM K�i`B+2b A,
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9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

JRV avKK2i`B+ K�i`B+2b- BX2X- A = AT, AM i?Bb +�b2 i?2 +QMp2`;2M+2 #2?�pBQm` Q7
:J_1a /2T2M/b QMHv QM i?2 bT2+i`mK Q7 i?2 bQHmiBQM K�i`BtX JQ`2Qp2`- bBM+2 i?2
bT2+i`mK Q7 i?2 bQHmiBQM K�i`Bt Bb Tm`2Hv `2�H- 2biBK�i2b Q7 i?2 `2bB/m�H �i 2�+?
Bi2`�iBQM +�M #2 Q#i�BM2/ mbBM; QMHv i?2 H�`;2bi �M/ bK�HH2bi 2B;2Mp�Hm2b Ub22- 2X;X-
(ed- *?�Ti2` j)VX

JkV LQM@bvKK2i`B+ MQ`K�H K�i`B+2b- BX2X- AAT = ATA, AM T`BM+BTH2- i?2 +QMp2`;2M+2
#2?�pBQm` Q7 :J_1a BM i?Bb +�b2 �HbQ /2T2M/b QMHv i?2 bT2+i`mK Q7 i?2 bQHmiBQM
K�i`BtX >Qr2p2`- bBM+2 i?2 bT2+i`mK Q7 i?2 bQHmiBQM K�i`Bt M22/ MQi #2 `2�H-
mb27mH #QmM/b QM i?2 `2bB/m�H �i 2�+? Bi2`�iBQM +�MMQi #2 Q#i�BM2/ mbBM; QMHv i?2
2B;2Mp�Hm2b rBi? H�`;2bi �M/ bK�HH2bi `2�H T�`ibX AMbi2�/ QM2 ivTB+�HHv `2[mB`2b
BM7Q`K�iBQM QM i?2 /Bbi`B#miBQM Q7 i?2 7mHH bT2+i`mK BM i?2 +QKTH2t TH�M2 Ub22- 2X;X-
(R3R- a2+iBQM 9)VX

JjV LQM@MQ`K�H /B�;QM�HBb�#H2 K�i`B+2b- BX2X- A = X−1DX 7Q` bQK2 /B�;QM�H K�i`Bt
D �M/ MQM@mMBi�`v K�i`Bt X, AM i?Bb +�b2- i?2 +QMp2`;2M+2 #2?�pBQm` Q7 :J_1a
Bb ivTB+�HHv H2bb FMQrM bBM+2 i?2 2biBK�i2b QM i?2 `2bB/m�H �i 2�+? Bi2`�iBQM /2T2M/
MQi QMHv QM i?2 bT2+i`mK Q7 bQHmiBQM K�i`Bt #mi �HbQ QM i?2 +QM/BiBQMBM; Q7 i?2
K�i`Bt X �TT2�`BM; BM Bib /B�;QM�HBb�iBQM- r?B+?- BM ;2M2`�H- Bb mMFMQrM Ub22- 2X;X-
(R3k- *?�Ti2` e)VX

J9V LQM@/B�;QM�HBb�#H2 K�i`B+2b, AM i?Bb +�b2- i?2 +QMp2`;2M+2 #2?�pBQm` Q7 :J_1a Bb
bB;MB}+�MiHv KQ`2 /B{+mHi iQ �M�Hvb2 �M/ i?2`2 �`2 QMHv T�`iB�H i?2Q`2iB+�H `2bmHib
Ub22- 2X;X- (R8e) 7Q` �M �TT`Q�+? #�b2/ QM i?2 Tb2m/QbT2+i`mK �M/ (83- 8N- eR) 7Q`
�TT`Q�+?2b #�b2/ QM i?2 bQ@+�HH2/ }2H/ Q7 p�Hm2bVX

*QMb2[m2MiHv- BM Q`/2` iQ ?�p2 � `2�bQM�#H2 ?QT2 Q7 �M�HvbBM; i?2 +QMp2`;2M+2 #2@
?�pBQm` Q7 :J_1a �TTHB2/ iQ i?2 HBM2�` bvbi2K �`BbBM; 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM
U9XRV- r2 Kmbi b?Qr i?�i i?2 K�i`Bt /Bb+`2iBb�iBQM Q7 Ã Bb 2Bi?2` MQ`K�H Q` /B�;QM�HBb�#H2X
lM7Q`imM�i2Hv- i?2 K�i`Bt /Bb+`2iBb�iBQM Q7 Ã Bb MQi MQ`K�H bBM+2 i?2 QT2`�iQ`b V �M/
.iL /Q MQi +QKKmi2 BM ;2M2`�HX *QMb2[m2MiHv- r2 Kmbi T`Qp2 i?�i i?2 K�i`Bt /Bb+`2iB@
b�iBQM Q7 Ã Bb /B�;QM�HBb�#H2X LQiB+2 i?�i bBM+2 i?2 +QMp2`;2M+2 #2?�pBQm` Q7 :J_1a
/2T2M/b QM i?2 +QM/BiBQMBM; Q7 i?2 K�i`Bt �TT2�`BM; BM i?2 /B�;QM�HBb�iBQM- i?2 2t�+i
+?QB+2 Q7 /B�;QM�HBb�iBQM Bb pBi�HX

9XkXR h?2 /B�;QM�HBx�iBQM Q7 i?2 QT2`�iQ` Ã

q2 rBHH �bbmK2 i?`Qm;?Qmi i?Bb bm#b2+iBQM i?�i i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmax ∈ N
Bb }t2/X �//BiBQM�HHv- BM Q`/2` iQ Q#i�BM � mb27mH /B�;QM�HBb�iBQM- r2 rBHH �bbmK2 BM i?2
b2[m2H i?�i i?2 /B2H2+i`B+ 7mM+iBQM κ b�iBb}2b QM2 Q7 irQ +QM/BiBQMb,

RX 1Bi?2` κj > κ0 7Q` �HH j = 1, . . . , N c

kX P` κj < κ0 7Q` �HH j = 1, . . . , N X

3N
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6`QK � T`�+iB+�H TQBMi Q7 pB2r- i?Bb �//BiBQM�H +QMbi`�BMi Bb MQi iQQ `2bi`B+iBp2 bBM+2
Bi +Qp2`b i?2 irQ +�b2b r?B+? ivTB+�HHv �`Bb2 BM T?vbB+�H �TTHB+�iBQMb, h?2 +�b2 Q7 r2�FHv
TQH�`Bb�#H2 T�`iB+H2b 2K#2//2/ BM � ?B;?Hv TQH�`Bb�#H2 bQHp2Mi �M/ i?2 +�b2 Q7 ?B;?Hv
TQH�`Bb�#H2 T�`iB+H2b 2K#2//2/ BM � r2�FHv TQH�`Bb�#H2 K2/BmKX 1t�KTH2b Q7 i?2 7Q`@
K2` BM+Hm/2 i2~QM- SQHvUK2i?vH K2i?�+`vH�i2V USJJ�V- TQHv2i?vH2M2 Q` TQHvT`QTvH2M2
T�`iB+H2b BM r�i2` (Rk3)X 1t�KTH2b Q7 i?2 H�i2` BM+Hm/2 � rB/2 `�M;2 Q7 hBi�MBmK@#�b2/
QtB/2b Q` +2`i�BM ?B;?Hv TQH�`Bb�#H2 TQHvK2` T�`iB+H2b BM �B` (Re8)X

.2}MBiBQM 9X8 U6BMBi2 .BK2MbBQM�H PT2`�iQ`bVX G2i Ã : H̆
1
2 (∂Ω) → H̆

1
2 (∂Ω) #2 i?2

ǵKQ/B}2/Ƕ #QmM/�`v BMi2;`�H QT2`�iQ` /2}M2/ i?`Qm;? .2}MBiBQM 9XR- H2i V : H− 1
2 (∂Ω) →

H
1
2 (∂Ω) #2 i?2 bBM;H2 H�v2` #QmM/�`v BMi2;`�H QT2`�iQ` �M/ H2i .iL : H

1
2 (∂Ω) →

H− 1
2 (∂Ω) #2 i?2 .B`B+?H2i@iQ@L2mK�MM K�TX h?2M r2 /2}M2 i?2 }MBi2 /BK2MbBQM�H QT@

2`�iQ`b Ãℓmax : W
ℓmax
0 → W ℓmax

0 - Vℓmax : W
ℓmax
0 → W ℓmax

0 �M/ .iLℓmax : W
ℓmax
0 → W ℓmax

0
�b

Ãℓmax :=PℓmaxP⊥
0 Ã,

Vℓmax :=PℓmaxP⊥
0 V,

.iLℓmax :=Pℓmax.iL.

>2`2- P⊥
0 : H

1
2 (∂Ω) → H̆

1
2 (∂Ω) Bb i?2 T`QD2+iBQM QT2`�iQ` �bbQ+B�i2/ rBi? i?2 +QKTH2K2M@

i�`v /2+QKTQbBiBQM BMi`Q/m+2/ i?`Qm;? G2KK� jXk BM *?�Ti2` j- �M/ Pℓmax : H
1
2 (∂Ω) →

W ℓmax
0 Bb i?2 T`QD2+iBQM QT2`�iQ` QM i?2 �TT`QtBK�iBQM bT�+2 �b /2}M2/ i?`Qm;? .2}MB@

iBQM jXjyX

_2K�`F 9XeX *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM 9X8X q2 2KT?�bBb2 i?�i i?2 QT2`�iQ`b
Vℓmax �M/ .iLℓmax �`2 L2@bvKK2i`B+- BX2X- 7Q` �HH ψℓmax ,σℓmax ∈ W ℓmax

0 Bi ?QH/b i?�i

(ψℓmax ,Vℓmaxσℓmax)L2(∂Ω) = (Vℓmaxψℓmax ,σℓmax)L2(∂Ω) ,

(ψℓmax ,.iLℓmaxσℓmax)L2(∂Ω) = (.iLℓmaxψℓmax ,σℓmax)L2(∂Ω) .

h?Bb Bb � bm#iH2 #mi BKTQ`i�Mi /2i�BH bBM+2 i?2 bT�+2 W ℓmax
0 Bb � T`BQ`B 2[mBTT2/ rBi?

i?2 W ℓmax BMM2` T`Q/m+i Ub22 .2}MBiBQM kXRRV- �M/ Vℓmax Bb MQi bvKK2i`B+ rBi? `2bT2+i
iQ i?2 W ℓmax BMM2` T`Q/m+iX

.2}MBiBQM 9XdX q2 /2}M2 i?2 L2@bvKK2i`B+- TQbBiBp2 /2}MBi2- }MBi2@/BK2MbBQM�H QT@
2`�iQ` .iLκ

ℓmax
: W ℓmax

0 → W ℓmax
0 �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH

ψℓmax ∈ W ℓmax
0 Bi ?QH/b i?�i

.iLκ
ℓmax

ψℓmax :=

∣∣∣∣
κ− κ0
κ0

∣∣∣∣.iLℓmaxψℓmax .

*QMbB/2` .2}MBiBQMb 9X8 �M/ 9Xd- �M/ H2i Iℓmax : W
ℓmax
0 → W ℓmax

0 /2MQi2 i?2 B/2MiBiv
K�TTBM;X Ai 7QHHQrb i?�i

Ãℓmax =

{
Iℓmax + Vℓmax.iLκ

ℓmax
B7 κ > κ0,

Iℓmax − Vℓmax.iLκ
ℓmax

B7 κ < κ0.
U9XkV

Ny



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

1[m�iBQM U9XkV bm;;2bib � M�im`�H /B�;QM�HBb�iBQM bi`�i2;v, aBM+2 .iLκ
ℓmax

Bb bvKK2i@
`B+ TQbBiBp2 /2}MBi2- i?2 �bbQ+B�i2/ b[m�`2 `QQi QT2`�iQ` (.iLκ

ℓmax
)
1
2 : W ℓmax

0 → W ℓmax
0

+�M #2 /2}M2/ �M/ mb2/ iQ /B�;QM�HBb2 ÃX

.2}MBiBQM
9X3X q2 /2}M2 i?2 L2@bvKK2i`B+- }MBi2@/BK2MbBQM�H QT2`�iQ` Ãsym

ℓmax
: W ℓmax

0 → W ℓmax
0

�b

Ãsym
ℓmax

:=

⎧
⎨

⎩

Iℓmax + (.iLκ
ℓmax

)
1
2Vℓmax(.iLκ

ℓmax
)
1
2 B7 κ > κ0,

Iℓmax − (.iLκ
ℓmax

)
1
2Vℓmax(.iLκ

ℓmax
)
1
2 B7 κ < κ0.

_2K�`F 9XNX *QMbB/2` .2}MBiBQM 9X3X q2 Q#b2`p2 BKK2/B�i2Hv i?�i i?2 }MBi2@/BK2MbBQM�H
QT2`�iQ`b Ãℓmax �M/ Ãsym

ℓmax
�`2 bBKBH�`- BX2X- Bi ?QH/b i?�i

Ãℓmax = (.iLκ
ℓmax

)−
1
2 Ãsym

ℓmax
(.iLκ

ℓmax
)
1
2 . U9XjV

�Hi?Qm;? r2 ?�p2 MQi Q#i�BM2/ �M 2tTHB+Bi /B�;QM�HBb�iBQM Q7 Ãℓmax - r2 ?�p2 b?QrM
i?�i Bi Bb bBKBH�` iQ i?2 L2@bvKK2i`B+ QT2`�iQ` Ãsym

ℓmax
X AM 7�+i Qm` bm#b2[m2Mi +QMp2`@

;2M+2 �M�HvbBb /Q2b MQi `2[mB`2 �M 2tTHB+Bi /B�;QM�HBb�iBQM �M/ i?2 `2H�iBQM U9XjV rBHH #2
bm{+B2MiX

aBM+2 i?2 }MBi2@/BK2MbBQM�H QT2`�iQ` Ãsym
ℓmax

rBHH 72�im`2 T`QKBM2MiHv BM Qm` +QMp2`@
;2M+2 �M�HvbBb- r2 Kmbi Q#i�BM #QmM/b QM i?2 bT2+i`mK Q7 i?Bb QT2`�iQ`X LQiB+2 i?�i
Ãsym
ℓmax

Bb L2@bvKK2i`B+- �M/ i?mb ?�b Tm`2Hv `2�H 2B;2Mp�Hm2bX h?2 M2ti H2KK� ;Bp2b
#QmM/b QM i?2 bK�HH2bi �M/ H�`;2bi 2B;2Mp�Hm2b Q7 i?Bb QT2`�iQ`X

G2KK� 9XRyX G2i i?2 bvKK2i`B+- }MBi2@/BK2MbBQM�H QT2`�iQ` Ãsym
ℓmax

: W ℓmax
0 → W ℓmax

0

#2 /2}M2/ �b BM .2}MBiBQM 9X3- H2i i?2 +QMiBMmBiv +QMbi�Mi C
Ã

Q7 i?2 QT2`�iQ` Ã #2 /2}M2/
�b BM G2KK� jXky- H2i i?2 +QMbi�Mi α0 ∈ R #2 /2}M2/ �b

α0 :=

{
1 B7 κ > κ0,

min κ
κ0

B7 κ < κ0,

�M/ H2i µ0 ∈ R �M/ µmax ∈ R /2MQi2 i?2 bK�HH2bi �M/ H�`;2bi 2B;2Mp�Hm2 `2bT2+iBp2Hv
Q7 Ãsym

ℓmax
X h?2M Bi ?QH/b i?�i

µ0 ≥ α0 �M/ µmax ≤ C
Ã
.

S`QQ7X q2 }`bi T`Qp2 i?2 #QmM/ 7Q` i?2 H�`;2bi 2B;2Mp�Hm2 µmax ∈ RX G2i ψℓmax
max ∈ W ℓmax

0
/2MQi2 i?2 2B;2M7mM+iBQM +Q``2bTQM/BM; iQ µmaxX q2 i?2M ?�p2 #v i?2 bBKBH�`Biv Q7 i?2
QT2`�iQ`b Ãℓmax �M/ Ãsym

ℓmax
Ub22 _2K�`F 9XNV i?�i

µmaxψ
ℓmax
max = Ãsym

ℓmax
ψℓmax
max = (.iLκ

ℓmax
)
1
2 Ãℓmax(.iLκ

ℓmax
)−

1
2ψℓmax

max .

NR



9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
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.2}M2 i?2 7mM+iBQM φℓmax
max := (.iLκ)−

1
2ψℓmax

max X � bi`�B;?i7Q`r�`/ +�H+mH�iBQM vB2H/b

µmaxφ
ℓmax
max = Ãℓmaxφ

ℓmax
max ,

r?B+? BKTHB2b i?�i

µ2
max

∣∣∣∣∣∣φℓmax
max

∣∣∣∣∣∣2 =
∣∣∣∣∣∣̃Aℓmaxφ

ℓmax
max

∣∣∣∣∣∣2.

*QMb2[m2MiHv- r2 Q#i�BM 7`QK G2KK� jXky i?�i µmax ≤ C
Ã

X L2ti- r2 T`Qp2 i?2
2biBK�i2 7Q` i?2 bK�HH2bi 2B;2Mp�Hm2 µ0 ∈ RX G2i ψℓmax

0 ∈ W ℓmax
0 /2MQi2 i?2 2B;2M7mM+iBQM

+Q``2bTQM/BM; iQ µ0 �M/ /2}M2 φℓmax
0 := (.iLκ)−

1
2ψℓmax

0 X � bBKBH�` +�H+mH�iBQM �b �#Qp2
vB2H/b i?�i

µ0φ
ℓmax
0 = Ãℓmaxφ

ℓmax
0 . U9X9V

*QMbB/2` }`bi i?2 +�b2 κ > κ0X 6`QK 1[m�iBQM U9X9V �M/ i?2 /2}MBiBQM Q7 Ãℓmax r2
?�p2

µ0

(
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)
=
(
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)

+
(
V.iLκ

ℓmax
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)

≥
(
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)
,

r?2`2 i?2 b2+QM/ bi2T mb2b i?2 +Q2`+BpBiv Q7 V Ub22 h?2Q`2K RXkd BM a2+iBQM RX9VX h?Bb
vB2H/b µ0 ≥ 1X

L2ti- r2 +QMbB/2` i?2 +�b2 κ < κ0X q2 Q#i�BM 7`QK 1[m�iBQM U9X9V �M/ i?2 /2}MBiBQM
Q7 Ãℓmax i?�i

(µ0 − 1)
(
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)
= −

(
V.iLκ

ℓmax
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)
. U9X8V

q2 /2}M2 i?2 7mM+iBQM φκ,ℓmax
0 :=

∣∣∣κ−κ0κ0

∣∣∣φℓmax
0 X lbBM; i?2 *�H/2`ƦM B/2MiBiB2b Ub22

G2KK� RXjR BM a2+iBQM RX9V- r2 b22 i?�i
(
V.iLκ

ℓmax
φℓmax
0 ,.iLκ

ℓmax
φℓmax
0

)

L2(∂Ω)
=
(

.iLℓmaxφ
κ,ℓmax
0 ,φκ,ℓmax

0

)

L2(∂Ω)
−
(
Wφκ,ℓmax

0 ,φκ,ℓmax
0

)

L2(∂Ω)

≤
(

.iLℓmaxφ
κ,ℓmax
0 ,φκ,ℓmax

0

)

L2(∂Ω)
,

r?2`2 i?2 BM2[m�HBiv 7QHHQrb 7`QK i?2 MQM@M2;�iBpBiv Q7 i?2 ?vT2`bBM;mH�` QT2`�iQ` W

Ub22 h?2Q`2K RXk3 BM a2+iBQM RX9VX lbBM; i?Bb #QmM/ BM 1[m�iBQM U9X8V i?2M vB2H/b

(µ0 − 1)
N∑

j=1

∣∣∣∣
κj − κ0
κ0

∣∣∣∣
(

.iLℓmaxφ
ℓmax
0 ,φℓmax

0

)

L2(∂Ωj)

Nk



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

≥ −
N∑

j=1

∣∣∣∣
κj − κ0
κ0

∣∣∣∣
2 (

.iLℓmaxφ
ℓmax
0 ,φℓmax

0

)

L2(∂Ωj)
.

aBKTH2 +�H+mHmb �M/ i?2 7�+i i?�i κ < κ0 #v �bbmKTiBQM- �HHQrb mb iQ +QM+Hm/2
i?�i µ0 ≥ minj=1,...,N

κj
κ0

X

q2 MQr ?�p2 �HH i?2 BM;`2/B2Mib M2+2bb�`v iQ �M�Hvb2 i?2 +QMp2`;2M+2 #2?�pBQm` Q7
:J_1a �TTHB2/ iQ i?2 HBM2�` bvbi2K �`BbBM; 7`QK i?2 ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�@
iBQM U9XRV rBi? KQ/B}2/ _>aX

9XkXk :J_1a +QMp2`;2M+2 �M�HvbBb �M/ bQHmiBQM bi`�i2;v

q2 #2;BM i?Bb bm#b2+iBQM #v }tBM; bQK2 �//BiBQM�H MQi�iBQMX �b � }`bi bi2T r2 rQmH/
HBF2 iQ r`Bi2 2tTHB+BiHv i?2 HBM2�` bvbi2K �`BbBM; 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM U9XRVX
AM pB2r Q7 .2}MBiBQM jXke Q7 Qm` �TT`QtBK�iBQM bT�+2 W ℓmax

0 - i?2 M�im`�H +?QB+2 Q7 #�bBb
7mM+iBQMb �`2 i?2 HQ+�H bT?2`B+�H ?�`KQMB+b QM 2�+? bT?2`2X

.2}MBiBQM 9XRR U*?QB+2 Q7 "�bBbVX G2i ℓmax ∈ NX q2 /2MQi2 7Q` 2�+? j ∈ {1, . . . , N}
�M/ �HH ℓ ∈ {1, . . . , ℓmax}- −ℓ ≤ m ≤ ℓ i?2 7mM+iBQM Yj

ℓm : ∂Ω → R /2}M2/ �b

Yj
ℓm(x) :=

{
Ym
ℓ

(
x−xj

|x−xj |

)
7Q` �HH x ∈ ∂Ωj ,

0 Qi?2`rBb2,

�M/ r2 2[mBT i?2 �TT`QtBK�iBQM bT�+2 W ℓmax
0 rBi? i?2 #�bBb {Yj

ℓm}X >2`2- Ym
ℓ /2MQi2b

i?2 bT?2`B+�H ?�`KQMB+ Q7 /2;`22 ℓ �M/ Q`/2` m �b /2}M2/ BM .2}MBiBQM kXN BM a2+iBQM
kXjX

LQi�iBQM, G2i ℓmax ∈ NX q2 rBHH ?2M+27Q`i? /2MQi2 #v M := N · (ℓmax + 1)2 −N -
i?2 /BK2MbBQM Q7 i?2 �TT`QtBK�iBQM bT�+2 W ℓmax

0 X LQiB+2 i?�i i?2 /BK2MbBQM Q7 i?2 bT�+2
W ℓmax Bb i?2M ;Bp2M #v M +N X
_2K�`F 9XRkX *QMbB/2` .2}MBiBQM 9XRR Q7 i?2 #�bBb 7mM+iBQMb QM W ℓmax

0 X h?2b2 7mM+iBQMb
2bi�#HBb? �M BbQKQ`T?BbK #2ir22M W ℓmax

0 �M/ RM X AM/22/- r2 �bbQ+B�i2 �M �`#Bi`�`v
ψ ∈ W ℓmax

0 rBi? ψ ∈ RM /2}M2/ �b

[ψi]
m
ℓ :=

(
ψ,Yj

ℓm

)

L2(∂Ωi)
, 7Q` i ∈ {1, . . . , N}, ℓ ∈ {1, . . . , ℓmax} �M/ − ℓ ≤ m ≤ ℓ.

*QMb2[m2MiHv- ;Bp2M 7mM+iBQMb BM i?2 bT�+2 W ℓmax
0 - r2 rBHH Q7i2M `272` iQ i?2B` p2+@

iQ` `2T`2b2Mi�iBQMb BM RM �M/ pB+2 p2`b�X JQ`2Qp2`- iQ 7�+BHBi�i2 B/2MiB}+�iBQM r2 rBHH
7`2[m2MiHv mb2 #QH/ bvK#QHb 7Q` i?2 p2+iQ` `2T`2b2Mi�iBQMbX

.2}MBiBQM 9XRjX G2i ℓmax ∈ N- H2i Qℓmax : H
− 1

2 (∂Ω) → W ℓmax /2MQi2 i?2 T`QD2+iBQM
QT2`�iQ` QM i?2 �TT`QtBK�iBQM bT�+2 �b /2}M2/ i?`Qm;? .2}MBiBQM jXjy- �M/ H2i σf ∈
H− 1

2 (∂Ω)X h?2M

Nj
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Ç q2 /2}M2 i?2 `B;?i@?�M/ bB/2 p2+iQ` σf ∈ RM �b

[σf i]
m
ℓ :=

1

κ0

(
VQℓmaxσf ,Y

i
ℓm

)
L2(∂Ωi)

7Q` i ∈ {1, . . . , N}- ℓ ∈ {1, . . . , ℓmax}- �M/ −ℓ ≤ m ≤ ℓX

Ç q2 /2}M2 i?2 /B�;QM�H TQbBiBp2 /2}MBi2 K�i`Bt DtNκ ∈ RM×M �b

[DtNκ
ij ]

mm′
ℓℓ′ :=

(
(.iLκ

ℓmax
)
1
2Yj

ℓ′m′ ,Y
i
ℓm

)

L2(∂Ωi)

7Q` i, j ∈ {1, . . . , N}- ℓ, ℓ′ ∈ {1, . . . , ℓmax}- �M/ −ℓ ≤ m,m′ ≤ ℓX

Ç q2 /2}M2 i?2 bQHmiBQM K�i`Bt A ∈ RM×M �b

[Aij ]
mm′
ℓℓ′ :=

(
ÃℓmaxY

j
ℓ′m′ ,Y

i
ℓm

)

L2(∂Ωi)

7Q` i, j ∈ {1, . . . , N}- ℓ, ℓ′ ∈ {1, . . . , ℓmax}- �M/ −ℓ ≤ m,m′ ≤ ℓX

Ç q2 /2}M2 i?2 bvKK2i`Bb2/ bQHmiBQM K�i`Bt Asym ∈ RM×M �b

[Asym
ij ]mm′

ℓℓ′ :=
(
Ãsym
ℓmax

Yj
ℓ′m′ ,Y

i
ℓm

)

L2(∂Ωi)

7Q` i, j ∈ {1, . . . , N}- ℓ, ℓ′ ∈ {1, . . . , ℓmax}- �M/ −ℓ ≤ m,m′ ≤ ℓX

hrQ `2K�`Fb �`2 MQr BM Q`/2`X
_2K�`F 9XR9X *QMbB/2` .2}MBiBQM 9XRjX � /B`2+i +�H+mH�iBQM b?Qrb i?�i i?2 K�i`B+2b A
�M/ Asym �`2 bBKBH�` �M/ r2 ?�p2

A = (DtNκ)−1AsymDtNκ.

_2K�`F 9XR8X *QMbB/2` .2}MBiBQM 9XRjX q2 2KT?�bBb2 i?�i i?2 bQHmiBQM K�i`Bt A �M/
i?2 bvKK2i`Bb2/ bQHmiBQM K�i`Bt Asym �`2 MQi?BM; 2Hb2 i?�M i?2 `2T`2b2Mi�iBQM BM i?2
#�bBb Q7 HQ+�H bT?2`B+�H ?�`KQMB+b 7mM+iBQMb Q7 i?2 }MBi2@/BK2MbBQM�H QT2`�iQ`b Ãℓmax �M/
Ãsym
ℓmax

/2}M2/ i?`Qm;? .2}MBiBQMb 9XR �M/ 9X3 `2bT2+iBp2HvX q2 +�M i?2`27Q`2 r`Bi2 i?2
ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM U9XRV rBi? KQ/B}2/ _>a �b 2tT2+i2/ BM K�i`Bt 7Q`KX

J�i`Bt 7Q`KmH�iBQM Q7 i?2 ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM U9XRV

G2i ℓmax ∈ N- H2i σf ∈ H− 1
2 (∂Ω)- �M/ H2i i?2 p2+iQ` σf ∈ RM �M/ i?2 K�i`Bt

A ∈ RM×M #2 /2}M2/ �b BM .2}MBiBQM 9XRjX 6BM/ � p2+iQ` λ ∈ RM bm+? i?�i

Aλ = σf . U9XeV

q2 �`2 MQr `2�/v iQ bi�i2 Qm` K�BM +QMp2`;2M+2 `2bmHiX

N9



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

h?2Q`2K 9XRe U*QMp2`;2M+2 �M�HvbBb 7Q` :J_1a@#�b2/ ai`�i2;vVX
G2i ℓmax ∈ N- H2i σf ∈ H− 1

2 (∂Ω)- H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2 bQHmiBQM iQ i?2
:�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 rBi? `B;?i ?�M/ bB/2 ;Bp2M
#v σf - �M/ H2i P⊥

0 : H
1
2 (∂Ω) → H̆

1
2 (∂Ω) �M/ Qℓmax : H

1
2 (∂Ω) → W ℓmax #2 i?2 T`QD2+iBQM

QT2`�iQ`b /2}M2/ i?`Qm;? G2KK� jXk �M/ .2}MBiBQM jXjy `2bT2+iBp2HvX h?2M 7Q` 2p2`v
ϵ > 0 i?2`2 2tBbib � 7mM+iBQM νapproxℓmax

∈ W ℓmax �M/ � M�im`�H MmK#2` Rϵ > 0 i?�i /2T2M/b
QM ϵ- i?2 `�/BB Q7 i?2 QT2M #�HHb- i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 KBMBK�H BMi2`@bT?2`2
b2T�`�iBQM /Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 QT2M #�HHb N bm+? i?�i νapproxℓmax

+�M #2 +QKTmi2/ mbBM; �i KQbi Rϵ Bi2`�iBQMb Q7 :J_1a �M/ bm+? i?�i i?2 7QHHQrBM; 2``Q`
2biBK�i2 ?QH/b

|||νapproxℓmax
− νℓmax |||∗

|||P⊥
0 νℓmax |||∗ + 1

κ0
|||P⊥

0 Qℓmaxσf |||∗
< ϵ.

S`QQ7X q2 #2;BM #v /2}MBM; i?2 �{M2 i`�Mb7Q`K�iBQM B : W ℓmax
0 → W ℓmax �b i?2 K�T@

TBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH ψℓmax ∈ W ℓmax
0 Bi ?QH/b i?�i

Bψℓmax =
κ0 − κ

κ0
.iLψℓmax +

1

κ0
Qℓmaxσf . U9XdV

G2i λℓmax ∈ W ℓmax
0 /2MQi2 i?2 bQHmiBQM iQ i?2 ǳ`2/m+2/Ƕ :�H2`FBM /Bb+`2iBb�iBQM rBi?

KQ/B}2/ _>a U9XRVX Ai 7QHHQrb 7`QK G2KK� 9X9 i?�i Bλℓmax = νℓmax X h?mb 7Q` �Mv
7mM+iBQM ψℓmax ∈ W ℓmax

0 Bi ?QH/b i?�i

|||νℓmax −Bψℓmax |||∗ =
∣∣∣
∣∣∣
∣∣∣
κ0 − κ

κ0
.iL

(
λℓmax − ψℓmax

)∣∣∣
∣∣∣
∣∣∣
∗

≤ max
∣∣∣
κ0 − κ

κ0

∣∣∣|||λℓmax − ψℓmax |||.

G2i ϵ > 0 #2 }t2/ �M/ H2i ϵ̃ := ϵ

max
∣∣∣κ0−κ

κ0

∣∣∣
X Ai 7QHHQrb i?�i

||||λℓmax − ψℓmax ||| < ϵ̃ =⇒ |||νℓmax −Bψℓmax |||∗ < ϵ. U9X3V

q2 rBHH i?2`27Q`2 b?Qr i?�i i?2`2 2tBbib � M�im`�H MmK#2` Rϵ i?�i /2T2M/b QM ϵ- i?2
`�/BB Q7 i?2 QT2M #�HHb- i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM
/Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 QT2M #�HHb N bm+? i?�i QM2 +�M +QKTmi2 �
7mM+iBQM ψℓmax ∈ W ℓmax

0 mbBM; �i KQbi Rϵ Bi2`�iBQMb Q7 :J_1a �M/ bm+? i?�i

|||λℓmax − ψℓmax ||| < ϵ̃. U9XNV

h?Bb rBHH �HHQr mb iQ /2}M2 νapproxℓmax
:= Bψℓmax �M/ ?2M+2 +QKTH2i2 i?2 T`QQ7X

*QMbB/2` i?2 K�i`Bt 1[m�iBQM U9XeVX G2i λ0 ∈ RM #2 bQK2 BMBiB�HBb�iBQM �M/ H2i
λk ∈ RM , k ∈ N /2MQi2 i?2 kth Bi2`�i2 ;2M2`�i2/ #v :J_1a �TTHB2/ iQ i?Bb HBM2�`

N8



9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

bvbi2KX L2ti- H2i rk := σf −Aλk, k ∈ N0 /2MQi2 i?2 ki? `2bB/m�HX Ai Bb r2HH FMQrM Ub22-
2X;X- (39) Q` (Rk8)V i?�i 7Q` �HH M�im`�H MmK#2`b k ∈ N i?2 :J_1a `2bB/m�H rk b�iBb}2b

|rk| = min
p∈πk

∣∣p (A) r0
∣∣≤ min

p∈πk

∥∥p (A)
∥∥
2

∣∣r0
∣∣, U9XRyV

r?2`2 πk /2MQi2b i?2 b2i Q7 �HH TQHvMQKB�Hb p : R → R Q7 /2;`22 �i KQbi k bm+? i?�i
p(0) = 1- | · | /2MQi2b i?2 bi�M/�`/ 1m+HB/2�M MQ`K BM RM �M/ ∥ · ∥2 /2MQi2b i?2 K�i`Bt
MQ`K BM/m+2/ #v i?2 bi�M/�`/ 1m+HB/2�M MQ`K BM RM X

lbBM; _2K�`F 9XR9 �M/ i?2 7�+i i?�i i?2 K�i`Bt Asym Bb bvKK2i`B+- i?2 #QmM/ U9XRyV
+�M #2 bBKTHB}2/ Ub22- 2X;X- (Rk8)V iQ Q#i�BM

|rk| ≤ min
p∈πk

∥∥p (Asym)
∥∥
2

∥∥(DtNκ)−1
∥∥
2

∥∥DtNκ
∥∥
2

∣∣r0
∣∣,

≤ min
p∈πk

max
n

∣∣p (µn)
∣∣∥∥(DtNκ)−1

∥∥
2

∥∥DtNκ
∥∥
2

∣∣r0
∣∣,

r?2`2 µn, n = 0, . . . ,M − 1 /2MQi2 i?2 U�b+2M/BM;Hv Q`/2`2/V 2B;2Mp�Hm2b Q7 i?2 K�i`Bt
AsymX q2 MQr bBKTHB7v 2�+? i2`K BM i?Bb 2biBK�i2X

.m2 iQ G2KK� 9XRy r2 FMQr i?�i �HH 2B;2Mp�Hm2b Q7 Asym �`2 TQbBiBp2 �M/ r2 ?�p2
2tTHB+Bi #QmM/b QM i?2 bK�HH2bi 2B;2Mp�Hm2 µ0 �M/ i?2 H�`;2bi 2B;2Mp�Hm2 µM−1 Q7 i?Bb
K�i`BtX *QMb2[m2MiHv- r2 +�M 2KTHQv i?2 bi�M/�`/ �TT`Q�+? Q7 mbBM; *?2#vb?2p TQHv@
MQKB�Hb Q7 i?2 }`bi FBM/ iQ 2biBK�i2 i?2 KBM@K�t T`Q#H2K Ub22- 2X;X- (ed- *?�Ti2` j)VX
q2 i?mb Q#i�BM

min
p∈πk

max
n

∣∣p (µn)
∣∣≤ 2

⎛

⎝

√
C

Ã
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k

,

r?2`2 α0, CÃ
�`2 #QmM/b QM i?2 bK�HH2bi �M/ H�`;2bi 2B;2Mp�Hm2b Q7 Asym `2bT2+iBp2Hv- �b

+QKTmi2/ BM G2KK� 9XRyX

L2ti- r2 MQi2 i?�i #v /2}MBiBQM- 2�+? MQM@x2`Q 2Mi`v Q7 i?2 /B�;QM�H TQbBiBp2 /2}MBi2
K�i`Bt DtNκ Bb ;Bp2M #v

[DtNκ
jj ]

mm
ℓℓ =

∣∣∣∣
κj − κ0
κ0

∣∣∣∣

1
2 (

(.iLℓmax)
1
2Yj

ℓm,Yj
ℓm

)

L2(∂Ωj)

=

∣∣∣∣
κj − κ0
κ0

∣∣∣∣

1
2

r2j

√
ℓ

rj
7Q` j ∈ {1, . . . , N}, ℓ ∈ {1, . . . , ℓmax}, �M/ − ℓ ≤ m ≤ ℓ.

A7 r2 /2MQi2 #v χ0 ∈ R �M/ χmax ∈ R i?2 bK�HH2bi �M/ H�`;2bi 2Mi`v `2bT2+iBp2Hv Q7
i?2 K�i`Bt DtNκ- r2 ?�p2

χ0 = min

∣∣∣∣
κ− κ0
κ0

∣∣∣∣

1
2

min
j=1...,N

r
3
2
j , �M/ χmax = max

∣∣∣∣
κ− κ0
κ0

∣∣∣∣

1
2

max
j=1...,N

r
3
2
j

√
ℓmax.

q2 i?mb Q#i�BM i?�i
∥∥(DtNκ)−1

∥∥
2
=

1

χ0
=

1

min
∣∣∣κ−κ0κ0

∣∣∣
1
2
minj=1...,N r

3
2
j

Ne



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

�M/

∥∥DtNκ
∥∥
2
= χmax = max

∣∣∣∣
κ− κ0
κ0

∣∣∣∣

1
2

max
j=1...,N

r
3
2
j

√
ℓmax.

h?2 2biBK�i2 U9XRyV +�M i?2`27Q`2 #2 #QmM/2/ �b

|rk| ≤ 2
√
ℓmax

⎛

⎝

√
C

Ã
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k(
max |κ− κ0|maxj=1...,N r3j
min |κ− κ0|minj=1...,N r3j

) 1
2

|r0|.

L2ti- 7Q` 2�+? k ∈ N0 r2 /2MQi2 #v λℓmax
k ∈ W ℓmax

0 i?2 7mM+iBQM �bbQ+B�i2/ rBi? i?2
p2+iQ` λk ∈ RmX lbBM; i?2 7�+i i?�i σf = Aλ �M/ .2}MBiBQM 9XRj- r2 Q#i�BM #v � /B`2+i
+�H+mH�iBQM i?�i

|rk| = |Aλ−Aλk| ≥ min
j=1,...,N

rj
∥∥∥Ãℓmaxλℓmax − Ãℓmaxλ

ℓmax
k

∥∥∥
L2(∂Ω)

≥
(
minj=1,...,N r3j

ℓmax

) 1
2 ∣∣∣
∣∣∣
∣∣∣̃Aℓmaxλℓmax − Ãℓmaxλ

ℓmax
k

∣∣∣
∣∣∣
∣∣∣

≥ β
Ã

(
minj=1,...,N r3j

ℓmax

) 1
2 ∣∣∣
∣∣∣
∣∣∣λℓmax − λℓmax

k

∣∣∣
∣∣∣
∣∣∣,

r?2`2 i?2 H�bi bi2T 7QHHQrb 7`QK G2KK� jXk3 BM *?�Ti2` j- r?B+? 2bi�#HBb?2b i?2 2tBbi2M+2
Q7 i?2 /Bb+`2i2 BM7@bmT +QMbi�Mi β

Ã
> 0 7Q` i?2 KQ/B}2/ #QmM/�`v BMi2;`�H QT2`�iQ` ÃX

AM � bBKBH�` 7�b?BQM B7 r2 TB+F i?2 BMBiB�HBb�iBQM λ0 ≡ 0 r2 ?�p2

|r0| ≤ C
Ã

max
j=1...,N

r
3
2
j |||λℓmax |||.

Ai i?2`27Q`2 7QHHQrb i?�i

∣∣∣
∣∣∣
∣∣∣λℓmax − λℓmax

k

∣∣∣
∣∣∣
∣∣∣≤

2C
Ã
ℓmax

βÃ

maxj=1...,N r3j
minj=1,...,N r3j

⎛

⎝

√
C

Ã
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k (
max |κ− κ0|
min |κ− κ0|

) 1
2

|||λℓmax |||.

U9XRRV

6BM�HHv- BM pB2r Q7 1[m�iBQM U9XdV r2 Q#b2`p2 i?�i

|||λℓmax ||| =
∣∣∣
∣∣∣
∣∣∣

κ0
κ0 − κ

.iL−1P⊥
0

(
νℓmax −

1

κ0
Qℓmaxσf

)∣∣∣
∣∣∣
∣∣∣

=
∣∣∣
∣∣∣
∣∣∣

κ0
κ0 − κ

P⊥
0

(
νℓmax −

1

κ0
Qℓmaxσf

)∣∣∣
∣∣∣
∣∣∣
∗

≤ max

∣∣∣∣
κ0

κ− κ0

∣∣∣∣

(
|||P⊥

0 νℓmax |||∗ +
1

κ0
|||P⊥

0 Qℓmaxσf |||∗
)
.

Nd



9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

h?2`27Q`2- r2 /2}M2 i?2 +QMbi�Mi

ΥGMRES :=
2C

Ã

βÃ

maxj=1...,N r3j
minj=1,...,N r3j

(
max |κ− κ0|
min |κ− κ0|

) 1
2

max

∣∣∣∣
κ0

κ− κ0

∣∣∣∣,

�M/ r2 r`Bi2 i?2 #QmM/ U9XRRV BM � KQ`2 bm++BM+i 7Q`K �b

∣∣∣
∣∣∣
∣∣∣λℓmax − λℓmax

k

∣∣∣
∣∣∣
∣∣∣≤ ΥGMRESℓmax

⎛

⎝

√
C

Ã
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k (
|||P⊥

0 νℓmax |||∗ +
1

κ0
|||P⊥

0 Qℓmaxσf |||∗
)
.

*QMb2[m2MiHv- r2 +�M /2}M2 i?2 M�im`�H MmK#2` Rϵ �b

Rϵ :=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢

log
(

ϵ̃
ℓmaxΥGMRES

)

log

⎛

⎝

√
C
Ã

α0
−1

√
C
Ã

α0
+1

⎞

⎠

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥

. U9XRkV

q2 i?2M Q#i�BM
∣∣∣
∣∣∣
∣∣∣λℓmax − λℓmax

Rϵ

∣∣∣
∣∣∣
∣∣∣< ϵ̃

(
|||P⊥

0 νℓmax |||∗ +
1

κ0
|||P⊥

0 Qℓmaxσf |||∗
)
,

r?B+? vB2H/b- mbBM; AM2[m�HBiv U9X3V-

|||νℓmax −Bλℓmax
Rϵ

|||∗

|||P⊥
0 νℓmax |||∗ + 1

κ0
|||P⊥

0 Qℓmaxσf |||∗
< ϵ.

.2}MBM; νapproxℓmax
:= Bλℓmax

Rϵ
i?2`27Q`2 +QKTH2i2b i?2 T`QQ7X

aQK2 2tTH�M�iQ`v `2K�`Fb �`2 MQr BM Q`/2`X
_2K�`F 9XRdX *QMbB/2` i?2 b2iiBM; �M/ T`QQ7 Q7 h?2Q`2K 9XReX AM T`�+iB+2- i?2 7mM+iBQM
νapproxℓmax

:= Bλℓmax
Rϵ

∈ W ℓmax Bb `2T`2b2Mi2/ �b � p2+iQ` νapprox ∈ RM+N X h?Bb +�M #2
/QM2 �b 7QHHQrb,

6B`bi- H2i λRϵ ∈ RM - BX2X- i?2 Rth
ϵ :J_1a Bi2`�i2- #2 i?2 p2+iQ` `2T`2b2Mi�iBQM Q7

λℓmax
Rϵ

∈ W ℓmax X L2ti- BMbTB`2/ #v .2}MBiBQM 9XRR- r2 2[mBT i?2 bT�+2 W ℓmax rBi? � #�bBb
Q7 HQ+�H bT?2`B+�H ?�`KQMB+b 7mM+iBQMb

{
Yi
ℓm

}
- i ∈ {1, . . . , N} �M/ ℓ ∈ {0, . . . , ℓmax}, −ℓ ≤

m ≤ ℓX lbBM; i?2 MQi�iBQM [λi
Rϵ
]mℓ - i ∈ {1, . . . , N} �M/ ℓ ∈ {1, . . . , ℓmax}, −ℓ ≤ m ≤ ℓ

iQ /2MQi2 i?2 2Mi`B2b Q7 λRϵ ,

Ç q2 /2}M2 i?2 p2+iQ` Ψ ∈ RM+N �b

N3



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

[Ψi]
m
ℓ :=

{
0 7Q` i ∈ {1, . . . , N}, ℓ,m = 0,
κ0−κi
κ0

[λi
Rϵ
]mℓ
(
.iLYi

ℓm,Yi
ℓm

)
7Q` i ∈ {1, . . . , N}, ℓ ∈ {1, . . . , ℓmax}, m ∈ [−ℓ, ℓ].

Ç q2 /2}M2 i?2 p2+iQ` σQ
f ∈ RM+N �b

[σQ
f i
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1

κ0

(
σf ,Y

i
ℓm

)
L2(∂Ωi)

7Q` i ∈ {1, . . . , N}- ℓ ∈ {0, . . . , ℓmax}- �M/ −ℓ ≤ m ≤ ℓX

Ai i?2M 7QHHQrb 7`QK .2}MBiBQM U9XdV Q7 i?2 �{M2 K�T B i?�i i?2 p2+iQ` `2T`2b2Mi�iBQM
νapprox ∈ RM+N Q7 νapproxℓmax

Bb bBKTHv ;Bp2M #v

νapprox := Ψ+ σQ
f . U9XRjV

_2K�`F 9XR3X *QMbB/2` i?2 T`QQ7 Q7 h?2Q`2K 9XReX 1[m�iBQM U9XRkV /2b+`B#2b i?2 #2@
?�pBQm` Q7 Qm` #QmM/ Rϵ QM i?2 MmK#2` Q7 :J_1a Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M
�TT`QtBK�i2 bQHmiBQM rBi? `2H�iBp2 2``Q` bK�HH2` i?�M ϵX AM T�`iB+mH�`- r2 Q#b2`p2 i?�i

Ç Rϵ ;`Qrb KQ/2`�i2Hv �b log(ℓmax) 7Q` BM+`2�bBM; ℓmaxX >2`2- ℓmax Bb i?2 /Bb+`2iBb�@
iBQM T�`�K2i2` 7Q` i?2 �TT`QtBK�iBQM bT�+2X �b r2 /Bb+mbb BM a2+iBQM 9Xj QM Mm@
K2`B+�H `2bmHib- r2 ivTB+�HHv TB+F ℓmax ∈ {5, . . . , 20} bQ r2 /Q MQi Q#b2`p2 ;`Qri?
BM i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb 7Q` BM+`2�bBM; ℓmax BM T`�+iB+�H MmK2`B+�H
bBKmH�iBQMbX

Ç Rϵ ;`Qrb �b KQ/2`�i2Hv log(ΥGMRES) 7Q` BM+`2�bBM; ΥGMRESX >2`2- ΥGMRES Bb
i?2 +QMbi�Mi /2}M2/ BM i?2 T`QQ7 Q7 h?2Q`2K 9XRe �M/ /2T2M/b QM ;2QK2i`B+�H
T�`�K2i2`b bm+? �b i?2 `�/BB Q7 i?2 bT?2`2b �M/ i?2 /B2H2+i`B+ +QMbi�Mib- �M/ i?2
+QMiBMmBiv �M/ BM7@bmT +QMbi�Mi Q7 i?2 QT2`�iQ` ÃX

Ç Rϵ ;`Qrb �b
√

C
Ã
α0

X >2`2- C
Ã

�M/ α0 �`2 #QmM/b QM i?2 H�`;2bi �M/ bK�HH2bi
2B;2Mp�Hm2b `2bT2+iBp2Hv Q7 i?2 bvKK2i`B+- }MBi2@/BK2MbBQM�H QT2`�iQ` Ãsym

ℓmax
Ub22

G2KK� 9XRyV �M/ �`2 ;Bp2M #v

α0 =

{
1 B7 κ > κ0,

min κ
κ0

B7 κ < κ0,
C
Ã
= 1 +max

∣∣∣∣
κ− κ0
κ0

∣∣∣∣
cequiv√

cV
.

*QMb2[m2MiHv- r2 rQmH/ 2tT2+i Rϵ iQ #2 H�`;2 B7

Ç κ < κ0 �M/ min κ
κ0

Bb p2`v bK�HHc

Ç κ > κ0 �M/ max κ
κ0

Bb p2`v H�`;2c

Ç h?2 +Q2`+BpBiv +QMbi�Mi cV Bb p2`v bK�HHX q2 ?�p2 b?QrM BM *?�Ti2` k Ub22 G2KK�b
jXkk �M/ jXkjV i?�i cV = O(δ) 7Q` bK�HH δ- r?2`2 δ Bb i?2 KBMBKmK BMi2`@bT?2`2
b2T�`�iBQM /Bbi�M+2X
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9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

_2K�`F 9XRNX h?2Q`2K 9XRe b?Qr i?�i QM2 +�M Q#i�BM �M �TT`QtBK�iBQM iQ i?2 bQHmiBQM
νℓmax Q7 i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2Ĝ mT iQ � ;Bp2M
`2H�iBp2 2``Q` iQH2`�M+2 ϵĜ #v bQHpBM; i?2 HBM2�` bvbi2K U9XeV mbBM; :J_1a- �M/ i?2
MmK#2` Q7 Bi2`�iBQMb `2[mB`2/ /Q2b MQ 2tTHB+BiHv /2T2M/ QM N X AM T�`iB+mH�` i?2 MmK#2`
Q7 HBM2�` bQHp2` Bi2`�iBQMb Bb mMB7Q`KHv #QmM/2/ 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I
b�iBb7vBM; �bbmKTiBQMb :�RV@:�jVX

P7 +Qm`b2- BM T`�+iB+2- i?2 2``Q` Q7 2�+? :J_1a Bi2`�i2 Bb mMFMQrM �M/ i?2 bQHp2`
Bb ivTB+�HHv `mM mMiBH bQK2 `2H�iBp2 `2bB/m�H iQH2`�M+2 Bb `2�+?2/X LmK2`B+�H 2tT2`BK2Mib
r2 ?�p2 T2`7Q`K2/ Ub22 a2+iBQM 9Xj 7Q` bT2+B}+ ;2QK2i`B+ b2iiBM;bV BM/B+�i2 i?�i i?2 `2H@
�iBp2 `2bB/m�H Bb ivTB+�HHv QM2 Q`/2` Q7 K�;MBim/2 H�`;2` i?�M i?2 `2H�iBp2 2``Q` bQ � p2`v
+QMb2`p�iBp2 bi`�i2;v rQmH/ #2 iQ b2i i?2 :J_1a iQH2`�M+2 irQ Q`/2`b Q7 K�;MBim/2
HQr2` i?�M i?2 /2bB`2/ `2H�iBp2 2``Q` iQH2`�M+2X

:J_1a@#�b2/ bQHmiBQM bi`�i2;v 7Q` Q#i�BMBM; i?2 BM/m+2/ bm`7�+2
+?�`;2 �M/ i?2 2H2+i`Qbi�iB+ 2M2`;v

:Bp2M � 7`22 +?�`;2 σf ∈ H− 1
2 (∂Ω)- i?2 ;Q�H Bb iQ Q#i�BMĜ mT iQ bQK2 ;Bp2M iQH2`�M+2Ĝ

i?2 bQHmiBQM νℓmax ∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2
+?�`;2X �//BiBQM�HHv- Bi KB;?i #2 M2+2bb�`v iQ +QKTmi2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+
2M2`;v Q7 i?2 bvbi2K EQℓmaxσf (νℓmax)X

RX 6Bt ℓmax ∈ N �M/ mb2 .2}MBiBQM 9XRj iQ +QKTmi2 i?2 `B;?i@?�M/ bB/2 p2+iQ` σf ∈
RM X .m2 iQ i?2 mb2 Q7 i?2 6JJ- i?2 iQi�H +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T Bb O(N)X

kX lb2 :J_1a iQ bQHp2Ĝ mT iQ bQK2 iQH2`�M+2Ĝ i?2 HBM2�` bvbi2K U9XeV BMpQHpBM; A
�M/ σf X h?Bb vB2H/b � bQHmiBQM p2+iQ` λapprox ∈ RM X LQiB+2 i?�i λapprox Bb i?2
p2+iQ` `2T`2b2Mi�iBQM Q7 i?2 7mM+iBQM λapproxℓmax

∈ W ℓmax
0 r?B+? Bb �M �TT`QtBK�iBQM iQ

i?2 i`m2 bQHmiBQM λℓmax Q7 i?2 ǳ`2/m+2/Ǵ :�H2`FBM /Bb+`2iBb�iBQM U9XRV rBi? KQ/B}2/
_>aX h?�MFb iQ i?2 6JJ- i?2 +Qbi Q7 � bBM;H2 K�i`Bt p2+iQ` T`Q/m+i BMpQHpBM; A
Bb O(N)X JQ`2Qp2`- /m2 iQ h?2Q`2K 9XRe- i?2 iQi�H MmK#2` Q7 Bi2`�iBQMb Q7 :J_1a
`2[mB`2/ BM i?Bb bi2T Bb BM/2T2M/2Mi Q7 N X *QMb2[m2MiHv- i?2 iQi�H +QKTmi�iBQM�H
+Qbi Q7 i?Bb bi2T Bb �HbQ O(N)X

jX 6QHHQrBM; i?2 T`Q+2/m`2 QmiHBM2/ BM _2K�`F 9XRd- mb2 i?2 bQHmiBQM p2+iQ` λapprox ∈
RM iQ +QKTmi2 i?2 p2+iQ` νapprox ∈ RM+N X *H2�`Hv- i?2 +QKTmi�iBQM�H +Qbi Q7
i?Bb bi2T Bb O(N)X

9X νapprox Bb MQr i?2 p2+iQ` `2T`2b2Mi�iBQM Q7 bQK2 7mM+iBQM νapproxℓmax
∈ W ℓmax i?�i Bb

i?2 `2[mB`2/ �TT`QtBK�iBQM Q7 i?2 i`m2 bQHmiBQM νℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�@
iBQM UkX3VX

8X A7 `2[mB`2/- i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 2M2`;v EQℓmaxσf (νℓmax) +�M #2 +QKTmi2/
mbBM; .2}MBiBQM jXRX aBM+2 i?Bb `2[mB`2b � bBM;H2 6JJ +�HH- i?2 +QKTmi�iBQM�H +Qbi
Q7 i?Bb bi2T Bb �HbQ O(N)X
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9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

q2 +QM+Hm/2 i?Bb bm#b2+iBQM #v 2KT?�bBbBM; QM+2 �;�BM i?2 F2v BKTHB+�iBQM Q7 h?2@
Q`2K 9XRe �M/ i?2 bQHmiBQM bi`�i2;v ?B;?HB;?i2/ �#Qp2, 6Q` �Mv ;2QK2i`v BM i?2 7�KBHv
Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; �bbmKTiBQMb :�RV@:�jV- r2 +�M +QKTmi2@ mT iQ �Mv
;Bp2M 2``Q` iQH2`�M+2Ĝ i?2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V mbBM; O(NF) QT@
2`�iBQMb- r?2`2 NF /2MQi2b i?2 MmK#2` Q7 T�`iB+H2b BM i?2 ;2QK2i`v ΩFX q2 ?�p2 i?mb
/2KQMbi`�i2/ i?�i Qm` MmK2`B+�H K2i?Q/ Bb HBM2�` b+�HBM; BM +QbiX *QK#BM2/ rBi? i?2
2``Q` �M�HvbBb T`2b2Mi2/ BM *?�Ti2` j Ub22- 2X;X- h?2Q`2K jXRkV r2 +�M +QM+Hm/2 i?�i Qm`
MmK2`B+�H K2i?Q/ Bb �HbQ HBM2�` b+�HBM; BM �++m`�+v- BX2X- 7Q` �Mv ;2QK2i`v BM i?2 7�KBHv
Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; �bbmKTiBQMb :�RV@:�jV- i?2 +QKTmi�iBQM�H +Qbi Q7
Q#i�BMBM; i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2 Q` 2H2+i`Qbi�iB+ 2M2`;v mT iQ � }t2/
�p2`�;2 Q` `2H�iBp2 2``Q` b+�H2b HBM2�`Hv BM NFX

9XkXj �M �TT`Q�+? #�b2/ QM i?2 +QMDm;�i2 ;`�/B2Mi K2i?Q/

LQiB+2 i?�i i?2 +QMp2`;2M+2 �M�HvbBb r2 T`2b2Mi2/ BM a2+iBQM 9XkXk `2HB2/ +`m+B�HHv QM
i?2 bBKBH�`Biv Q7 i?2 }MBi2 /BK2MbBQM�H QT2`�iQ`b Ã /2}M2/ i?`Qm;? .2}MBiBQM 9XR �M/
Ãsym /2}M2/ i?Qm;? .2}MBiBQM 9X3X h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ 7m`i?2` 2tTHQBi i?Bb
bBKBH�`Biv �M/ QmiHBM2 � bQHmiBQM bi`�i2;v #�b2/ QM i?2 mb2 Q7 i?2 +QMDm;�i2 ;`�/B2Mi
U*:V K2i?Q/ `�i?2` i?�M :J_1aX h?`Qm;?Qmi i?Bb bm#b2+iBQM- r2 �bbmK2 i?2 b2iiBM;
Q7 a2+iBQM 9XkXkX

.2}MBiBQM 9XkyX G2i ℓmax ∈ N- H2i σf ∈ H− 1
2 (∂Ω)- �M/ H2i i?2 p2+iQ` σf ∈ RM �M/ i?2

/B�;QM�H TQbBiBp2 /2}MBi2 K�i`Bt DtNκ ∈ RM×M #2 /2}M2/ �b BM .2}MBiBQM 9XRjX h?2M
r2 /2}M2 i?2 p2+iQ` σ̃f ∈ RM �b

σ̃f := DtNκσf .

lbBM; .2}MBiBQM 9Xky- r2 +�M 7Q`KmH�i2 � K�i`Bt 2[m�iBQM �bbQ+B�i2/ rBi? i?2 bvK@
K2i`B+ }MBi2@/BK2MbBQM�H QT2`�iQ` ÃsymX

avKK2i`B+ K�i`Bt 2[m�iBQM 7Q` Ãsym,

G2i ℓmax ∈ N- H2i σf ∈ H− 1
2 (∂Ω)- H2i i?2 bvKK2i`B+ K�i`Bt Asym ∈ RM×M #2 /2}M2/

�b BM .2}MBiBQM 9XRj- �M/ H2i i?2 p2+iQ` σ̃f ∈ RM #2 /2}M2/ �b BM .2}MBiBQM 9XkyX 6BM/
� p2+iQ` λsym ∈ RM bm+? i?�i

Asymλsym = σ̃f . U9XR9V

LQiB+2 i?�i 1[m�iBQM U9XR9V Bb r2HH@TQb2/ bBM+2 Asym Bb bvKK2i`B+ TQbBiBp2 /2}MBi2
Ub22 G2KK� 9XRyVX 6m`i?2`KQ`2- B7 r2 /2MQi2 #v λ ∈ RM �M/ λsym ∈ RM i?2 bQHmiBQMb
iQ i?2 K�i`Bt 2[m�iBQMb U9XeV �M/ U9XR9V `2bT2+iBp2Hv- i?2M Bi Bb 2�bv iQ b22 i?�i

λ = (DtNκ)−1λsym. U9XR8V

1[m�iBQM U9XR8V bm;;2bib i?�i r2 +�M �pQB/ i?2 mb2 Q7 :J_1a 7Q` bQHpBM; i?2 MQM@
bvKK2i`B+ K�i`Bt 1[m�iBQM U9XeV �M/ BMbi2�/ bQHp2 i?2 bvKK2i`B+ K�i`Bt 1[m�iBQM U9XR9V
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9X *PJSG1sAhu �L�GuaAa P6 h>1 ALh1:_�G 1Zl�hAPL
6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

mbBM; i?2 *: K2i?Q/X Pm` M2ti `2bmHi T`2b2Mib i?2 +QMp2`;2M+2 �M�HvbBb Q7 i?Bb �Hi2`M�@
iBp2 �TT`Q�+?X

h?2Q`2K 9XkR U*QMp2`;2M+2 �M�HvbBb 7Q` *:@#�b2/ ai`�i2;vVX
G2i ℓmax ∈ N- H2i σf ∈ H− 1

2 (∂Ω)- H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2 bQHmiBQM iQ i?2
:�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 rBi? `B;?i ?�M/ bB/2 ;Bp2M
#v σf - �M/ H2i P⊥

0 : H
1
2 (∂Ω) → H̆

1
2 (∂Ω) �M/ Qℓmax : H

1
2 (∂Ω) → W ℓmax #2 i?2 T`QD2+iBQM

QT2`�iQ`b /2}M2/ i?`Qm;? G2KK� jXk �M/ .2}MBiBQM jXjy `2bT2+iBp2HvX h?2M 7Q` 2p2`v
ϵ > 0 i?2`2 2tBbib � 7mM+iBQM νapproxℓmax

∈ W ℓmax �M/ � M�im`�H MmK#2` Sϵ > 0 i?�i /2T2M/b
QM ϵ- i?2 `�/BB Q7 i?2 QT2M #�HHb- i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 KBMBK�H BMi2`@bT?2`2
b2T�`�iBQM /Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 QT2M #�HHb N bm+? i?�i νapproxℓmax

+�M #2 +QKTmi2/ mbBM; �i KQbi Sϵ Bi2`�iBQMb Q7 i?2 +QMDm;�i2 ;`�/B2Mi K2i?Q/ �M/ bm+?
i?�i i?2 7QHHQrBM; 2``Q` 2biBK�i2 ?QH/b

|||νapproxℓmax
− νℓmax |||∗

|||P⊥
0 νℓmax |||∗ + 1

κ0
|||P⊥

0 Qℓmaxσf |||∗
< ϵ.

S`QQ7X h?2 T`QQ7 Q7 h?2Q`2K 9XkR Bb p2`v bBKBH�` iQ i?2 T`QQ7 Q7 h?2Q`2K 9XReX 6Q` i?2
b�F2 Q7 #`2pBiv i?2`27Q`2- r2 /Q MQi T`2b2Mi �HH /2i�BHbX

G2i ϵ > 0 #2 }t2/- H2i ϵ̃ := ϵ

max
∣∣∣κ−κ0

κ0

∣∣∣
- �M/ H2i λℓmax ∈ W ℓmax

0 /2MQi2 i?2 bQHmiBQM iQ

i?2 :�H2`FBM /Bb+`2iBb�iBQM U9XRVX 6QHHQrBM; i?2 bi2Tb Q7 i?2 T`QQ7 Q7 h?2Q`2K 9XRe- Bi
Bb +H2�` i?�i r2 Kmbi b?Qr i?2 2tBbi2M+2 Q7 � M�im`�H MmK#2` Sϵ i?�i /2T2M/b QM ϵ- i?2
`�/BB Q7 i?2 QT2M #�HHb- i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM
/Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 QT2M #�HHb N bm+? i?�i r2 +�M +QKTmi2 �
7mM+iBQM ψℓmax ∈ W ℓmax

0 mbBM; �i KQbi Sϵ Bi2`�iBQMb Q7 i?2 *: K2i?Q/ �M/ bm+? i?�i

|||λℓmax − ψℓmax ||| < ϵ̃.

*QMbB/2` i?2 bvKK2i`B+ K�i`Bt 1[m�iBQM U9XR9VX G2i i?2 BMBiB�HBb�iBQM λsym
0 ∈ RM #2

x2`Q- H2i λsym
k ∈ RM , k ∈ N /2MQi2 i?2 kth Bi2`�i2 ;2M2`�i2/ #v *: �TTHB2/ iQ i?Bb HBM2�`

bvbi2KX L2ti- H2i rk := σ̃f −Asymλsym
k , k ∈ N0 /2MQi2 i?2 ki? `2bB/m�HX h?2 bi�M/�`/

+QMp2`;2M+2 �M�HvbBb 7Q` i?2 *: K2i?Q/ Ub22- 2X;X- (Rk8)V i?2M vB2H/b

∥rk∥Asym ≤ 2

⎛

⎝

√
C

Ã
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k

∥∥σ̃f

∥∥
Asym , U9XReV

r?2`2 i?2 +QMbi�Mib C
Ã
,α0 �`2 #QmM/b QM i?2 bK�HH2bi �M/ H�`;2bi 2B;2Mp�Hm2b Q7 Asym

�b Q#i�BM2/ BM G2KK� 9XRy- �M/ ∥ · ∥Asym Bb i?2 MQ`K QM RM BM/m+2/ #v i?2 bvKK2i`B+
TQbBiBp2 /2}MBi2 K�i`Bt AsymX

L2ti- mbBM; bBKTH2 �H;2#`� �M/ 1[m�iBQM 9XR8 r2 Q#i�BM i?�i
∥∥σ̃f

∥∥
Asym ≤

√
C
Ã
|σ̃f | =

√
C
Ã
|Asymλsym| ≤

√
C3
Ã
|λsym| =

√
C3
Ã
|DtNκλ|

≤
√

C3
Ã
χmax|λ| ≤

√
C3
Ã

max
j=1,...,N

r3jχmax|||λℓmax |||, U9XRdV

Ryk



9Xk *QMp2`;2M+2 �M�HvbBb Q7 i?2 GBM2�` aQHp2` �M/ aQHmiBQM ai`�i2;B2b

r?2`2 χmax Bb i?2 H�`;2bi 2B;2Mp�Hm2 Q7 i?2 K�i`Bt DtNκ �M/ Bb /2}M2/ �b BM i?2 T`QQ7
Q7 h?2Q`2K 9XReX

G2i λℓmax
k ∈ W ℓmax

0 #2 i?2 7mM+iBQM �bbQ+B�i2/ rBi? i?2 p2+iQ` λsym
k X � bBKBH�` +�H+m@

H�iBQM- iQ;2i?2` rBi? 1[m�iBQM 9XR8 vB2H/b

∥rk∥Asym ≥
√
α0

∣∣̃σf −Asymλsym
k

∣∣≥
√
α3
0

∣∣λsym − λsym
k

∣∣≥
√
α3
0χ0

∣∣λ− (DtNκ)−1λsym
k

∣∣

≥

√
α3
0minj=1,...,N r3j

ℓmax
χ0

∣∣∣∣∣∣λℓmax − (.iLκ)−
1
2λℓmax

k

∣∣∣∣∣∣, U9XR3V

r?2`2 χ0 Bb i?2 bK�HH2bi 2B;2Mp�Hm2 Q7 i?2 K�i`Bt DtNκ �M/ Bb �HbQ /2}M2/ �b BM i?2
T`QQ7 Q7 h?2Q`2K 9XReX

*QK#BMBM; i?2 2biBK�i2b U9XReV- U9XRdV- �M/ U9XR3V �M/ THm;;BM; BM i?2 /2}MBiBQMb Q7
i?2 2B;2Mp�Hm2b χ0 �M/ χmax r2 Q#i�BM i?�i

∣∣∣∣∣∣λℓmax − (.iLκ)−
1
2λℓmax

k

∣∣∣∣∣∣≤ 2ℓmax

√
C3
Ã

α3
0

maxj=1,...,N r3j
minj=1,...,N r3j

⎛

⎝

√
αmax
α0

− 1
√

C
Ã
α0

+ 1

⎞

⎠

k

(
max |κ− κ0|
min |κ− κ0|

) 1
2 ∣∣∣∣∣∣λℓmax

∣∣∣∣∣∣.

h?2 `2K�BM/2` Q7 i?2 T`QQ7 Bb MQr 2bb2MiB�HHv B/2MiB+�H iQ i?2 T`QQ7 Q7 h?2Q`2K 9XReX
AM/22/- r2 /2}M2 i?2 +QMbi�Mi ΥCG > 0 �M/ i?2 M�im`�H MmK#2` Sϵ �b

ΥCG :=2

√
C3
Ã

α3
0

maxj=1...,N r3j
minj=1,...,N r3j

(
max |κ− κ0|
min |κ− κ0|

) 1
2

max

∣∣∣∣
κ0

κ− κ0

∣∣∣∣,

�M/

Sϵ :=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢

log
(

ϵ̃
ℓmaxΥCG

)

log

⎛

⎝

√
C
Ã

α0
−1

√
C
Ã

α0
+1

⎞

⎠

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥

. U9XRNV

q2 i?2M Q#i�BM mbBM; AM2[m�HBiv U9X3V i?�i

|||νℓmax −B(.iLκ)−
1
2λℓmax

sϵ |||∗

|||P⊥
0 νℓmax |||∗ + 1

κ0
|||P⊥

0 Qℓmaxσf |||∗
< ϵ.

.2}MBM; νapproxℓmax
:= B(.iLκ)−

1
2λℓmax

sϵ +QKTH2i2b i?2 T`QQ7X

hrQ 7m`i?2` `2K�`Fb �`2 BM Q`/2`X
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6P_JlG�hAPL P6 h>1 N@"P.u .A1G1*h_A* aS>1_1a S_P"G1J

_2K�`F 9XkkX *QMbB/2` i?2 b2iiBM; �M/ T`QQ7 Q7 h?2Q`2K 9XkRX q2 2KT?�bBb2 �;�BM i?�i
BM T`�+iB+2- i?2 7mM+iBQM νapproxℓmax

:= B(.iLκ)−
1
2λℓmax

Sϵ
∈ W ℓmax Bb `2T`2b2Mi2/ �b � p2+iQ`

νapprox ∈ RM+N X h?Bb +�M #2 /QM2 #v 7QHHQrBM; i?2 T`Q+2/m`2 /2b+`B#2/ BM _2K�`F
9XRdX LQiB+2 i?�i �Hi?Qm;? i?Bb +QMbi`m+iBQM BMpQHp2b +QKTmiBM; i?2 �+iBQM Q7 i?2 BMp2`b2
K�i`Bt (DtNκ)−1- i?Bb Bb MQi � T`Q#H2K bBM+2 DtNκ Bb /B�;QM�HX
_2K�`F 9XkjX *QMbB/2` i?2 T`QQ7b Q7 h?2Q`2Kb 9XRe �M/ 9XkRX Ai Bb M�im`�H iQ �bF ?Qr i?2
#QmM/ Rϵ QM i?2 MmK#2` Q7 :J_1a Bi2`�iBQMb �M/ i?2 #QmM/ Sϵ QM i?2 MmK#2` Q7 *:
Bi2`�iBQMb +QKT�`2 7Q` � ;Bp2M 2``Q` iQH2`�M+2 ϵ > 0X lbBM; 1[m�iBQMb U9XRkV �M/ U9XRNV
�M/ i?2 /2}MBiBQMb Q7 i?2 +QMbi�Mib ΥCG �M/ ΥGMRES- r2 b22 i?�i

Rϵ < Sϵ ⇐⇒
C
Ã

βÃ
<

√
C3
Ã

α3
0

⇐⇒

√
α3
0

C
Ã

< β
Ã
.

aBM+2 2tTHB+Bi 2tT`2bbBQMb 7Q` �HH i?2 �#Qp2 p�`B�#H2b �`2 �p�BH�#H2- QM2 +QmH/Ĝ BM
T`BM+BTH2Ĝ /2i2`KBM2 r?2i?2` Rϵ < Sϵ Q` pB+2 p2`b� 7Q` � ;Bp2M ;2QK2i`B+ +QM};m`�iBQMX
q2 2KT?�bBb2 ?Qr2p2` i?�i bBM+2 Rϵ �M/ Sϵ ;`Qr QMHv �b log(ΥGMRES) �M/ log(ΥCG)
`2bT2+iBp2Hv- r2 2tT2+i bQ b22 QMHv KBMQ` /Bz2`2M+2b #2ir22M i?2 MmK#2` Q7 :J_1a �M/
*: Bi2`�iBQMb BM T`�+iB+2Ĝ mMH2bb i?2 T?vbB+�H Q` ;2QK2i`B+ +QMbi�Mib �`2 �#MQ`K�HHv H�`;2
Q` bK�HH Ub22 i?2 MmK2`B+�H `2bmHib BM a2+iBQM 9XjVX

LQiB+2 i?�i i?2 �#Qp2 2biBK�i2b /Q MQi +QMbB/2` i?2 +QKTmi�iBQM�H +Qbi Q7 2�+? HBM2�`
bQHp2` Bi2`�iBQMX h?mb- B7 QM2 mb2b :J_1a rBi?Qmi `2bi�`i- i?2M i?2 +QKTmi�iBQM�H +Qbi
Q7 2�+? :J_1a Bi2`�iBQM +�M ;`Qr bm#bi�MiB�HHv H�`;2 7Q` Rϵ ≫ 1X AM bm+? � bBim�iBQM-
Bi KB;?i #2 �/p�Mi�;2Qmb iQ mb2 i?2 *: K2i?Q/ BMbi2�/ 2p2M B7 Rϵ < SϵX

*:@#�b2/ bQHmiBQM bi`�i2;v 7Q` Q#i�BMBM; i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/
i?2 2H2+i`Qbi�iB+ 2M2`;v

:Bp2M � 7`22 +?�`;2 σf ∈ H− 1
2 (∂Ω)- i?2 ;Q�H Bb iQ Q#i�BMĜ mT iQ bQK2 ;Bp2M iQH2`�M+2Ĝ

i?2 bQHmiBQM νℓmax ∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2
+?�`;2X �//BiBQM�HHv- Bi KB;?i #2 M2+2bb�`v iQ +QKTmi2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+
2M2`;v Q7 i?2 bvbi2K EQℓmaxσf (νℓmax)X

RX 6Bt ℓmax ∈ N �M/ mb2 .2}MBiBQMb 9XRj �M/ 9Xky iQ +QKTmi2 i?2 `B;?i@?�M/ bB/2
p2+iQ` σ̃f ∈ RM X .m2 iQ i?2 mb2 Q7 i?2 6JJ �M/ i?2 7�+i i?�i DtNκ Bb � /B�;QM�H
K�i`Bt- i?2 iQi�H +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T Bb O(N)X

kX lb2 i?2 *: K2i?Q/ iQ bQHp2Ĝ mT iQ bQK2 iQH2`�M+2Ĝ i?2 HBM2�` bvbi2K U9XR9V BM@
pQHpBM; Asym �M/ σ̃f X h?Bb vB2H/b � bQHmiBQM p2+iQ` λsym

approx ∈ RM X PM+2 �;�BM-
i?2 +Qbi Q7 � bBM;H2 K�i`Bt p2+iQ` T`Q/m+i BMpQHpBM; Asym Bb O(N) i?�MFb iQ i?2
6JJX .m2 iQ h?2Q`2K 9XkR- i?2 iQi�H MmK#2` Q7 *: Bi2`�iBQMb `2[mB`2/ BM i?Bb
bi2T Bb BM/2T2M/2Mi Q7 N - �M/ i?2`27Q`2 i?2 iQi�H +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T Bb
�HbQ O(N)X

jX lb2 i?2 bQHmiBQM p2+iQ` λsym
approx ∈ RM iQ +QKTmi2 i?2 p2+iQ` νapprox ∈ RM+N X �b

K2MiBQM2/ BM _2K�`F 9Xkk- i?Bb +�M #2 /QM2 7QHHQrBM; i?2 T`Q+2/m`2 QmiHBM2/ BM
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9Xj LmK2`B+�H 1tT2`BK2Mib

_2K�`F 9XRd rBi? � 72r Q#pBQmb KQ/B}+�iBQMbX h?2 +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T
Bb O(N)X

9X νapprox Bb MQr i?2 p2+iQ` `2T`2b2Mi�iBQM Q7 bQK2 7mM+iBQM νapproxℓmax
∈ W ℓmax i?�i Bb

i?2 `2[mB`2/ �TT`QtBK�iBQM Q7 i?2 i`m2 bQHmiBQM νℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�@
iBQM UkX3VX

8X A7 `2[mB`2/- i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 2M2`;v EQℓmaxσf (νℓmax) +�M #2 +QKTmi2/
mbBM; .2}MBiBQM jXRX aBM+2 i?Bb `2[mB`2b � bBM;H2 6JJ +�HH- i?2 +QKTmi�iBQM�H +Qbi
Q7 i?Bb bi2T Bb �HbQ O(N)X

9Xj LmK2`B+�H 1tT2`BK2Mib

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb irQ@7QH/X 6B`bi- r2 rBb? iQ T`2b2Mi MmK2`B+�H `2bmHib bmTTQ`iBM;
i?2 +QM+HmbBQMb Q7 h?2Q`2K 9XRe �M/ 9XkR r?B+? +QM+2`M i?2 MmK#2` Q7 HBM2�` bQHp2`
Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM iQ i?2 mM/2`HvBM; HBM2�` bvbi2K-
mT iQ � ;Bp2M �M/ }t2/ `2H�iBp2 2``Q`X a2+QM/- r2 rQmH/ HBF2 iQ T`QpB/2 MmK2`B+�H
2pB/2M+2 i?�i i?2 bQHmiBQM bi`�i2;B2b T`2b2Mi2/ BM a2+iBQM 9Xk �`2 BM/22/ HBM2�` b+�HBM;
BM �++m`�+vX .2KQMbi`�iBM; i?Bb HBM2�` b+�HBM; #2?�pBQm` Bb `�i?2` bm#iH2 �b r2 2tTH�BM
#2HQrX

h?2 F2v +QKTHB+�iBQM Bb i?�i i?2 6JJ- r?B+? Bb mb2/ iQ +QKTmi2 K�i`Bt@p2+iQ`
T`Q/m+ib BMpQHpBM; i?2 bQHmiBQM K�i`Bt- Bb MQi 2t�+i Ub22- 2X;X- (3d)V �M/ BMi`Q/m+2b �M
�TT`QtBK�iBQM 2``Q` �b bQQM �b QM2 BM+`2�b2b i?2 /2Ti? Q7 i?2 Q+i`22 bi`m+im`2 Q7 i?2
#QmM/BM; #Qt +QMi�BMBM; �HH KmHiBTQH2 bQm`+2bX h?Bb Bb #2+�mb2 i?2 6JJ mb2b �M �T@
T`QtBK�i2 bQ@+�HH2/ ǵ7�` }2H/Ƕ iQ +QKTmi2 BMi2`�+iBQMb #2ir22M KmHiBTQH2 bQm`+2b i?�i
#2HQM; iQ r2HH@b2T�`�i2/ H2�p2b Q7 i?2 Q+i`22X LQi2 i?�i BM+`2�bBM; i?2 /2Ti? Q7 i?2 Q+@
i`22 Bb `2[mB`2/ iQ K�BMi�BM HBM2�` b+�HBM; +QKTH2tBiv 7Q` H�`;2` K�i`B+2b- BX2X- 7Q` K�i`B+2b
+Q``2bTQM/BM; iQ bvbi2Kb rBi? �M BM+`2�bBM; MmK#2` N Q7 /B2H2+i`B+ T�`iB+H2bX AM T`BM@
+BTH2- i?2 2``Q` BMi`Q/m+2/ #v i?2 7�`@}2H/ +QKTmi�iBQMb +�M #2 K�/2 �`#Bi`�`BHv bK�HH
#v BM+`2�bBM; i?2 K�tBK�H /2;`22 Q7 bT?2`B+�H ?�`KQMB+b i?�i �`2 mb2/ BM i?2 KmHiBTQH2
2tT�MbBQMb Q7 i?2 mM/2`HvBM; F2`M2H #mi BM+`2�bBM; i?2 2tT�MbBQM /2;`22 �HbQ BM+`2�b2b
i?2 +QKTmi�iBQM�H +Qbi Q7 2�+? K�i`Bt@p2+iQ` T`Q/m+iX h?2`2 Bb i?mb � i`�/2Qz #2ir22M
i?2 +QKTmi�iBQM�H +Qbi �M/ �++m`�+v Q7 i?2 6JJX

*QMb2[m2MiHv- BM a2+iBQM 9XjXk- r2 rBHH }`bi 2tTHQ`2 i?2 BMi2`TH�v #2ir22M i?2 6JJ
2``Q` �M/ /Bb+`2iBb�iBQM 2``Q` 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 bvbi2K T�`�K2i2`bX "�b2/ QM
i?2b2 `2bmHib- r2 rBHH TB+F 6JJ bvbi2K T�`�K2i2`b i?�i `2bmHi BM � HBM2�` b+�HBM; BM
�++m`�+v bQHmiBQM bi`�i2;v bm+? i?�i i?2 6JJ 2``Q` /Q2b MQi /QKBM�i2 i?2 /Bb+`2iBb�iBQM
2``Q`X q2 `2K�`F i?�i r2 rBHH `2bi`B+i Qm` �ii2MiBQM iQ i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/
bm`7�+2 +?�`;2 #mi bBKBH�` MmK2`B+�H `2bmHib �`2 Q#i�BM2/ BM i?2 +�b2 Q7 i?2 2H2+i`Qbi�iB+
2M2`;vX
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9XjXR o�HB/�iBQM Q7 i?2Q`2iB+�H `2bmHib

aBM+2 bi�M/�`/ 6JJ HB#`�`B2b ivTB+�HHv +QMbB/2` TQBMi +?�`;2b �b BMTmi- r2 ?�p2 mb2/
BMbi2�/ � KQ/B}+�iBQM Q7 i?2 a+�H6JJ HB#`�`v Ub22 (Rkd) 7Q` �M 2tTH�M�iBQM Q7 i?2 KQ/B@
}+�iBQMb �M/ (R- R9- R8j) 7Q` /2i�BHb QM a+�H6JJVX h?2 bm#b2[m2Mi MmK2`B+�H bBKmH�iBQMb
r2`2 T2`7Q`K2/ rBi? � bBM;H2 H2p2H 6JJ Q+i`22 bQ �b iQ �pQB/ mbBM; i?2 �TT`QtBK�i2
ǵ7�`@}2H/Ƕ �M/ iQ T2`7Q`K �HH +QKTmi�iBQMb mbBM; i?2 2t�+i 6JJ ǵM2�`@}2H/Ƕ BMbi2�/X
lMH2bb bi�i2/ Qi?2`rBb2- i?2 /Bb+`2iBb�iBQM T�`�K2i2` r�b }t2/ �b ℓmax = 5X

N@BM/2T2M/2M+2 Pm` }`bi b2i Q7 MmK2`B+�H 2tT2`BK2Mib Bb /2bB;M2/ iQ /2KQMbi`�i2
i?�i i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�iBQM Q7 νℓmax -
BX2X- i?2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2- mT
iQ � ;Bp2M `2H�iBp2 2``Q` Bb BM/2T2M/2Mi Q7 i?2 MmK#2` N Q7 /B2H2+i`B+ T�`iB+H2bX

q2 �/QTi i?2 7QHHQrBM; ;2QK2i`B+ b2iiBM;, q2 +QMbB/2` /B2H2+i`B+ bT?2`2b Q7 `�/Bmb R
�M/ /B2H2+i`B+ +QMbi�Mi κ = 10 �``�M;2/ QM � `2;mH�` +m#B+ H�iiB+2 Q7 2/;2 H2M;i? 2.5X
h?2 bT?2`2b +�``v �Hi2`M�iBM; mMBi TQbBiBp2 �M/ M2;�iBp2 +?�`;2b- �M/ i?2 #�+F;`QmM/
K2/BmK Bb �bbmK2/ iQ #2 p�+mmK bQ i?�i κ0 = 1X �M 2t�KTH2 Q7 i?2 T`Q#H2K ;2QK2i`v
Bb /BbTH�v2/ BM 6B;m`2 9XR�X h?2 MmK#2` Q7 bT?2`2b Bb BM+`2�b2/ bBKTHv #v BM+`2�bBM; i?2
bBx2 Q7 i?2 H�iiB+2X

6B;m`2 9XR# /BbTH�vb i?2 MmK#2` Q7 :J_1a �M/ *: Bi2`�iBQMb `2[mB`2/ iQ T`Q/m+2
�M �TT`QtBK�iBQM νapproxℓmax

Q7 i?2 i`m2 bQHmiBQM νℓmax rBi? � ;Bp2M `2H�iBp2 2``Q` iQH2`�M+2X
h?2 i`m2 bQHmiBQM νℓmax r�b +�H+mH�i2/ #v bQHpBM; i?2 HBM2�` bvbi2K rBi? iQH2`�M+2 10−13

�M/ i?2 `2H�iBp2 2``Q` r�b +�H+mH�i2/ 2t�+iHv �b BM h?2Q`2Kb 9XRe �M/ 9XkRX *H2�`Hv-
i?2 MmK2`B+�H `2bmHib �;`22 rBi? h?2Q`2Kb 9XRe �M/ 9XkRX AMi2`2biBM;Hv- 7Q` HQr2` 2``Q`
iQH2`�M+2b- i?2 MmK#2` Q7 *: Bi2`�iBQMb Bb bK�HH2` i?�M i?2 MmK#2` Q7 :J_1a Bi2`�iBQMb
�M/ i?2 bBim�iBQM Bb `2p2`b2/ 7Q` ?B;?2` iQH2`�M+2bX

.2T2M/2M+2 QM i?2 /B2H2+i`B+ +QMbi�Mi `�iBQ L2ti- r2 2tTHQ`2 i?2 2z2+ib Q7 /B7@
72`2Mi /B2H2+i`B+ +QMbi�Mi `�iBQb QM i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb `2[mB`2/ iQ
Q#i�BM �M �TT`QtBK�i2 bQHmiBQM b�iBb7vBM; � ;Bp2M 2``Q` iQH2`�M+2X h?2 #QmM/b Q#i�BM2/
BM h?2Q`2Kb 9XRe �M/ 9XkR �M/ _2K�`F 9XR3 BM/B+�i2 i?�i

Ç A7 κ > κ0- i?2M i?2 MmK#2` Q7 Bi2`�iBQMb b?QmH/ ;`Qr �i KQbi �b
√

maxκ
κ0

7Q` BM@
+`2�bBM; maxκ

κ0
X

Ç A7 κ < κ0- i?2M i?2 MmK#2` Q7 Bi2`�iBQMb b?QmH/ ;`Qr �i KQbi �b
√ κ0

minκ 7Q` BM@
+`2�bBM; κ

minκ0
X

h?2 T`Q#H2K ;2QK2i`v Bb bBKBH�` iQ i?2 QM2 7`QK i?2 T`2pBQmb i2bi +�b2X q2 +QMbB/2` �
iQi�H Q7 Rk8 B/2MiB+�H /B2H2+i`B+ bT?2`2b Q7 `�/Bmb R rBi? �Hi2`M�iBM; TQbBiBp2 �M/ M2;�iBp2
+?�`;2- �``�M;2/ QM � `2;mH�` +m#B+ H�iiB+2 Q7 2/;2 H2M;i? 2.5X q2 b2i κ0 = 1 �M/ r2
�HHQr i?2 /B2H2+i`B+ +QMbi�Mi κ Q7 i?2 bT?2`2b iQ p�`v 7`QK 2ti`2K2Hv ?B;? iQ 2ti`2K2Hv
HQrX AM �HH +�b2b- i?2 i`m2 bQHmiBQM νℓmax r�b +�H+mH�i2/ #v bQHpBM; i?2 HBM2�` bvbi2K rBi?
iQH2`�M+2 10−13X

Rye
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U�V h?2 #�bB+ ;2QK2i`B+ b2iiBM; Q7 Qm` MmK2`@
B+�H 2tT2`BK2MibX h?2 /B2H2+i`B+ bT?2`2b �`2
�``�M;2/ QM � i?`22 /BK2MbBQM�H- `2;mH�` +m#B+
H�iiB+2 rBi? 2/;2 H2M;i? 2.5X
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U#V GBM2�` aQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM
�M �TT`QtBK�i2 bQHmiBQM rBi? � ;Bp2M 2``Q` iQH@
2`�M+2 �b � 7mM+iBQM Q7 i?2 MmK#2` N Q7 /B2H2+@
i`B+ T�`iB+H2bX

6B;m`2 9XR, G27i, �M 2t�KTH2 Q7 i?2 T`Q#H2K ;2QK2i`vX _B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb
�b � 7mM+iBQM Q7 i?2 MmK#2` N Q7 bT?2`B+�H T�`iB+H2bX
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U�V GBM2�` aQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM
�M �TT`QtBK�i2 bQHmiBQM rBi? � ;Bp2M 2``Q` iQH@
2`�M+2 �b � 7mM+iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi
`�iBQX
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U#V GBM2�` aQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM
�M �TT`QtBK�i2 bQHmiBQM rBi? � ;Bp2M 2``Q` iQH@
2`�M+2 �b � 7mM+iBQM Q7 i?2 `�/BB `�iBQX

6B;m`2 9Xk, G27i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi `�iBQ
κ
κ0

X _B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 `�/BB `�iBQ max rj
min rj

X

6B;m`2 9Xk� /BbTH�vb i?2 MmK#2` Q7 :J_1a �M/ *: Bi2`�iBQMb `2[mB`2/ iQ T`Q/m+2
�M �TT`QtBK�iBQM iQ i?2 i`m2 bQHmiBQM b�iBb7vBM; � ;Bp2M 2``Q` iQH2`�M+2X 6Q` p2`v H�`;2
/B2H2+i`B+ `�iBQ κ

κ0
- i?2 MmK#2` Q7 :J_1a Bi2`�iBQMb b22Kb iQ ;`Qr HQ;�`Bi?KB+�HHv r?BH2

Ryd
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i?2 MmK#2` Q7 *: Bi2`�iBQMb ;`Qrb �i }`bi #mi bQQM `2�+?2b � TH�i2�mX PM i?2 Qi?2`
?�M/- 7Q` p2`v bK�HH /B2H2+i`B+ `�iBQ κ

κ0
- i?2 MmK#2` Q7 Bi2`�iBQMb BM #Qi? +�b2b [mB+FHv

`2�+? � TH�i2�mX h?2b2 `2bmHib bm;;2bi i?�i i?2 #QmM/b r2 ?�p2 Q#i�BM2/ BM h?2Q`2Kb
9XRe �M/ 9XkR K�v MQi #2 b?�`TX AMi2`2biBM;Hv- r2 �;�BM Q#b2`p2 i?�i 7Q` HQr 2``Q` iQH@
2`�M+2b- *: QmiT2`7Q`Kb :J_1aX

.2T2M/2M+2 QM i?2 `�/BB `�iBQ q2 MQr +QMbB/2` i?2 /2T2M/2M+2 Q7 i?2 MmK#2` Q7
HBM2�` bQHp2` Bi2`�iBQMb QM i?2 `�iBQ Q7 i?2 K�tBKmK �M/ KBMBKmK `�/Bmb Q7 i?2 /B2H2+i`B+
bT?2`B+�H T�`iB+H2bX �b K2MiBQM2/ BM _2K�`F 9XR3- r2 2tT2+i i?2 MmK#2` Q7 Bi2`�iBQMb iQ
;`Qr �i KQbi �b log(

maxj=1,...,N rj
minj=1,...,N rj

)X

h?2 ;2QK2i`B+ b2iiBM; +QMbBbib Q7 Rk8 /B2H2+i`B+ bT?2`2b rBi? /B2H2+i`B+ +QMbi�Mi κ =
10- +�``vBM; �Hi2`M�iBM; mMBi TQbBiBp2 �M/ M2;�iBp2 +?�`;2b- �``�M;2/ QM � `2;mH�` +m#B+
H�iiB+2 Q7 2/;2 H2M;i? 2.5X q2 b2i κ0 = 1 �M/ r2 7m`i?2` b2i i?2 `�/BB Q7 ?�H7 Q7 i?2
/B2H2+i`B+ bT?2`2b iQ QM2X h?2 `�/BB Q7 �HH Qi?2` /B2H2+i`B+ bT?2`2b Bb b2i iQ r �M/ r2 p�`v
r 7`QK 10−5 iQ RX �b #27Q`2- i?2 i`m2 bQHmiBQM Bb +�H+mH�i2/ #v b2iiBM; i?2 HBM2�` bQHp2`
iQH2`�M+2 iQ 10−13X

6B;m`2 9Xk# /BbTH�vb i?2 MmK2`B+�H `2bmHibX AM +QMi`�bi iQ Qm` i?2Q`2iB+�H `2bmHib- i?2
MmK2`B+�H bBKmH�iBQMb bm;;2bi i?�i i?2 MmK#2` Q7 Bi2`�iBQMb �i }`bi ;`Qr HQ;�`Bi?KB+�HHv
�b i?2 `�/BB `�iBQ maxj=1,...,N rj

minj=1,...,N rj
BM+`2�b2b #mi i?2 ;`Qri? bQQM biQTb �M/ 7Q` bm{+B2MiHv

H�`;2 `�/BB `�iBQ- i?2 MmK#2` Q7 Bi2`�iBQMb `2K�BMb +QMbi�MiX q2 Q#b2`p2 i?�i 7Q` H�`;2
`�/BB `�iBQb- :J_1a bB;MB}+�MiHv QmiT2`7Q`Kb *:X

.2T2M/2M+2 QM i?2 b2T�`�iBQM /Bbi�M+2 6BM�HHv- r2 2tTHQ`2 i?2 /2T2M/2M+2 Q7
i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb QM i?2 KBMBK�H BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2X
q2 `2+�HH 7`QK _2K�`F 9XR3 i?�i r2 2tT2+i i?2 MmK#2` Q7 HBM2�` bQHp2` Bi2`�iBQMb iQ ;`Qr
�i KQbi �b c−

1
4

V r?2`2 cV Bb i?2 +Q2`+BpBiv +QMbi�Mi Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ`X
JQ`2Qp2`- r2 ?�p2 b?QrM BM *?�Ti2` j Q7 i?Bb /Bbb2`i�iBQM Ub22 G2KK�b jXkk �M/ jXkjV
i?�i cV = O(δ) 7Q` bK�HH δ r?2`2 δ Bb i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2X

q2 +QMbB/2` QM+2 �;�BM Rk8 B/2MiB+�H /B2H2+i`B+ bT?2`2b Q7 `�/Bmb R �M/ /B2H2+i`B+
+QMbi�Mi κ = 10 rBi? �Hi2`M�iBM; TQbBiBp2 �M/ M2;�iBp2 +?�`;2- �``�M;2/ QM � `2;mH�`
+m#B+ H�iiB+2 Q7 2/;2 H2M;i? EX q2 �bbmK2 i?2 #�+F;`QmM/ K2/BmK iQ #2 p�+mmK bQ i?�i
κ0 = 1 �M/ r2 p�`v i?2 2/;2 H2M;i? E 7`QK 2+10−4 iQ dX h?mb- i?2 KBMBKmK b2T�`�iBQM
p�`B2b 7`QK 10−4 iQ 5X AM �HH +�b2b- i?2 i`m2 bQHmiBQM νℓmax r�b +�H+mH�i2/ #v bQHpBM; i?2
HBM2�` bvbi2K rBi? iQH2`�M+2 10−13X 6B;m`2 9Xj� /BbTH�vb i?2 MmK2`B+�H `2bmHibX

h?2`2 �`2 irQ 72�im`2b Q7 BMi2`2bi BM i?2b2 MmK2`B+�H `2bmHibX 6B`bi- r2 Q#b2`p2 i?�i
7Q` p2`v bK�HH b2T�`�iBQM /Bbi�M+2b- i?2 MmK#2` Q7 *: Bi2`�iBQMb 7�` 2t+22/b i?2 MmK#2`
Q7 :J_1a Bi2`�iBQMbX a2+QM/- r2 Q#b2`p2 i?�i r?BH2 i?2 MmK#2` Q7 Bi2`�iBQMb BM #Qi?
+�b2b ;`Qrb �b i?2 b2T�`�iBQM /Bbi�M+2 /2+`2�b2b- i?2 ;`Qri? biQTb �i bQK2 TQBMi �M/
i?2 MmK#2` Q7 Bi2`�iBQMb TH�i2�mbX q2 +QMD2+im`2 i?�i i?Bb Bb /m2 iQ i?2 7�+i i?�i r2 mb2
i?2 +QMiBMmBiv +QMbi�Mi C

Ã
Q7 i?2 BM}MBi2@/BK2MbBQM�H QT2`�iQ` Ã iQ #QmM/ i?2 H�`;2bi

2B;2Mp�Hm2 Q7 i?2 bQHmiBQM K�i`Bt- �M/ 7mM+iBQMb r?B+? �+?B2p2 UQ` �TT`QtBK�i2Hv �+?B2p2V
i?2 mTT2` #QmM/ CÃ �`2 MQi r2HH@�TT`QtBK�i2/ BM i?2 �TT`QtBK�iBQM bT�+2 W ℓmax

0 7Q`

Ry3
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U#V GBM2�` aQHp2` Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM
�M �TT`QtBK�i2 bQHmiBQM rBi? 2``Q` iQH2`�M+2
10−8 �b � 7mM+iBQM Q7 ℓmax 7Q` p2`v bK�HH �M/
KQ/2`�i2 b2T�`�iBQM /Bbi�M+2bX

6B;m`2 9Xj, G27i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 KBMBKmK bT?2`2 b2T�`�@
iBQMX _B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 ℓmax 7Q` p2`v bK�HH �M/ KQ/2`�i2
b2T�`�iBQMbX

bK�HH ℓmaxX

hQ i2bi i?2 �#Qp2 ?vTQi?2bBb- r2 THQi BM 6B;m`2 9Xj# i?2 MmK#2` Q7 HBM2�` bQHp2`
Bi2`�iBQMb 7Q` /Bz2`2Mi p�Hm2b Q7 ℓmax rBi? 2/;2 H2M;i?b E = 2 + 10−4 �M/ E = 3X h?2
2``Q` iQH2`�M+2 r�b b2i iQ 10−8X q2 Q#b2`p2 i?�i i?2 MmK#2` Q7 Bi2`�iBQMb `2K�BMb
+QMbi�Mi BM i?2 +�b2 E = 1 #mi BM+`2�b2b BM i?2 +�b2 E = 10−4- r?B+? bmTTQ`ib Qm`
+QMD2+im`2X

9XjXk 6JJ 2``Q` �M/ HBM2�` b+�HBM; bQHmiBQM bi`�i2;v

q2 MQr 2tTHQ`2 i?2 BMi2`TH�v #2ir22M i?2 /Bb+`2iBb�iBQM 2``Q` �M/ i?2 2``Q` BMi`Q@
/m+2/ #v i?2 6JJX �b K2MiBQM2/ �i i?2 bi�`i Q7 i?Bb b2+iBQM- ;Bp2M � bvbi2K Q7 N
BMi2`�+iBM; T�`iB+H2b- i?2 6JJ +�M +QKTmi2 K�i`Bt@p2+iQ` T`Q/m+ib mbBM; QMHv O(N)
QT2`�iBQMb #mi i?Bb +QK2b �i i?2 +Qbi Q7 BMi`Q/m+BM; �M �TT`QtBK�iBQM 2``Q`X h?2 �T@
T`QtBK�iBQM 2``Q` ivTB+�HHv ;`Qrb �b QM2 BM+`2�b2b i?2 i`22 /2Ti? D- BX2X- i?2 MmK#2` Q7
H2p2Hb BM i?2 Q+i`22 bi`m+im`2 Q7 i?2 6JJ #QmM/BM; #Qt #2+�mb2 i?Bb mbm�HHv `2bmHib BM
KQ`2 T�`iB+H2 BMi2`�+iBQMb #2BM; +QKTmi2/ mbBM; i?2 H2bb@�++m`�i2 Ƕ7�`@}2H/Ƕ +QKTmi�iBQM
Q7 i?2 6JJX *QMp2`b2Hv- i?2 �TT`QtBK�iBQM 2``Q` /2+`2�b2b B7 QM2 BM+`2�b2b i?2 K�tBK�H
/2;`22 P Q7 bT?2`B+�H ?�`KQMB+b mb2/ BM i?2 KmHiBTQH2 2tT�MbBQM Q7 i?2 6JJ F2`M2HX

*QMb2[m2MiHv- i?2 }`bi ;Q�H Q7 i?Bb b2+iBQM Bb iQ Q#b2`p2 MmK2`B+�HHv ?Qr i?2 6JJ
2``Q` +QKT�`2b rBi? i?2 /Bb+`2iBb�iBQM 2``Q` 7Q` /Bz2`2Mi p�Hm2b Q7 D,P �M/ ℓmaxX "�b2/

RyN
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QM i?2b2 `2bmHib- r2 T`QTQb2 �TT`QT`B�i2 p�Hm2b Q7 D �M/ P bm+? i?�i 7Q` �M BM+`2�bBM;
MmK#2` N Q7 T�`iB+H2b- �M �TT`QtBK�i2 bQHmiBQM iQ i?2 :�H2`FBM 2[m�iBQM UkX3V +�M #2
+QKTmi2/ BM O(N) QT2`�iBQMb �M/ bm+? i?�i i?2 6JJ �TT`QtBK�iBQM 2``Q` /Q2b MQi
/QKBM�i2 i?2 /Bb+`2iBb�iBQM 2``Q`X 6BM�HHv- r2 T`2b2Mi MmK2`B+�H `2bmHib QM i?2 +QKTmi�@
iBQM iBK2b Q7 Qm` �H;Q`Bi?K 7Q` BM+`2�bBM; N r?B+? miBHBb2 i?2 T`QTQb2/ p�Hm2b Q7 P �M/
DX

�HH bm#b2[m2Mi MmK2`B+�H 2tT2`BK2Mib BMpQHp2 i?2 7QHHQrBM; ;2QK2i`B+ b2iiBM;, q2
+QMbB/2` irQ ivT2b Q7 /B2H2+i`B+ bT?2`2b �``�M;2/ QM � `2;mH�` +m#B+ H�iiB+2 Q7 2/;2
H2M;i? 7X h?2 }`bi ivT2 Q7 /B2H2+i`B+ bT?2`2b ?�p2 `�/Bmb j- /B2H2+i`B+ +QMbi�Mi 10 �M/
+�``v mMBi M2;�iBp2 +?�`;2- �M/ i?2 b2+QM/ ivT2 Q7 /B2H2+i`B+ bT?2`2b ?�p2 `�/Bmb k- /B@
2H2+i`B+ +QMbi�Mi 5 �M/ +�``v mMBi TQbBiBp2 +?�`;2X h?2 #�+F;`QmM/ K2/BmK Bb �bbmK2/
iQ #2 p�+mmK bQ i?�i κ0 = 1- �M/ i?2 MmK#2` Q7 bT?2`2b Bb BM+`2�b2/ bBKTHv #v BM+`2�bBM;
i?2 bBx2 Q7 i?2 H�iiB+2X

q2 +QMbB/2` irQ +?QB+2b Q7 i?2 /Bb+`2iBb�iBQM T�`�K2i2`- M�K2Hv- ℓmax = 5 �M/ ℓmax =
10X q2 +QKTmi2 bQ@+�HH2/ ǵTm`2 /Bb+`2i2Ƕ bQHmiBQMb iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V
BM 2�+? Q7 i?2 irQ +�b2b 7Q` � /Bz2`2Mi MmK#2` N Q7 bT?2`B+�H T�`iB+H2bX h?2b2 bQHmiBQMb
�`2 �HH +QKTmi2/ mbBM; � QM2@H2p2H 6JJ i`22- r?B+? `2bmHib BM i?2 mb2 Q7 i?2 2t�+i
ǵM2�`@}2H/Ƕ +QKTmi�iBQM Q7 i?2 6JJX �//BiBQM�HHv- i?2 HBM2�` bQHp2` iQH2`�M+2 BM 2�+?
+�b2 Bb b2i iQ 10−10X *QMb2[m2MiHv- i?2b2 Tm`2 /Bb+`2i2 bQHmiBQMb +�M #2 �bbmK2/ iQ ?�p2
M2;HB;B#H2 6JJ �M/ HBM2�` bQHp2` 2``Q`bX lM7Q`imM�i2Hv- bBM+2 r2 rBb? iQ mb2 i?2 2t�+i
ǵM2�`@}2H/Ƕ +QKTmi�iBQMb Q7 i?2 6JJ- i?2 +QKTmi�iBQM�H +Qbi Q7 Q#i�BMBM; 2�+? Tm`2
/Bb+`2i2 bQHmiBQM ;`Qrb �b O(N2)X h?Bb HBKBib i?2 iQi�H MmK#2` Q7 bT?2`2b r2 +QMbB/2` iQ
1728X

L2ti- r2 +QKTmi2 ǵ�TT`QtBK�i2Ƕ bQHmiBQMb 7Q` #Qi? p�Hm2b Q7 ℓmax #v `2T2�iBM; i?2
�#Qp2 +QKTmi�iBQMb 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 6JJ T�`�K2i2`b D �M/ P r?BHbi F22TBM;
�HH Qi?2` T�`�K2i2`b B/2MiB+�HX AM �//BiBQM- r2 +QKTmi2 i?2 ǵ`272`2M+2Ƕ bQHmiBQM ν iQ i?2
"A1 UkXjV #v b2iiBM; ℓmax = 20 �M/ mbBM; � HBM2�` bQHp2` iQH2`�M+2 Q7 10−13X Pm` ;Q�H
MQr Bb iQ

Ç *QKTmi2 i?2 �TT`QtBK�iBQM 2``Q` /m2 iQ i?2 6JJ #v +QKT�`BM; i?2 Tm`2 /Bb+`2i2
bQHmiBQMb �M/ i?2 �TT`QtBK�i2 bQHmiBQMb +QKTmi2/ �#Qp2c

Ç *QKTmi2 i?2 /Bb+`2iBb�iBQM 2``Q` #v +QKT�`BM; i?2 Tm`2 /Bb+`2i2 bQHmiBQMb �M/
i?2 `272`2M+2 bQHmiBQM +QKTmi2/ �#Qp2X

6B;m`2b 9X9� �M/ 9X9# /BbTH�v i?2 `2H�iBp2 6JJ �M/ /Bb+`2iBb�iBQM 2``Q`b U`2H�iBp2
2``Q`b �`2 +�H+mH�i2/ mbBM; i?2 ||| · |||∗ MQ`KV BM �HH +�b2bX �Hi?Qm;?- Bi Bb /B{+mHi iQ 7Q`K
� /2}MBiBp2 +QM+HmbBQM #�b2/ QM � HBKBi2/ /�i� b2i- r2 Q#b2`p2 irQ #`Q�/ i`2M/b,

Ç h?2 6JJ 2``Q` 7�` 2t+22/b i?2 /Bb+`2iBb�iBQM 2``Q` B7 N Bb bK�HH �M/ D Bb ?B;?X q2
/2/m+2 7`QK i?Bb i?�i D b?QmH/ QMHv #2 BM+`2�b2/ BM T`QTQ`iBQM rBi? N X "�b2/ QM
i?2b2 `2bmHib- i?2 6JJ 2``Q` Bb KBMBKBb2/ B7 � k H2p2H i`22 Bb mb2/ 7Q` 512 T�`iB+H2b-
r?B+? i`�MbH�i2b iQ 2t�+iHv 3 T�`iB+H2b T2` H2�7X PM2 TQbbB#H2 bi`�i2;v 7Q` �ii�BMBM;

RRy



9Xj LmK2`B+�H 1tT2`BK2Mib

0 500 1000 1500 2000
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

U�V _2H�iBp2 6JJ �M/ /Bb+`2iBb�iBQM 2``Q`b �b
� 7mM+iBQM Q7 i?2 MmK#2` N Q7 bT?2`B+�H T�`iB@
+H2b BM i?2 +�b2 ℓmax = 5X

0 500 1000 1500 2000
10

-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

U#V _2H�iBp2 6JJ �M/ /Bb+`2iBb�iBQM 2``Q`b �b
� 7mM+iBQM Q7 i?2 MmK#2` N Q7 bT?2`B+�H T�`iB@
+H2b BM i?2 +�b2 ℓmax = 10X

6B;m`2 9X9, 6JJ 2``Q`b pbX /Bb+`2iBb�iBQM 2``Q`b 7Q` /Bz2`2Mi +?QB+2b Q7 6JJ T�`�K2i2`bX

i?Bb QTiBK�H T�`iB+H2 T2` H2�7 `�iBQ Bb iQ iQ bi�`i rBi? � R H2p2H i`22 �M/ BM+`2�b2 D
mMiBH i?2`2 �`2 MQ KQ`2 i?�M jk T�`iB+H2b BM 2�+? H2�7X LQiB+2 i?�i i?2 +?QB+2 Q7 D
Bb BM/2T2M/2Mi Q7 ℓmax �M/ /2T2M/b QMHv QM i?2 MmK#2` Q7 T�`iB+H2b N X

Ç �b 2tT2+i2/- i?2 6JJ 2``Q` /2+`2�b2b �b i?2 2tT�MbBQM /2;`22 P Bb BM+`2�b2/X
lM7Q`imM�i2Hv- i?2 +QKTmi�iBQM�H +Qbi Q7 i?2 6JJ ;`Qrb �b O(P 3) bQ i?2 QTiBK�H
bi`�i2;v Bb iQ }M/ i?2 KBMBKmK P bm+? i?�i i?2 6JJ 2``Q` Bb bi`B+iHv bK�HH2` i?�M
i?2 /Bb+`2iBb�iBQM 2``Q`X "�b2/ QM i?2 `2bmHib T`2b2Mi2/ ?2`2- QM2 TQbbB#H2 +?QB+2
+QmH/ #2 P = 2ℓmaxX q2 `2K�`F i?�i i?2 +?QB+2 Q7 P Bb BM/2T2M/2Mi Q7 i?2 MmK#2`
Q7 T�`iB+H2b N �M/ /2T2M/b QMHv QM i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmaxX

1[mBTT2/ rBi? i?Bb K2i?Q/QHQ;v 7Q` TB+FBM; i?2 6JJ T�`�K2i2`b P �M/ D- r2
+�M MQr +QKTmi2 �TT`QtBK�i2 bQHmiBQMb iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 irQ
+�b2b ℓmax = 5 �M/ ℓmax = 10- �M/ �M BM+`2�bBM; MmK#2` N Q7 bT?2`B+�H T�`iB+H2bX Pm`
;Q�H Bb iQ /2KQMbi`�i2 MmK2`B+�HHv i?�i #Qi? i?2 :J_1a@#�b2/ �M/ *:@#�b2/ bQHmiBQM
bi`�i2;B2b �`2 HBM2�` b+�HBM; BM +Qbi r?BHbi ?�pBM; bQK2 `2�bbm`�M+2 i?�i i?2 6JJ 2``Q`
/Q2b MQi /QKBM�i2 i?2 /Bb+`2iBb�iBQM 2``Q` 7Q` i?Bb bT2+B}+ ;2QK2i`B+ b2iiBM;X

�HH MmK2`B+�H bBKmH�iBQMb r2`2 T2`7Q`K2/ QM � kyRe J�+"QQF H�TiQT rBi? � kXe :>x
AMi2H *Q`2 Bd T`Q+2bbQ` �M/ Re:" Q7 kRjj J>x GS.._j K2KQ`vX �//BiBQM�HHv- r2
b2i i?2 HBM2�` bQHp2` iQH2`�M+2 iQ 10−6 �M/ 10−9 BM i?2 +�b2 ℓmax = 5 �M/ ℓmax = 10
`2bT2+iBp2HvX Pm` `2bmHib �`2 /BbTH�v2/ BM 6B;m`2b 9X8� �M/ 9X8# �M/ BM/B+�i2 2t+2HH2Mi
�;`22K2Mi rBi? HBM2�` b+�HBM; #2?�pBQm`X q2 b22 7m`i?2`KQ`2 i?�i i?2 +QKTmi�iBQM
iBK2b 7Q` i?2 *: �M/ :J_1a@#�b2/ �TT`Q�+?2b �`2 �HKQbi B/2MiB+�HX P7 +Qm`b2- B7 i?2
;2QK2i`B+ b2iiBM; Q7 i?2 MmK2`B+�H bBKmH�iBQMb r2`2 iQ #2 +?�M;2/- i?2M QM2 HBM2�` bQHp2`
+QmH/ TQi2MiB�HHv QmiT2`7Q`K i?2 Qi?2` BM �++Q`/�M+2 rBi? i?2 MmK2`B+�H bim/v T`2b2Mi2/
BM a2+iBQM 9XjXRX
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U�V *QKTmi�iBQM iBK2b 7Q` i?2 :J_1a@#�b2/
bQHmiBQM bi`�i2;v �b � 7mM+iBQM Q7 i?2 MmK#2`
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U#V *QKTmi�iBQM iBK2b 7Q` i?2 *:@#�b2/ bQ@
HmiBQM bi`�i2;v �b � 7mM+iBQM Q7 i?2 MmK#2` N
Q7 bT?2`B+�H T�`iB+H2bX

6B;m`2 9X8, *QKTmi�iBQM iBK2b 7Q` Qm` bQHmiBQM bi`�i2;B2b

9X9 *QM+HmbBQM

AM *?�Ti2`b j �M/ 9- r2 ?�p2 T`2b2Mi2/ � /2i�BH2/ �M�HvbBb Q7 i?2 b2+QM/ FBM/ #QmM/�`v
BMi2;`�H 2[m�iBQM UkXjV i?�i /2b+`B#2b i?2 BMi2`�+iBQM Q7 N +?�`;2/- /B2H2+i`B+ bT?2`B+�H
T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX Pm` ;Q�H ?�b #22M iQ T2`7Q`K � 7mHH b+�H�#BHBiv
�M�HvbBb Q7 i?2 :�H2`FBM K2i?Q/ mb2/ iQ bQHp2 i?Bb "A1 �M/ iQ 2bi�#HBb? i?�i i?2 K2i?Q/
Bb HBM2�` b+�HBM; BM �++m`�+v 7Q` i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ iQi�H
2H2+i`Qbi�iB+ 2M2`;v Q7 i?2 bvbi2KX AM Qi?2` rQ`/b- r2 rBb?2/ iQ /2KQMbi`�i2 i?�i BM Q`/2`
iQ Q#i�BM �TT`QtBK�iBQMb iQ i?2b2 T?vbB+�H [m�MiBiB2b Q7 BMi2`2bi rBi? � }t2/ �p2`�;2 Q`
`2H�iBp2 2``Q`- i?2 +QKTmi�iBQM�H +Qbi Q7 i?2 �H;Q`Bi?K b+�H2b �b O(N)X AM Q`/2` iQ b?Qr
i?�i �M N @#Q/v MmK2`B+�H K2i?Q/ Bb HBM2�` b+�HBM; BM �++m`�+v- Bi Bb bm{+B2Mi iQ b?Qr
i?�i Bi Bb U�V N @2``Q` bi�#H2- BX2X- 7Q` � }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` Q#D2+i i?2
`2H�iBp2 Q` �p2`�;2 2``Q` /Q2b MQi BM+`2�b2 rBi? N �M/ U#V HBM2�` b+�HBM; BM +Qbi- BX2X- 7Q`
� }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` Q#D2+i- QMHv O(N) QT2`�iBQMb �`2 M22/2/ iQ
+QKTmi2 �M �TT`QtBK�i2 bQHmiBQMX �++Q`/BM;Hv- r2 T`2b2Mi2/ BM *?�Ti2` j- i?2 MmK2`B+�H
�M�HvbBb Q7 i?2 :�H2`FBM K2i?Q/ �M/ /2`Bp2/ +QMp2`;2M+2 `�i2b 7Q` i?2 BM/m+2/ bm`7�+2
+?�`;2b �M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v i?�i /B/ MQi 2tTHB+BiHv /2T2M/ QM N X h?Bb �HHQr2/
mb iQ /2/m+2 N @2``Q` bi�#BHBiv Q7 Qm` �H;Q`Bi?K 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b b�iBb7vBM;
i?2 �bbmKTiBQMb :�RV@:�jVX

h?2 ;Q�H Q7 *?�Ti2` 9 r�b iQ 2bi�#HBb? i?�i i?2 :�H2`FBM K2i?Q/ Bb �HbQ HBM2�` b+�H@
BM; BM +QbiX hQ i?Bb 2M/- r2 T`2b2Mi2/ � +QMp2`;2M+2 �M�HvbBb Q7 :J_1a 7Q` i?2 HBM2�`
bvbi2K �`BbBM; 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 "A1 �M/ T`Qp2/ i?�i mM/2` KBH/
�bbmKTiBQMb- i?2`2 2tBbib �M mTT2` #QmM/Ĝ 2tTHB+BiHv BM/2T2M/2Mi Q7 NĜ 7Q` i?2 MmK#2`
Q7 :J_1a Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM Q7 i?2 mM/2`HvBM; HBM2�`
bvbi2K mT iQ � ;Bp2M `2H�iBp2 2``Q` iQH2`�M+2X *QK#BM2/ rBi? i?2 mb2 Q7 i?2 6JJ iQ +QK@
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9X9 *QM+HmbBQM

Tmi2 K�i`Bt@p2+iQ` T`Q/m+ib BM O(N)- i?Bb `2bmHi 2bi�#HBb?2b i?�i i?2 MmK2`B+�H K2i?Q/
Bb HBM2�` b+�HBM; BM +Qbi 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b b�iBb7vBM; i?2 �bbmKTiBQMb :�RV@
:�jVX AM pB2r Q7 i?2 `2bmHib Q7 *?�Ti2` k- r2 +�M +QM+Hm/2 i?�i Qm` MmK2`B+�H K2i?Q/
Bb BM/22/ HBM2�` b+�HBM; BM �++m`�+v BM i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2b
�M/ iQi�H 2H2+i`Qbi�iB+ 2M2`;v 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b b�iBb7vBM; i?2 �bbmKTiBQMb
:�RV@:�jVX

AM �//BiBQM iQ i?2 K�BM `2bmHi Q7 *?�Ti2` 9- r2 �HbQ /2KQMbi`�i2/ ?Qr iQ ǵbvKK2i`Bb2Ƕ
i?2 mM/2`HvBM; HBM2�` bvbi2K �M/ bm#b2[m2MiHv T`QTQb2/ �M 2[mBp�H2Mi- bvKK2i`B+ HBM2�`
bvbi2K i?�i +�M #2 bQHp2/ mbBM; i?2 +QMDm;�i2 ;`�/B2Mi K2i?Q/ U*:V `�i?2` i?�M :J@
_1aX � +QMp2`;2M+2 �M�HvbBb Q7 i?Bb �Hi2`M�iBp2 �TT`Q�+? b?Qr2/ i?�i i?2`2 2tBbib �M
mTT2` #QmM/Ĝ �HbQ BM/2T2M/2Mi Q7 N �M/ [m�HBi�iBp2Hv bBKBH�` iQ i?2 :J_1a #QmM/Ĝ
7Q` i?2 MmK#2` Q7 *: Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM Q7 i?2 mM@
/2`HvBM; HBM2�` bvbi2K mT iQ � ;Bp2M `2H�iBp2 iQH2`�M+2X 6BM�HHv- r2 T`2b2Mi2/ � /2i�BH2/
MmK2`B+�H bim/v rBi? i?2 ;Q�H Q7 #Qi? bmTTQ`iBM; Qm` i?2Q`2iB+�H `2bmHib �M/ 2tTHQ`BM;
i?2 /2T2M/2M+2 Q7 i?2 2``Q` QM p�`BQmb bvbi2K T�`�K2i2`bX
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8

� GBM2�` a+�HBM; BM �++m`�+v
LmK2`B+�H J2i?Q/ 7Q`
*QKTmiBM; i?2 1H2+i`Qbi�iB+
6Q`+2b BM i?2 N@"Q/v .B2H2+i`B+
aT?2`2b S`Q#H2K

h?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH �bbmK2 i?2 b2iiBM; Q7 *?�Ti2`b R �M/ kX JQ`2Qp2`- r2
rBHH 7`2[m2MiHv `272` iQ i?2 r2�F 7Q`KmH�iBQM UkX8V �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V
Q7 i?2 b2+QM/ FBM/ #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV r?B+? /2b+`B#2b i?2 BM/m+2/ bm`7�+2
+?�`;2 `2bmHiBM; QM /B2H2+i`B+ bT?2`B+�H T�`iB+H2b mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX 6BM�HHv-
r2 rBHH �HbQ mb2 i?2 �M�HvbBb �M/ K�BM `2bmHib Q7 *?�Ti2`b j �M/ 9X

h?2 MmK2`B+�H �M/ +QKTmi�iBQM�H �M�HvbBb r2 ?�p2 T`2b2Mi2/ i?mb 7�` BM *?�Ti2`b j
�M/ 9 BMpQHp2b i?2 BM/m+2/ bm`7�+2 +?�`;2 �M/ i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v �`BbBM; 7`QK
i?2 BMi2`�+iBQM Q7 i?2b2 /B2H2+i`B+ T�`iB+H2bX � i?B`/ BKTQ`i�Mi [m�MiBiv Q7 T?vbB+�H BMi2`@
2bi Bb i?2 2H2+i`Qbi�iB+ 7Q`+2 #2ir22M i?2b2 +?�`;2/ T�`iB+H2bX �M 2{+B2Mi �M/ �++m`�i2
+QKTmi�iBQM Q7 i?2 7Q`+2b Bb T�`iB+mH�`Hv BKTQ`i�Mi B7 QM2 rBb?2b iQ `mM /vM�KB+b bBKm@
H�iBQMb Ub22- 2X;X- (Rk3)VX h?2 ;Q�H Q7 i?Bb +?�Ti2` Bb iQ QmiHBM2 bi`�i2;B2b iQ Q#i�BM i?2b2
2H2+i`Qbi�iB+ 7Q`+2b �M/ T2`7Q`K �M 2``Q` �M/ +QKTH2tBiv �M�HvbBb Q7 bm+? bi`�i2;B2bX

8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+
6Q`+2b

h?2`2 �`2 �i H2�bi irQ �TT`Q�+?2b iQ /2}MBM; i?2 2H2+i`Qbi�iB+ 7Q`+2b BM MQM@`2H�iBpBbiB+
b2iiBM;b- QM2 TQTmH�` BM i?2 +QKTmi�iBQM�H +?2KBbi`v +QKKmMBiv �M/ i?2 Qi?2` Q`B;BM�i@
BM; BM i?2 T?vbB+b HBi2`�im`2, *?2KBbib i2M/ iQ pB2r i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v �b i?2
7mM/�K2Mi�H [m�MiBiv Q7 BMi2`2bi �M/ /2}M2 i?2 2H2+i`Qbi�iB+ 7Q`+2b �b 7mM+iBQMb Q7 i?Bb
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8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

2M2`;v Ub22- 7Q` BMbi�M+2- (3y- 3j- Rjd- R9y- R39)VX S?vbB+Bbib QM i?2 Qi?2` ?�M/ mbm�HHv
pB2r J�tr2HHǶb 2[m�iBQMb 7Q` i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b �b i?2 bi�`iBM; TQBMi Q7
�Mv bim/v Q7 2H2+i`QK�;M2iB+ T?2MQK2M� Ub22- 2X;X- (ee- 33- Rek- Red)VX AM i?Bb 7Q`K�H@
BbK- i?2 2H2+i`QK�;M2iB+ 7Q`+2 Bb ;Bp2M #v i?2 bQ@+�HH2/ GQ`2Mix 7Q`+2 H�r Ub22- 2X;X- (ee-
*?�Ti2` kd) Q` (Rek- *?�Ti2` Ry)V r?B+? /2}M2b i?2 7Q`+2 BM i2`Kb Q7 i?2 2H2+i`B+ �M/
K�;M2iB+ }2H/bX L�im`�HHv- BM i?2 �#b2M+2 Q7 2H2+i`Q/vM�KB+ 2z2+ib �M/ K�;M2iB+ }2H/b-
i?2 2H2+i`Qbi�iB+ 7Q`+2 Bb /2}M2/ Tm`2Hv BM i2`Kb Q7 i?2 2H2+i`B+ }2H/X

�Hi?Qm;? i?2 irQ /2}MBiBQMb b22KBM;Hv �`Bb2 7`QK /Bz2`2Mi T?vbB+�H +QMbB/2`�iBQMb
�M/ ?�p2 � T`BQ`B /Bz2`2Mi T?vbB+�H BMi2`T`2i�iBQMb- i?2v �`2 BM 7�+i +QKTH2i2Hv 2[mBp�H2Mi-
#Qi? BM i?2 2t�+i +�b2- BX2X- r?2M i?2 BMTmi Bb i?2 2t�+i bQHmiBQM ν ∈ H

1
2 (∂Ω) iQ i?2 "A1

UkXjV �b r2HH �b i?2 �TT`QtBK�i2 +�b2- BX2X- r?2M i?2 BMTmi Bb i?2 bQHmiBQM νℓmax ∈ W ℓmax

iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3VX 6Q` i?2 b�F2 Q7 +QKTH2i2M2bb- r2 T`2b2Mi #Qi?
/2}MBiBQMb Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b �M/ i?2M b?Qr BM *?�Ti2` 8XRXj i?�i i?2b2 /2}MBiBQMb
�`2 2[mBp�H2MiX q2 `2KBM/ i?2 `2�/2` i?�i r2 ?�p2 �bbmK2/ i?`Qm;?Qmi *?�Ti2`b j@8 i?�i
i?2 KQ/2HHBM; �bbmKTiBQMb J�RV@J�8V �M/ ;2QK2i`B+�H �bbmKTiBQMb :�RV@:�jV
7`QK a2+iBQM kXk ?QH/X

8XRXR 1H2+i`Qbi�iB+ 2M2`;v@#�b2/ �TT`Q�+?

hQ 7�+BHBi�i2 i?2 `2�/�#BHBiv Q7 i?2 bm#b2[m2Mi 2tTQbBiBQM- H2i mb #2;BM #v `2+�HHBM; i?2
7Q`K�H /2}MBiBQM Q7 i?2 2M2`;v 7mM+iBQM �M/ i?2 2t�+i 2H2+i`Qbi�iB+ 2M2`;v 7`QK *?�Ti2`
jX

.2}MBiBQM 8XR U1M2`;v 6mM+iBQM �M/ 1t�+i 1H2+i`Qbi�iB+ 1M2`;vVX
G2i V : H− 1

2 (∂Ω) → H
1
2 (∂Ω) #2 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` �b /2}M2/ i?`Qm;?

.2}MBiBQM RXk8 BM a2+iBQM RX9X q2 /2}M2 i?2 2M2`;v 7mM+iBQM E : H− 1
2 (∂Ω)×H− 1

2 (∂Ω) →
R �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH σ1,σ2 ∈ H− 1

2 (∂Ω) Bi ?QH/b i?�i

E(σ1,σ2) :=
1

2
⟨σ1,Vσ2⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

=
1

2
⟨σ2,Vσ1⟩

H− 1
2 (∂Ω)×H

1
2 (∂Ω)

.

6m`i?2`KQ`2- B7 σf ∈ H− 1
2 (∂Ω) Bb � ;Bp2M 7`22 +?�`;2- �M/ ν ∈ H− 1

2 (∂Ω) /2MQi2b
i?2 bQHmiBQM iQ i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UkXjV 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 rBi?
`B;?i@?�M/ bB/2 ;2M2`�i2/ #v σf - i?2M r2 /2}M2 i?2 2t�+i 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2
bvbi2K �b

Eexact
σf := E(σf , ν).

h?2 2t�+i 2H2+i`Qbi�iB+ 7Q`+2b �`2 MQr /2}M2/ �b 7QHHQrbX

.2}MBiBQM 8Xk U6B`bi .2}MBiBQM Q7 i?2 6Q`+2bVX
G2i σf ∈ H− 1

2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ν ∈ H− 1
2 (∂Ω) /2MQi2 i?2 mMB[m2 bQHmiBQM

iQ i?2 "A1 UkXjV 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 rBi? `B;?i@?�M/ bB/2 ;2M2`�i2/ #v σf - �M/
H2i Eexact

σf /2MQi2 i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?Bb bvbi2K �b /2}M2/ #v .2}MBiBQM 8XRX

RRe



8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+ 6Q`+2b

h?2M 7Q` 2�+? i = 1, . . . , N r2 /2}M2 i?2 M2i 7Q`+2 �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2
`2T`2b2Mi2/ #v Ωi �b i?2 p2+iQ` F̃ i ∈ R3 ;Bp2M #v

F̃ i := −∇xiE
exact
σf ,

r?2`2 i?2 ;`�/B2Mi Bb i�F2M rBi? `2bT2+i iQ i?2 HQ+�iBQM xi ∈ R3 Q7 i?2 +2Mi`2 Q7 i?2 QT2M
#�HH ΩiX

aQK2 `2K�`Fb �`2 MQr BM Q`/2`X
_2K�`F 8XjX *QMbB/2` .2}MBiBQMb 8XR �M/ 8XkX q2 Q#b2`p2 i?�i i?2 iQi�H 2H2+i`Qbi�iB+
2M2`;v Eexact

σf Bb- BM T�`iB+mH�`- � 7mM+iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 ν- �M/ bBM+2 ν Bb
i?2 bQHmiBQM iQ i?2 "A1 UkXjV- Bi rBHH BKTHB+BiHv /2T2M/ QM i?2 HQ+�iBQMb {xi}Ni=1 Q7 i?2
+2Mi`2b Q7 i?2 QT2M #�HHb {Ωi}Ni=1X h?mb- i?2 2t�+i 2H2+i`Qbi�iB+ 2M2`;v �HbQ BKTHB+BiHv
/2T2M/b QM {xi}Ni=1X
_2K�`F 8X9X Ai Bb TQbbB#H2 iQ ;Bp2 �M BMimBiBp2 BMi2`T`2i�iBQM Q7 .2}MBiBQM 8Xk Q7 i?2
2H2+i`Qbi�iB+ 7Q`+2bX AM/22/- �bbmK2 i?�i i?2 7`22 +?�`;2 σf �M/ Qi?2` T?vbB+�H T�`�K2i2`b
bm+? �b i?2 /B2H2+i`B+ +QMbi�Mib �M/ i?2 `�/BB {ri}Ni=1 Q7 i?2 QT2M #�HHb {Ωi}Ni=1 �`2 }t2/X
h?2M i?2 `2bmHiBM; BM/m+2/ bm`7�+2 +?�`;2 ν Bb mMB[m2Hv /2i2`KBM2/ #v i?2 HQ+�iBQMb
{xi}Ni=1 Q7 i?2 +2Mi`2b Q7 i?2 QT2M #�HHb {Ωi}Ni=1X h?mb i?2 2H2+i`Qbi�iB+ 2M2`;v E(σf , ·)
+�M #2 pB2r2/ �b � 7mM+iBQM Q7 {xi}Ni=1X h?2 b2i Q7 p�Hm2b Q7 E(σf , ·) 7Q` �HH �/KBbbB#H2
bT?2`2 +2Mi`2b {xi}Ni=1 /2}M2b � bQ@+�HH2/ TQi2MiB�H 2M2`;v bm`7�+2 US1aV- �M/ i?2 ;`�T?
Q7 i?Bb S1a Bb � 3N @/BK2MbBQM�H K�MB7QH/X *QMb2[m2MiHv- ;Bp2M � }t2/ +?QB+2 Q7 bT?2`2
+2Mi`2b {xi}Ni=1- i?2 7Q`+2 �+iBM; QM 2�+? /B2H2+i`B+ T�`iB+H2 UmT iQ � b+�HBM; 7�+iQ`V Bb
;Bp2M #v i?2 M2;�iBp2 ;`�/B2Mi Q7 i?2 S1a �i i?2 TQBMi {xi}Ni=1X

.2}MBiBQM 8Xk Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b `2[mB`2b mb iQ }`bi +QKTmi2 i?2 2t�+i 2H2+@
i`Qbi�iB+ 2M2`;v Eexact

σf = E(σf , ν)X P7 +Qm`b2 BM T`�+iB+2- Eexact
σf Bb MQi FMQrM bBM+2

σf ∈ H− 1
2 (∂Ω) K�v #2 BM}MBi2@/BK2MbBQM�H �M/ i?2 2t�+i BM/m+2/ bm`7�+2 +?�`;2

ν ∈ H− 1
2 (∂Ω) i?�i bQHp2b i?2 "A1 UkXjV Bb MQi FMQrMX Ai Bb i?2`27Q`2 M2+2bb�`v iQ /2}M2

�TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b BM i2`Kb Q7 � /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;vX q2 `2KBM/
i?2 `2�/2` i?�i i?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH 7`2[m2MiHv `272` iQ i?2 �TT`QtBK�iBQM
bT�+2 W ℓmax , ℓmax ∈ N0 r?B+? r�b /2}M2/ i?`Qm;? .2}MBiBQM kXRR BM a2+iBQM kXjX

.2}MBiBQM 8X8 U.Bb+`2i2 1H2+i`Qbi�iB+ 1M2`;vVX
G2i σf ∈ H− 1

2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ℓmax ∈ N- �M/ H2i νℓmax ∈ W ℓmax #2 i?2
mMB[m2 bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2
+?�`;2 rBi? `B;?i@?�M/ bB/2 ;2M2`�i2/ #v σf X q2 /2}M2 i?2 /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;v
Q7 i?2 bvbi2K Q7 N /B2H2+i`B+ T�`iB+H2b +�``vBM; 7`22 +?�`;2 σf �b

Eℓmax
σf := E(Qℓmaxσf , νℓmax).

h?2 �TT`QtBK�i2 7Q`+2b �`2 i?2M /2}M2/ �b 7QHHQrbX

.2}MBiBQM 8Xe U6B`bi .2}MBiBQM Q7 i?2 �TT`QtBK�i2 6Q`+2bVX G2i σf ∈ H− 1
2 (∂Ω)

#2 � ;Bp2M 7`22 +?�`;2- H2i ℓmax ∈ N- H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2 bQHmiBQM iQ i?2

RRd
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.A1G1*h_A* aS>1_1a S_P"G1J

:�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2 rBi? `B;?i@?�M/
bB/2 ;2M2`�i2/ #v σf - �M/ H2i Eℓmax

σf /2MQi2 i?2 /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;v Q7 i?Bb bvbi2K
�b /2}M2/ #v .2}MBiBQM 8X8X h?2M 7Q` 2�+? i = 1, . . . , N r2 /2}M2 i?2 �TT`QtBK�i2 M2i
7Q`+2 �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2 `2T`2b2Mi2/ #v Ωi �b i?2 p2+iQ` F̃

ℓmax

i ∈ R3 ;Bp2M
#v

F̃
ℓmax

i := −∇xiE
ℓmax
σf ,

r?2`2 i?2 ;`�/B2Mi Bb i�F2M rBi? `2bT2+i iQ i?2 HQ+�iBQM xi ∈ R3 Q7 i?2 +2Mi`2 Q7 i?2 QT2M
#�HH ΩiX

_2K�`F 8XdX *QMbB/2` .2}MBiBQM 8X8 Q7 i?2 /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;vX AM �M�HQ;v
rBi? i?2 2t�+i 2H2+i`Qbi�iB+ 2M2`;v +�b2- r2 Q#b2`p2 i?�i i?2 /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;v
E(Qℓmaxσf , ·) /2}M2b � /Bb+`2i2 TQi2MiB�H 2M2`;v bm`7�+2 U/S1aV 7Q` /Bz2`2Mi HQ+�iBQMb
Q7 i?2 bT?2`2 `2Mi2`b {xi}Ni=1X JQ`2Qp2`- +QMbB/2`BM; .2}MBiBQM 8Xe- r2 b22 i?�i i?2
�TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2 Bb /2}M2/ T`2+Bb2Hv BM i2`Kb Q7 i?2 M2;�iBp2 ;`�/B2Mi Q7
i?2 /S1a �i i?2 TQBMi {xi}Ni=1X

Ai +�M MQr #2 b22M r?v i?2 +QKTmi�iBQM�H +?2KBbi`v +QKKmMBiv }M/b .2}MBiBQM 8Xk Q7
i?2 2H2+i`Qbi�iB+ 7Q`+2b �TT2�HBM;X AM/22/- bmTTQb2 i?�i r2 rBb? iQ MmK2`B+�HHv bBKmH�i2
i?2 KQp2K2Mi Q7 +?�`;2/ /B2H2+i`B+ T�`iB+H2b /m2 iQ i?2 2H2+i`Qbi�iB+ 7Q`+2bX h?2M �i
2�+? ;Bp2M iBK2 bi2T- r2 ?�p2 #v +QMbi`m+iBQM i?�i i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b
�`2 +QMbBbi2Mi rBi? i?2 /S1aX *QMb2[m2MiHv- B7 QM2 mb2b � bvKTH2+iB+ K2i?Q/ iQ T2`7Q`K
iBK2@BMi2;`�iBQM- i?2M i?2 iQi�H U/Bb+`2i2V 2M2`;v Q7 i?2 bvbi2K +�M #2 K�BMi�BM2/ �b �
+QMb2`p2/ [m�MiBiv UmT iQ � T2`im`#�iBQMVX

8XRXk 1H2+i`B+ }2H/@#�b2/ �TT`Q�+?

AM Q`/2` iQ /2}M2 i?2 2H2+i`Qbi�iB+ 7Q`+2b �`BbBM; /m2 iQ i?2 BMi2`�+iBQM Q7 +?�`;2/ bT?2`@
B+�H /B2H2+i`B+ T�`iB+H2b mbBM; i?2 2H2+i`B+ }2H/- r2 Kmbi }`bi /2}M2 bQK2 �mtBHB�`v [m�M@
iBiB2bX

.2}MBiBQM 8X3 U1H2+i`B+ SQi2MiB�HVX G2i σ ∈ H− 1
2 (∂Ω) #2 � +?�`;2 /Bbi`B#miBQM bmT@

TQ`i2/ QM i?2 #QmM/�`v ∂Ω Q7 i?2 +QHH2+iBQM Q7 QT2M #�HHb {Ωi}Ni=1 �M/ H2i S : H− 1
2 (∂Ω) →

H1
loc(R3) #2 i?2 bBM;H2 H�v2` TQi2MiB�H �b /2}M2/ i?`Qm;? .2}MBiBQM RXkj BM a2+iBQM RX9X

h?2M r2 /2}M2 i?2 7mM+iBQM φ ∈ H1
loc(R3) �b

φ := Sσ,

�M/ r2 b�v i?�i φ Bb i?2 2H2+i`B+ TQi2MiB�H T`Q/m+2/ #v i?2 +?�`;2 /Bbi`B#miBQM σX

G2i mb `2+�HH i?�i i?2 2H2+i`B+ TQi2MiB�H φ Bb i?2 [m�MiBiv Q7 BMi2`2bi BM i?2 S.1@
#�b2/ 7Q`KmH�iBQM N @#Q/v /B2H2+i`B+ bT?2`2b 2H2+i`Qbi�iB+ BMi2`�+iBQM T`Q#H2K Ub22 i?2
"oS UkXkV BM a2+iBQM kXkVX 6m`i?2`KQ`2- `2+�HHBM; .2}MBiBQM RXk8 BM a2+iBQM RX9 Q7 i?2
bBM;H2 H�v2` #QmM/�`v QT2`�iQ` V- r2 b22 i?�i i?2 BMi2`BQ` �M/ 2ti2`BQ` .B`B+?H2i i`�+2b
γ±Sσ := Vσ �`2 r2HH@/2}M2/X

RR3



8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+ 6Q`+2b

.2}MBiBQM 8XN U1H2+i`B+ 6B2H/VX

G2i σ ∈ H− 1
2 (∂Ω) #2 � +?�`;2 /Bbi`B#miBQM bmTTQ`i2/ QM i?2 #QmM/�`v ∂Ω Q7 i?2

+QHH2+iBQM Q7 QT2M #�HHb {Ωi}Ni=1- �M/ H2i φ ∈ H1
loc(R3) #2 i?2 2H2+i`B+ TQi2MiB�H T`Q/m+2/

#v i?2 +?�`;2 /Bbi`B#miBQM σX h?2M r2 /2}M2 i?2 p2+iQ` }2H/ E ∈ L2
loc(R3;R3) �b

E := −∇φ,

�M/ r2 b�v i?�i E Bb i?2 2H2+i`B+ }2H/ T`Q/m+2/ #v i?2 +?�`;2 /Bbi`B#miBQM σX >2`2- ∇
/2MQi2b i?2 mbm�H ;`�/B2Mi BM *�`i2bB�M +QQ`/BM�i2bX

_2K�`F 8XRyX *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM 8XNX aBM+2 i?2 2H2+i`B+ TQi2MiB�H φ Bb
?�`KQMB+ QM i?2 +QKTH2K2Mi Q7 i?2 #QmM/�`v ∂Ω- Bi Bb BM 7�+i bKQQi? QM R3 \ ∂ΩX
*QMb2[m2MiHv- i?2 2H2+i`B+ }2H/ E Bb TQBMi@rBb2 BM}MBi2Hv /Bz2`2MiB�#H2 �i �Mv x ∈ R3\∂ΩX

G2i MQr i ∈ {1, . . . , N}X Ai rBHH #2 BKTQ`i�Mi iQ +QMbB/2` �HbQ i?2 2H2+i`B+ }2H/
;2M2`�i2/ #v � +?�`;2 /Bbi`B#miBQM bmTTQ`i2/ QMHv QM i?2 +QHH2+iBQM Q7 bT?2`2b {∂Ωj}Nj=1,

j ̸=i

-

BX2X- 2t+Hm/BM; i?2 bT?2`2 ∂ΩiX hQ i?Bb 2M/- r2 }`bi BMi`Q/m+2 bQK2 bBKTHB7vBM; MQi�iBQMX

LQi�iBQM, G2i i ∈ {1, . . . , N}X q2 /2}M2 i?2 b2i ∂ωi ⊂ ∂Ω �b ∂ωi := ∂Ω \ ∂ΩiX AM
Qi?2` rQ`/b ∂ωi Bb i?2 #QmM/�`v Q7 i?2 +QHH2+iBQM Q7 QT2M #�HHb {Ωj}Nj=1,

j ̸=i

- BX2X- 2t+Hm/BM;

i?2 QT2M #�HH ΩiX

.2}MBiBQM 8XRR U1t+Hm/2/ 1H2+i`B+ SQi2MiB�Hb �M/ 6B2H/bVX

G2i σ ∈ H− 1
2 (∂Ω) #2 � +?�`;2 /Bbi`B#miBQM bmTTQ`i2/ QM i?2 #QmM/�`v ∂Ω Q7 i?2

+QHH2+iBQM Q7 QT2M #�HHb {Ωi}Ni=1X h?2M 7Q` 2�+? i ∈ {1, . . . , N}

Ç q2 /2}M2 σi,exc ∈ H− 1
2 (∂Ω) �b

σi,exc :=

{
σ QM ∂ωi,

0 QM ∂Ωi,

�M/ r2 b�v i?�i σi,exc Bb i?2 i 2t+Hm/2/ +?�`;2 /Bbi`B#miBQMc

Ç q2 /2}M2 i?2 7mM+iBQM φi,exc ∈ H1
loc(R3) �b

φi,exc := Sσi,exc,

�M/ r2 b�v i?�i φi,exc Bb i?2 i 2t+Hm/2/ 2H2+i`B+ TQi2MiB�H ;2M2`�i2/ #v σc

Ç q2 /2}M2 i?2 p2+iQ` }2H/ Ei ∈ L2
loc(R3;R3) �b

Ei := −∇φi,exc, U8XRV

�M/ r2 b�v i?�i Ei Bb i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ ;2M2`�i2/ #v σX

hrQ `2K�`Fb �`2 BM Q`/2`X

RRN



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

_2K�`F 8XRkX *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM 8XRRX h?2 p2+iQ` }2H/ Ei- BX2X- i?2 i
2t+Hm/2/ 2H2+i`B+ }2H/ ;2M2`�i2/ #v σ ?�b � T?vbB+�H BMi2`T`2i�iBQMX h?Bb Bb T`2+Bb2Hv i?2
T�`i Q7 i?2 iQi�H 2H2+i`B+ }2H/ i?�i BMi2`�+ib rBi? UBX2X- 2t2`ib � M2i 2H2+i`Qbi�iB+ 7Q`+2 QMV
i?2 +?�`;2 /Bbi`B#miBQM QM i?2 bT?2`B+�H /B2H2+i`B+ T�`iB+H2 `2T`2b2Mi2/ #v ΩiX
_2K�`F 8XRjX *QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM 8XRR �M/ H2i i ∈ {1, . . . , N}X q2 Q#b2`p2
i?�i i?2 i 2t+Hm/2/ TQi2MiB�H φi,exc Bb ?�`KQMB+ �M/ i?2`27Q`2 bKQQi? QM i?2 +QKTH2K2Mi
Q7 ∂ωiX h?Bb BKTHB2b i?�i φi,exc Bb bKQQi? QM i?2 #QmM/�`v ∂Ωi- BX2X- QM i?2 bm`7�+2 Q7
i?2 ith bT?2`B+�H /B2H2+i`B+ T�`iB+H2X *QMb2[m2MiHv- i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ Ei Bb �HbQ
bKQQi? QM i?2 #QmM/�`v ∂ΩiX

q2 �`2 MQr `2�/v iQ /2}M2 i?2 2H2+i`Qbi�iB+ 7Q`+2 �+iBM; QM 2�+? bT?2`B+�H /B2H2+i`B+
T�`iB+H2X �b K2MiBQM2/ T`2pBQmbHv- i?2 7Q`+2 Bb MQr /2}M2/ mbBM; i?2 r2HH@FMQrM GQ`2Mix
7Q`+2 H�rX

.2}MBiBQM 8XR9 Ua2+QM/ .2}MBiBQM Q7 i?2 6Q`+2bVX

G2i σf ∈ H− 1
2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ν ∈ H− 1

2 (∂Ω) /2MQi2 i?2 mMB[m2
bQHmiBQM iQ i?2 "A1 UkXjV 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 rBi? `B;?i@?�M/ bB/2 ;2M2`�i2/
#v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i Ei ∈ L2

loc(R3;R3) /2MQi2 i?2 i 2t+Hm/2/ 2H2+i`B+
}2H/ ;2M2`�i2/ #v ν �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRRX h?2M 7Q` 2�+? i = 1, . . . , N
r2 /2}M2 i?2 M2i 7Q`+2 �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2 `2T`2b2Mi2/ #v Ωi �b i?2 p2+iQ`
F i ∈ R3 ;Bp2M #v

F i := κ0

∫

∂Ωi

ν(x)Ei(x) dx.

_2K�`F 8XR8X *QMbB/2` .2}MBiBQM 8XR9 Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2bX q2 `2K�`F i?�i bBM+2
ν ∈ H− 1

2 (∂Ω)- i?2 BMi2;`�H b?QmH/ #2 mM/2`biQQ/ �b � ⟨·, ·⟩
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

/m�HBiv
T�B`BM;X AM pB2r Q7 _2K�`F 8XRj- i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ Ei Bb bKQQi? QM ∂Ωi bQ i?2
/m�HBiv T�B`BM; Bb r2HH@/2}M2/X
_2K�`F 8XReX Ai Bb TQbbB#H2 QM+2 �;�BM iQ ;Bp2 � T?vbB+�H BMi2`T`2i�iBQM Q7 .2}MBiBQM 8XR9
Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2bX AM/22/- ;Bp2M � 7`22 +?�`;2 σf - r2 FMQr i?�i i?2 bQHmiBQM ν
iQ i?2 "A1 UkXjV vB2H/b i?2 bm`7�+2 +?�`;2 /Bbi`B#miBQM `2bmHiBM; 7`QK i?2 BMi2`�+iBQM Q7
i?2b2 TQH�`Bb�#H2 bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX h?2`27Q`2- BM Q`/2` iQ }M/ i?2 M2i 7Q`+2
�+iBM; QM /B2H2+i`B+ T�`iB+H2 i- r2 +QKTmi2 i?2 2H2+i`B+ }2H/ ;2M2`�i2/ #v i?2 BM/m+2/
bm`7�+2 +?�`;2b QM �HH Qi?2` /B2H2+i`B+ T�`iB+H2bX h?Bb Bb T`2+Bb2Hv i?2 i 2t+Hm/2/ 2H2+i`B+
}2H/ EiX L2ti- #v � bBKTH2 2ti2MbBQM Q7 *QmHQK#Ƕb H�r iQ +?�`;2 /Bbi`B#miBQMb r2 Q#i�BM
i?�i i?2 7Q`+2 �+iBM; QM T�`iB+H2 i Bb i?2 BMi2;`�H Q7 i?2 +?�`;2 /Bbi`B#miBQM QM T�`iB+H2 i-
BX2X- ν|∂Ωi �;�BMbi i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ b+�H2/ #v i?2 /B2H2+i`B+ +QMbi�Mi κ0 Q7 i?2
2ti2`M�H K2/BmKX

*H2�`Hv- .2}MBiBQM 8XR9 Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b +�MMQi #2 mb2/ 7Q` T`�+iB+�H +QKTm@
i�iBQMb bBM+2 Bi `2HB2b QM FMQrH2/;2 Q7 2t�+i [m�MiBiB2b Q7 BMi2`2biX h?2`27Q`2- BM �M�HQ;v
iQ .2}MBiBQM 8Xe- r2 /2}M2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b mbBM; �TT`QtBK�i2 i 2t+Hm/2/
2H2+i`B+ TQi2MiB�Hb �M/ 2H2+i`B+ }2H/b 7Q` �HH i = 1, . . . , N X JQ`2 T`2+Bb2Hv- r2 ?�p2 i?2
7QHHQrBM; /2}MBiBQMX

Rky



8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+ 6Q`+2b

.2}MBiBQM 8XRd Ua2+QM/ .2}MBiBQM Q7 i?2 �TT`QtBK�i2 6Q`+2bVX
G2i σf ∈ H− 1

2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ℓmax ∈ N- H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2
bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2
rBi? `B;?i@?�M/ bB/2 ;2M2`�i2/ #v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i Eℓmax

i ∈ L2
loc(R3;R3)

/2MQi2 i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ ;2M2`�i2/ #v νℓmax �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRRX
h?2M 7Q` 2�+? i = 1, . . . , N r2 /2}M2 i?2 �TT`QtBK�i2 M2i 7Q`+2 �+iBM; QM i?2 /B2H2+i`B+
T�`iB+H2 `2T`2b2Mi2/ #v ∂Ωi �b i?2 p2+iQ` F ℓmax

i ∈ R3 ;Bp2M #v

F ℓmax
i := κ0

∫

∂Ωi

νℓmax(x)E
ℓmax
i (x) dx. U8XkV

�Hi?Qm;? .2}MBiBQMb 8Xk �M/ 8XR9 Q7 i?2 2t�+i 2H2+i`Qbi�iB+ 7Q`+2b �M/ .2}MBiBQMb
8Xe �M/ 8XRd Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b KB;?i b22K � T`BQ`B /Bz2`2Mi- r2
+H�BK i?�i i?2 2H2+i`Qbi�iB+ 2M2`;v@#�b2/ �TT`Q�+? �M/ 2H2+i`B+ }2H/@#�b2/ �TT`Q�+? �`2
K�i?2K�iB+�HHv 2[mBp�H2MiX h?Bb Bb i?2 bm#D2+i Q7 i?2 M2ti bm#b2+iBQMX

8XRXj 1[mBp�H2M+2 Q7 i?2 2M2`;v �M/ 2H2+i`B+ }2H/@#�b2/ �TT`Q�+?2b

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ 2bi�#HBb? i?2 7QHHQrBM; `2bmHiX

h?2Q`2K 8XR3X G2i σf ∈ H− 1
2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ℓmax ∈ N- H2i ν ∈ H− 1

2 (∂Ω)
�M/ νℓmax ∈ W ℓmax /2MQi2 i?2 bQHmiBQMb iQ i?2 "A1 UkXjV �M/ :�H2`FBM /Bb+`2iBb�iBQM
UkX3V `2bT2+iBp2Hv rBi? `B;?i@?�M/ bB/2b ;2M2`�i2/ #v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N}
H2i F̃ i,F i ∈ R3 /2MQi2 i?2 2t�+i 2H2+i`Qbi�iB+ 7Q`+2b �b /2}M2/ #v .2}MBiBQMb 8Xk �M/
8XR9 `2bT2+iBp2Hv �M/ H2i F̃ ℓmax

i ,F ℓmax
i ∈ R3 /2MQi2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b �b

/2}M2/ #v .2}MBiBQMb 8Xe �M/ 8XRd `2bT2+iBp2HvX h?2M 7Q` �HH i ∈ {1, . . . , N} Bi ?QH/b i?�i

F̃ i = F i, �M/ F̃
ℓmax

i = F ℓmax
i .

q2 rBHH T`Qp2 h?2Q`2K 8XR3 7Q` i?2 �TT`QtBK�i2 7Q`+2bX h?2 T`QQ7 7Q` i?2 2t�+i
7Q`+2b Bb bBKBH�` BM bTB`Bi rBi? �M �//BiBQM�H +QKTHB+�iBQM /m2 iQ i?2 7�+i i?�i i?2 2t�+i
BM/m+2/ bm`7�+2 +?�`;2 ν ∈ H− 1

2 (∂Ω) Bb � /Bbi`B#miBQMX *QMb2[m2MiHv- 2ti`� +�`2 Kmbi #2
i�F2M r?2M T2`7Q`KBM; /B`2+i +�H+mH�iBQMb BMpQHpBM; i?2 2tTHB+Bi- BMi2;`�H `2T`2b2Mi�iBQM
Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` V : H− 1

2 (∂Ω) → H
1
2 (∂Ω) Ub22 h?2Q`2K RXkd BM

a2+iBQM RX9VX

hQ 7�+BHBi�i2 i?2 T`QQ7 Q7 h?2Q`2K 8XR3 BM i?2 +�b2 Q7 i?2 �TT`QtBK�i2 7Q`+2b- Bi
Bb �/p�Mi�;2Qmb iQ `2T`2b2Mi 2H2K2Mib Q7 i?2 �TT`QtBK�iBQM bT�+2 W ℓmax �b p2+iQ`b BM
1m+HB/2�M bT�+2X h?Bb `2[mB`2b i?2 BMi`Q/m+iBQM Q7 � #�bBb QM W ℓmax - �M/ BM pB2r Q7
.2}MBiBQM kXRR- i?2 M�im`�H +?QB+2 Q7 #�bBb 7mM+iBQMb �`2 i?2 HQ+�H bT?2`B+�H ?�`KQMB+b
QM 2�+? bT?2`2X AM 7�+i- r2 ?�p2 �H`2�/v BMi`Q/m+2/ bm+? � #�bBb BM *?�Ti2` 9 #mi BM �M
2zQ`i iQ �pQB/ /Bb`mTiBM; i?2 ~Qr Q7 i?Bb +?�Ti2`- r2 rBHH `2+�HH i?Bb +QMbi`m+iBQMX

RkR
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.2}MBiBQM 8XRN U*?QB+2 Q7 "�bBbVX G2i ℓmax ∈ NX 6Q` 2�+? j ∈ {1, . . . , N} �M/ �HH
ℓ ∈ {0, . . . , ℓmax}- −ℓ ≤ m ≤ ℓ r2 /2}M2 i?2 7mM+iBQM Yj

ℓm : ∂Ω → R �b

Yj
ℓm(x) :=

{
Ym
ℓ

(
x−xj

|x−xj |

)
7Q` �HH x ∈ ∂Ωj ,

0 Qi?2`rBb2,

�M/ r2 2[mBT i?2 �TT`QtBK�iBQM bT�+2 Wℓmax rBi? i?2 #�bBb {Yj
ℓm}X >2`2- Ym

ℓ /2MQi2b
i?2 bT?2`B+�H ?�`KQMB+ Q7 /2;`22 ℓ �M/ Q`/2` m �b /2}M2/ BM .2}MBiBQM kXN BM a2+iBQM
kXjX

LQi�iBQM, G2i ℓmax ∈ NX q2 rBHH ?2M+27Q`i? /2MQi2 #v M := N · (ℓmax + 1)2- i?2
/BK2MbBQM Q7 i?2 �TT`QtBK�iBQM bT�+2 W ℓmax X
_2K�`F 8XkyX *QMbB/2` .2}MBiBQM 8XRN Q7 i?2 #�bBb 7mM+iBQMb QM W ℓmax X h?2b2 7mM+iBQMb
2bi�#HBb? �M BbQKQ`T?BbK #2ir22M W ℓmax �M/ RM X AM/22/- r2 �bbQ+B�i2 �M �`#Bi`�`v
7mM+iBQM ψ ∈ W ℓmax rBi? i?2 p2+iQ` ψ ∈ RM /2}M2/ �b

[ψi]
m
ℓ :=

(
ψ,Yi

ℓm

)
L2(∂Ωi)

, 7Q` i ∈ {1, . . . , N}, ℓ ∈ {0, . . . , ℓmax} �M/ − ℓ ≤ m ≤ ℓ.

*QMb2[m2MiHv- ;Bp2M 7mM+iBQMb BM i?2 bT�+2 W ℓmax - r2 rBHH Q7i2M `272` iQ i?2B` p2+iQ` `2T`2@
b2Mi�iBQMb BM RM �M/ pB+2 p2`b�X JQ`2Qp2`- iQ 7�+BHBi�i2 B/2MiB}+�iBQM r2 rBHH 7`2[m2MiHv
mb2 #QH/ bvK#QHb 7Q` i?2 p2+iQ` `2T`2b2Mi�iBQMbX

.2}MBiBQM 8XkRX G2i ℓmax ∈ N0- H2i σf ∈ H− 1
2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i

V : H− 1
2 (∂Ω) → H

1
2 (∂Ω) �M/ .iL : H

1
2 (∂Ω) → H− 1

2 (∂Ω) /2MQi2 i?2 bBM;H2 H�v2` #QmM/@
�`v QT2`�iQ` �M/ .B`B+?H2i@iQ@L2mK�MM K�T `2bT2+iBp2Hv Ub22 .2}MBiBQMb RXk8 �M/ RXRjV-
H2i A : H

1
2 (∂Ω) → H

1
2 (∂Ω) /2MQi2 i?2 #QmM/�`v BMi2;`�H QT2`�iQ` /2}M2/ i?`Qm;? .2}@

MBiBQM kX3 BM a2+iBQM kXj- �M/ H2i Qℓmax : H
− 1

2 (∂Ω) → W ℓmax �M/ Pℓmax : H
1
2 (∂Ω) → W ℓmax

/2MQi2 i?2 T`QD2+iBQM QT2`�iQ`b QM i?2 �TT`QtBK�iBQM bT�+2 /2}M2/ i?`Qm;? .2}MBiBQM
jXjyX h?2M

Ç q2 /2}M2 i?2 p2+iQ` σf ∈ RM �b

[σf i]
m
ℓ :=

(
Qℓmaxσf ,Y

i
ℓm

)
L2(∂Ωi)

,

r?2`2 i ∈ {1, . . . , N}, ℓ ∈ {0, . . . , ℓmax} �M/ |m| ≤ ℓX

Ç q2 /2}M2 i?2 /B�;QM�H K�i`Bt DtNκ ∈ RM×M �b

[DtNκ
ij ]

mm′
ℓℓ′ := δij

(
κj − κ0
κ0

.iLYj
ℓ′m′ ,Y

i
ℓm

)

L2(∂Ωi)

,

r?2`2 i, j ∈ {1, . . . , N}, ℓ, ℓ′ ∈ {0, . . . , ℓmax} �M/ |m| ≤ ℓ, |m′| ≤ ℓ′X

Ç q2 /2}M2 i?2 bvKK2i`B+- TQbBiBp2 /2}MBi2 K�i`Bt V ∈ RM×M �b

[V ij ]
mm′
ℓℓ′ :=

(
VYj

ℓ′m′ ,Y
i
ℓm

)

L2(∂Ωi)
,

r?2`2 i, j ∈ {1, . . . , N}, ℓ, ℓ′ ∈ {0, . . . , ℓmax} �M/ |m| ≤ ℓ, |m′| ≤ ℓ′X

Rkk



8XR .2}MBiBQM Q7 i?2 1t�+i �M/ �TT`QtBK�i2 1H2+i`Qbi�iB+ 6Q`+2b

Ç q2 /2}M2 i?2 bQHmiBQM K�i`Bt A ∈ RM×M �b

[Aij ]
mm′
ℓℓ′ :=

(
AYj

ℓ′m′ ,Y
i
ℓm

)

L2(∂Ωi)
,

r?2`2 i, j ∈ {1, . . . , N}, ℓ, ℓ′ ∈ {0, . . . , ℓmax} �M/ |m| ≤ ℓ, |m′| ≤ ℓ′X

1[mBTT2/ rBi? i?2 K�i`Bt `2T`2b2Mi�iBQMb Q7 i?2 `2H2p�Mi #QmM/�`v BMi2;`�Hb- r2 �`2
MQr `2�/v iQ bi�i2 i?2 T`QQ7 Q7 h?2Q`2K 8XR3 7Q` i?2 �TT`QtBK�i2 7Q`+2bX

S`QQ7 Q7 h?2Q`2K 8XR3X q2 �bbmK2 i?2 b2iiBM; Q7 _2K�`F 8Xky �M/ .2}MBiBQM 8XkR �M/
r2 /2MQi2 #v νℓmax ∈ RM i?2 p2+iQ` `2T`2b2Mi�iBQM Q7 i?2 bQHmiBQM νℓmax ∈ W ℓmax iQ i?2
:�H2`FBM /Bb+`2iBb�iBQM UkX3VX q2 /BpB/2 i?2 T`QQ7 BMiQ irQ bi2Tb,

Ç q2 }`bi b?Qr i?�i 7Q` 2�+? i ∈ {1, . . . , N} �M/ α = 1, 2, 3 Bi ?QH/b i?�i
(
F̃
ℓmax

i

)

α
= −1

2
κ0 νℓmax ·

(
∂xα

i
V
)
νℓmax ,

r?2`2
(
F̃
ℓmax

i

)

α
/2MQi2b i?2 αth +QKTQM2Mi Q7 i?2 �TT`QtBK�i2 7Q`+2 F̃

ℓmax

i �M/
∂xα

i
/2MQi2b i?2 αth +QKTQM2Mi Q7 i?2 bT?2`2@+2Mi`2/ ;`�/B2Mi ∇xi X

Ç AM i?2 b2+QM/ bi2T r2 mb2 i?Bb 2tT`2bbBQM iQ b?Qr i?�i F̃
ℓmax

i = F ℓmax
i X

ai2T R, *QMbB/2` .2}MBiBQM 8X8 Q7 i?2 /Bb+`2i2 2H2+i`Qbi�iB+ 2M2`;vX � /B`2+i +�H+mH�iBQM
b?Qrb i?�i

Eℓmax
σf =

1

2
σf · V νℓmax .

G2i i ∈ {1, . . . , N} �M/ α ∈ {1, 2, 3} #2 }t2/X lbBM; .2}MBiBQM 8Xe Q7 i?2 �TT`QtBK�i2
7Q`+2 �M/ i?2 7�+i i?�i i?2 p2+iQ` σf Bb BM/2T2M/2Mi Q7 i?2 bT?2`2 +2Mi`2 HQ+�iBQMb {xi}Ni=1
Ub22 .2}MBiBQM 8XkRV- r2 b22 i?�i

(
F̃
ℓmax

i

)

α
= −1

2
σf · ∂xα

i
V νℓmax = −1

2
σf · ∂xα

i
λℓmax , U8XjV

r?2`2 λℓmax := V νℓmax ∈ RM Bb i?2 p2+iQ` `2T`2b2Mi�iBQM Q7 λℓmax := PℓmaxVνℓmax ∈
W ℓmax X *QMb2[m2MiHv- Bi bm{+2b iQ +QKTmi2 i?2 bT?2`2@+2Mi`2/ T�`iB�H /2`Bp�iBp2b Q7
λℓmax X lbBM; i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2
+?�`;2- Bi Bb �M 2�bv 2t2`+Bb2 iQ b?Qr i?�i i?2 p2+iQ` λℓmax bQHp2b i?2 }MBi2@/BK2MbBQM�H
"A1

Aλℓmax =
1

κ0
V σf . U8X9V

*QMb2[m2MiHv- i�FBM; i?2 /2`Bp�iBp2 QM #Qi? bB/2b Q7 1[m�iBQM U8X9V �M/ mbBM; i?2
+?�BM `mH2 vB2H/b

A
(
∂xα

i
λℓmax

)
=

1

κ0

(
∂xα

i
V
)
σf −

(
∂xα

i
A
)
λℓmax .

Rkj
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L2ti- mbBM; .2}MBiBQM kX3 7`QK a2+iBQM kXj Q7 i?2 #QmM/�`v BMi2;`�H QT2`�iQ`
A : H

1
2 (∂Ω) → H

1
2 (∂Ω) r2 r`Bi2 i?2 bQHmiBQM K�i`Bt A �b

A = Iℓmax + V DtNκ,

r?2`2 Iℓmax ∈ RM×M Bb i?2 B/2MiBiv K�i`BtX q2 MQr Q#b2`p2 i?�i #Qi? Iℓmax �M/
i?2 K�i`Bt DtNκ Ub22 .2}MBiBQM 8XkRV �`2 BM/2T2M/2Mi Q7 i?2 bT?2`2 +2Mi`2 HQ+�iBQMb
{xi}Ni=1X *QMb2[m2MiHv- Bi ?QH/b i?�i

−∂xα
i
A = −

(
∂xα

i
V
)
DtNκ.

� bBKTH2 +�H+mH�iBQM i?2M vB2H/b

A
(
∂xα

i
λℓmax

)
=
(
∂xα

i
V
) 1

κ0
σf −

(
∂xα

i
V
)
DtNκλℓmax =

(
∂xα

i
V
)
νℓmax , U8X8V

r?2`2 i?2 H�bi 2[m�HBiv 7QHHQrb 7`QK i?2 7�+i i?�i νℓmax = 1
κ0
σf −DtNκλℓmax - r?B+? Bb

� `2bmHi i?�i ?�b #22M mb2/ UBM � bHB;?iHv /Bz2`2Mi 7Q`KV K�Mv iBK2b BM *?�Ti2`b j �M/
9 Ub22- 2X;X- G2KK� 9X9V- �M/ +�M #2 /2/m+2/ /B`2+iHv 7`QK i?2 :�H2`FBM /Bb+`2iBb�iBQM
UkX3VX

L2ti- H2i AT ∈ RM×M /2MQi2 i?2 i`�MbTQb2 Q7 AX *H2�`Hv- AT Bb i?2 K�@
i`Bt `2T`2b2Mi�iBQM UrBi? `2bT2+i iQ i?2 #�bBb 8XRNV Q7 i?2 }MBi2@/BK2MbBQM�H QT2`�iQ`
QℓmaxA

∗Qℓmax : W
ℓmax → W ℓmax - BX2X- i?2 QT2`�iQ` �bbQ+B�i2/ rBi? i?2 :�H2`FBM /Bb+`2iB@

b�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2X aBM+2 i?2 :�H2`FBM /Bb+`2iBb�iBQM
UkX3V Bb r2HH@TQb2/- i?2 K�i`B+2b AT �M/ A �`2 #Qi? BMp2`iB#H2X *QMb2[m2MiHv- r2 +�M
mb2 1[m�iBQMb U8XjV �M/ U8X8V iQ r`Bi2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2 F̃

ℓmax

i �b
(
F̃
ℓmax

i

)

α
=− 1

2
σf · ∂xα

i
λℓmax = −1

2
σf ·

(
A−1

(
∂xα

i
V
)
νℓmax

)

= −1

2

(
AT
)−1
σf ·

(
∂xα

i
V
)
νℓmax .

6BM�HHv- BM pB2r Q7 i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V r2 ?�p2
(
AT
)−1
σf = κ0νℓmax bQ

i?�i
(
F̃
ℓmax

i

)

α
= −1

2
κ0 νℓmax ·

(
∂xα

i
V
)
νℓmax . U8XeV

ai2T k, q2 rBHH MQr �ii2KTi iQ bBKTHB7v i?2 2tT`2bbBQM U8XeV 7Q` i?2 �TT`QtBK�i2
2H2+i`Qbi�iB+ 7Q`+2bX hQ i?Bb 2M/- H2i S2 ⊂ R3 /2MQi2 i?2 mMBi bT?2`2 �M/ 7Q` 2�+?
i ∈ {1, . . . , N} H2i νℓmax

i := νℓmax |∂Ωi X lbBM; .2}MBiBQM 8XkR Q7 i?2 K�i`Bt V �M/ �
bBKTH2 +?�M;2 Q7 p�`B�#H2b- 1[m�iBQM U8XeV +�M #2 r`Bii2M BM i?2 7Q`K

F̃
ℓmax

i = −1

2
κ0

N∑

k=1

N∑

j=1

r2kr
2
j

∫

S2

∫

S2
νℓmax
k

(
xk + rkt

)
νℓmax
j

(
xj + rjs

)

·
(
∇xi

1

|xj + rjs− (xk + rkt)|

)
dsdt.

Rk9



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

� bi`�B;?i7Q`r�`/ +�H+mH�iBQM b?Qrb i?�i i?2 QMHv MQM@x2`Q i2`Kb BM i?Bb /Qm#H2 bmK
BMpQHp2 BM/B+2b j, k ∈ {1, . . . , N} bm+? i?�i j ̸= i, k = i �M/ j = i, k ̸= iX �b � +QMb2[m2M+2-
Bi ?QH/b i?�i

F̃
ℓmax

i =− 1

2
κ0r

2
i

N∑

k=1
k ̸=i

r2k

∫

S2

∫

S2
νℓmax
k

(
xk + rkt

)
νℓmax
i

(
xi + ris

)

·
(
∇xi

1

|xi + ris− (xk + rkt)|

)
dsdt

− 1

2
κ0r

2
i

N∑

j=1
j ̸=i

r2j

∫

S2

∫

S2
νℓmax
i

(
xi + rit

)
νℓmax
j

(
xj + rjs

)

·
(
∇xi

1

|xj + rjs− (xi + rit)|

)
dsdt.

q2 +�M MQr mb2 bBKTH2 +�H+mHmb �M/ i?2 bvKK2i`B2b BM i?2 �#Qp2 bmK iQ Q#i�BM

F̃
ℓmax

i = −κ0r2i
∫

S2
νℓmax
i

(
xi + rit

) N∑

j=1
j ̸=i

r2j

∫

S2
νℓmax
j

(
xj + rjs

)

·
(

xi + ris− (xj + rjt)

|xj + rjs− (xj + rit)|3

)
dsdt,

�M/ i?2`27Q`2-

F̃
ℓmax

i = −κ0
∫

∂Ωi

νℓmax
i (y)

N∑

j=1
j ̸=i

∫

∂Ωj

νℓmax
j (x)

y − x

|y − x|3 dxdy

= κ0

∫

∂Ωi

νℓmax
i (y)Ei(y) dy = F ℓmax

i .

q2 +QM+Hm/2 i?Bb b2+iBQM #v Q#b2`pBM; i?�i /m2 iQ h?2Q`2K 8XR3- �HH `2K�`Fb +QM+2`M@
BM; i?2 2H2+i`Qbi�iB+ 2M2`;v@#�b2/ /2}MBiBQM Q7 i?2 7Q`+2b �`2 �TTHB+�#H2 iQ i?2 2H2+i`B+
}2H/@#�b2/ /2}MBiBQM Q7 i?2 7Q`+2bX AM T�`iB+mH�`- r2 +�M pB2r i?2 �TT`QtBK�i2 7Q`+2b
{F ℓmax

i }Ni=1 �b i?2 ;`�/B2Mi Q7 i?2 /Bb+`2i2 TQi2MiB�H 2M2`;v bm`7�+2 U/S1aV �i i?2 TQBMi
{xi}Ni=1X

8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

h?`Qm;?Qmi i?Bb b2+iBQM r2 rBHH �bbmK2 i?2 b2iiBM; Q7 a2+iBQM 8XRXkX AM T�`iB+mH�`- r2
/2}M2 i?2 M2i 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM 2�+? /B2H2+i`B+ T�`iB+H2b BM i2`Kb Q7 i?2 2H2+i`B+

Rk8



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

}2H/ �b BM .2}MBiBQM 8XR9 �M/ r2 /2}M2 i?2 �TT`QtBK�i2 M2i 2H2+i`Qbi�iB+ 7Q`+2 �+iBM;
QM 2�+? /B2H2+i`B+ T�`iB+H2b BM i2`Kb Q7 i?2 2H2+i`B+ }2H/ �b BM .2}MBiBQM 8XRdX AM pB2r Q7
h?2Q`2K 8XR3 BM a2+iBQM 8XRXj- i?Bb +?QB+2 `2bmHib BM MQ HQbb Q7 ;2M2`�HBivX

AM Q`/2` iQ T`2b2Mi � +H2�` �M/ +QM+Bb2 2tTQbBiBQM- r2 Q`;�MBb2 i?2 `2K�BM/2` Q7 i?Bb
b2+iBQM �b 7QHHQrbX AM a2+iBQM 8XkXR- r2 bi�i2 Qm` K�BM `2bmHib QM i?2 �TT`QtBK�#BHBiv �M/
`�i2 Q7 +QMp2`;2M+2 Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b- �M/ r2 /Bb+mbb i?2 ?vTQi?2bBb
�M/ +QM+HmbBQMb Q7 i?2b2 i?2Q`2KbX AM a2+iBQM 8XkXk- r2 bi�i2 �M/ T`Qp2 BMi2`K2/B�`v
H2KK�b r?B+? r2 `2[mB`2 7Q` Qm` �M�HvbBbX h?2b2 H2KK�b �`2 i?2M mb2/ iQ T`Qp2 i?2
K�BM `2bmHib Q7 a2+iBQM 8XkXRX

8XkXR J�BM `2bmHi �M/ /Bb+mbbBQM

LQi�iBQM, :Bp2M � p2+iQ` X ∈ R3- r2 rBHH r`Bi2 (X)α, α = 1, 2, 3 iQ /2MQi2 i?2 +QKTQ@
M2Mib Q7 XX AM i?2 b�K2 bTB`Bi- r2 rBHH r`Bi2 ∂α(·), α = 1, 2, 3 7Q` i?2 αth +QKTQM2Mi Q7
i?2 ;`�/B2Mi Q7 bQK2 b+�H�` }2H/ BM i?2 *�`i2bB�M +QQ`/BM�i2 bvbi2KX

h?2Q`2K 8Xkk U�TT`QtBK�#BHBiv Q7 i?2 1H2+i`Qbi�iB+ 6Q`+2bVX

G2i σf ∈ Hs(∂Ω) 7Q` bQK2 s > −1
2 - H2i ℓmax ∈ N- H2i ν ∈ Hs(∂Ω) �M/ νℓmax ∈ W ℓmax

/2MQi2 i?2 mMB[m2 bQHmiBQMb iQ i?2 "A1 UkXjV �M/ :�H2`FBM /Bb+`2iBb�iBQM UkX3V rBi? `B;?i@
?�M/ bB/2b ;2M2`�i2/ #v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i F i,F

ℓmax
i ∈ R3 /2MQi2 i?2

2t�+i �M/ �TT`QtBK�i2 7Q`+2 �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2 `2T`2b2Mi2/ #v Ωi �b /2}M2/
i?`Qm;? .2}MBiBQMb 8XR9 �M/ 8XRd `2bT2+iBp2HvX h?2M Bi ?QH/b i?�i

lim
ℓmax→∞

N∑

i=1

3∑

α=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣= 0.

_2K�`F 8XkjX *QMbB/2` h?2Q`2K 8XkkX LQiB+2 i?�i r2 `2[mB`2 i?�i i?2 7`22 +?�`;2 σf ∈
Hs(Ω) 7Q` bQK2 s > −1

2 X h?Bb `2;mH�`Biv `2[mB`2K2Mi �;`22b rBi? i?2 +QMp2`;2M+2 `�i2b
7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 ;Bp2M #v h?2Q`2K jXRk �M/ i?2`27Q`2 +�MMQi #2 BKT`Qp2/X
lM7Q`imM�i2Hv- �b r2 rBHH b?Qr BM a2+iBQM 8XkXk- i?2 i2+?MB[m2b mb2/ iQ T`Qp2 i?Bb i?2Q`2K
H2�/ iQ +QMp2`;2M+2 `�i2b rBi? � T`2@7�+iQ` i?�i /2T2M/b QM N X

h?2 M2ti i?2Q`2K 2bi�#HBb?2b N @BM/2T2M/2Mi +QMp2`;2M+2 `�i2b 7Q` i?2 2H2+i`Qbi�iB+
7Q`+2b mM/2` i?2 �bbmKTiBQM Q7 BM+`2�b2/ `2;mH�`Biv 7Q` i?2 7`22 +?�`;2 σf X

h?2Q`2K 8Xk9 UN @BM/2T2M/2Mi *QMp2`;2M+2 _�i2b 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2bVX G2i
s ≥ 1

2 - H2i σf ∈ Hs(∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i ℓmax ∈ N- H2i ν ∈ Hs(∂Ω) �M/
νℓmax ∈ W ℓmax #2 i?2 mMB[m2 bQHmiBQMb iQ i?2 "A1 UkXjV �M/ :�H2`FBM /Bb+`2iBb�iBQM UkX3V
rBi? `B;?i@?�M/ bB/2b ;2M2`�i2/ #v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i F i �M/ F ℓmax

i
/2MQi2 i?2 M2i 7Q`+2 �M/ �TT`QtBK�i2 M2i 7Q`+2 �b /2}M2/ i?`Qm;? .2}MBiBQMb 8XR9 �M/
8XRd `2bT2+iBp2HvX h?2M i?2`2 2tBbib � +QMbi�Mi CForce > 0 i?�i /2T2M/b QM s- i?2 /B2H2+i`B+
+QMbi�Mib- i?2 `�/BB Q7 i?2 QT2M #�HHb- �M/ i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2
#mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` N Q7 /B2H2+i`B+ T�`iB+H2b bm+? i?�i 7Q` ℓmax bm{+B2MiHv
H�`;2 Bi ?QH/b i?�i

Rke



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

N∑

i=1

3∑

α=1

∣∣∣(F i)α−
(
F ℓmax

i

)
α

∣∣∣≤ Cforce

( max rj
ℓmax + 1

)− 1
2+s (∣∣∣∣∣∣ν

∣∣∣∣∣∣2
Hs(∂Ω)

+
∣∣∣∣∣∣Q⊥

0 σf
∣∣∣∣∣∣2

Hs(∂Ω)

)
.

U8XdV

_2K�`F 8Xk8X *QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K 8Xk9X h?2 /2T2M/2M+2 Q7 i?2 T`2@7�+iQ`
CForce QM i?2 `2;mH�`Biv BM/2t s ≥ 1

2 Bb �M �`i27�+i r?B+? �`Bb2b /m2 iQ Qm` �ii2KTi iQ
r`Bi2 i?2 }M�H +QMp2`;2M+2 `�i2b U8XdV BM � +QM+Bb2 �M/ �2bi?2iB+�HHv �TT2�HBM; 7Q`KX h?2
T`QQ7 Q7 h?2Q`2K 8Xk9 rBHH b?Qr i?�i i?Bb /2T2M/2M+2 QM s +�M #2 `2KQp2/ �i i?2 +Qbi
Q7 Q#i�BMBM; � KQ`2 i2/BQmb }M�H 2tT`2bbBQMX

h?2Q`2K 8Xk9 ?�b i?2 7QHHQrBM; BKTQ`i�Mi U#mi mMbm`T`BbBM;V +Q`QHH�`vX

*Q`QHH�`v 8Xke U1tTQM2MiB�H *QMp2`;2M+2 Q7 i?2 1H2+i`Qbi�iB+ 6Q`+2bVX
G2i Cforce /2MQi2 i?2 +QMp2`;2M+2 `�i2 T`2@7�+iQ` BM h?2Q`2K 8Xk9- H2i σf ∈ C∞(∂Ω) #2
�M�HviB+ QM ∂Ω BM i?2 b2Mb2 i?�i i?2 HQ+�H bT?2`B+�H ?�`KQMB+b +Q2{+B2Mib Q7 σf QM 2�+?
bT?2`2 /2+�v 2tTQM2MiB�HHv 7�bi- H2i ℓmax ∈ N- H2i ν ∈ H− 1

2 (∂Ω) �M/ νℓmax ∈ W ℓmax #2
i?2 mMB[m2 bQHmiBQMb iQ i?2 "A1 UkXjV �M/ :�H2`FBM /Bb+`2iBb�iBQM UkX3V rBi? `B;?i@?�M/
bB/2b ;2M2`�i2/ #v σf - �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i F i �M/ F ℓmax

i /2MQi2 i?2 2t�+i
�M/ �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM i?2 T�`iB+H2 `2T`2b2Mi2/ #v Ωi �b ;Bp2M #v
.2}MBiBQMb 8XR9 �M/ 8XRd `2bT2+iBp2HvX 6Q` ℓmax bm{+B2MiHv H�`;2- B7 ν Bb �M�HviB+ QM ∂Ω
i?2M i?2`2 2tBbi +QMbi�Mib Cα

ν,σf , C
β
ν,σf > 0 /2T2M/BM; QM ;2QK2i`B+ T�`�K2i2`b- i?2 2t�+i

bQHmiBQM ν- �M/ i?2 7`22 +?�`;2 σf bm+? i?�i

1

N

N∑

i=1

3∑

α=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤ CforceC
α
ν,σf exp

(
−Cβ

ν,σf

√
ℓmax + 1

max rj

)
.

S`QQ7X h?2 T`QQ7 Q7 *Q`QHH�`v 8Xke mb2b i?2 +QMp2`;2M+2 `�i2b Q#i�BM2/ 7`QK h?2Q`2K
8Xk9 �M/ Bb � bi�M/�`/ 2t2`+Bb2 BM i?2 �M�HvbBb Q7 bT2+i`�H :�H2`FBM K2i?Q/b Ub22- 2X;X-
i?2 �`;mK2Mib BM (Ryk- Ryj)VX 6Q` KQ`2 /2i�BHb- r2 `272` i?2 BMi2`2bi2/ `2�/2` iQ i?2
T`QQ7 Q7 h?2Q`2K jXRj BM *?�Ti2` j r?B+? 2bi�#HBb?2b i?2 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2
�TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2 �M/ +�M #2 +QTB2/ M2�`Hv rQ`/ 7Q` rQ`/ iQ T`Qp2
*Q`QHH�`v 8XkeX

L2ti- r2 rQmH/ HBF2 iQ /Bb+mbb BM KQ`2 /2i�BH i?2 ?vTQi?2bBb �M/ +QM+HmbBQMb Q7
h?2Q`2K 8Xk9X q2 7`�K2 i?Bb /Bb+mbbBQM BM i?2 7Q`K Q7 irQ `2K�`FbX
_2K�`F 8Xkd Ua+�HBM; Q7 i?2 1``Q` 1biBK�i2b BM h?2Q`2K 8Xk9VX

�b K2MiBQM2/ BM i?2 BMi`Q/m+iBQM- i?2 ;Q�H Q7 i?Bb +?�Ti2` Bb iQ b?Qr i?�i- mM/2` bmBi�#H2
;2QK2i`B+ �bbmKTiBQMb- i?2 :�H2`FBM K2i?Q/ T`QTQb2/ i?`Qm;? i?2 "A1 UkXjV �M/ i?2
/Bb+`2iBb�iBQM UkX3V +�M #2 mb2/ iQ Q#i�BM i?2 2H2+i`Qbi�iB+ 7Q`+2b rBi? HBM2�` b+�HBM;
�++m`�+vX � M2+2bb�`v +QM/BiBQM iQ �+?B2p2 i?Bb Bb iQ b?Qr i?�i i?2 �TT`QtBK�i2 7Q`+2b r2
+QKTmi2 �`2 N @2``Q` bi�#H2- BX2X- 7Q` � }t2/ MmK#2` Q7 /2;`22b Q7 7`22/QK T2` bT?2`2- i?2
`2H�iBp2 Q` �p2`�;2 2``Q` BM i?2 �TT`QtBK�i2 �TT`QtBK�i2 7Q`+2b 7Q` /Bz2`2Mi ;2QK2i`B+�H
+QM};m`�iBQMb /Q2b MQi BM+`2�b2 rBi? i?2 MmK#2` N Q7 /B2H2+i`B+ T�`iB+H2bX AM *?�Ti2` j-
r2 b?Qr2/ T`2+Bb2Hv i?Bb `2bmHi 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2b BM/m+2/ QM

Rkd



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

�Mv 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; i?2 �bbmKTiBQMb :�RV@:�jV BMi`Q/m+2/
BM a2+iBQM kXkX

*QMbB/2` h?2Q`2K 8Xk9X aBM+2 i?2 +QMbi�Mi Cforce > 0 /Q2b MQi 2tTHB+BiHv /2T2M/
QM N - r2 +�M /2/m+2 irQ +QM+HmbBQMb 7`QK i?2 +QMp2`;2M+2 `�i2 U8XdV,

*RV Ai ?QH/b i?�i
∑N

i=1

∑3
α=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣

∥ν∥2Hs(∂Ω) + ∥Q⊥
0 σf∥2Hs(∂Ω)

≤
( max rj
ℓmax + 1

)− 1
2+s

Cforce,

rBi? `B;?i@?�M/ bB/2 i?�i Bb BM/2T2M/2Mi Q7 N X *QMb2[m2MiHv- 7Q` �Mv 7�KBHv Q7
;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; �bbmKTiBQMb :�RV@:�jV- i?2 �TT`QtBK�i2 7Q`+2bĜ
`2H�iBp2 iQ i?2 bmK b[m�`2/ Q7 i?2 2t�+i BM/m+2/ bm`7�+2 +?�`;2 ν �M/ 7`22 +?�`;2
σfĜ �`2 BM/22/ BM/2T2M/2Mi Q7 NFX >2`2- NF /2MQi2b i?2 MmK#2` Q7 T�`iB+H2b BM
�M �`#Bi`�`v ;2QK2i`v ΩF �M/ i�F2b i?2 `QH2 Q7 N �#Qp2X q2 2KT?�bBb2 i?�i i?Bb
`2bmHi Bb M2�`Hv B/2MiB+�H iQ i?2 QM2 Q#i�BM2/ 7Q` i?2 2``Q` BM i?2 iQi�H 2H2+i`Qbi�iB+
2M2`;v Ub22 h?2Q`2K jXRk BM *?�Ti2` jVX

*kV G2i i ∈ {1, . . . , N} �M/ H2i νi := ν|∂Ωi �M/ σf,i := σf |∂Ωi X A7 i?2 BM/m+2/ bm`@
7�+2 +?�`;2 ν �M/ 7`22 +?�`;2 σf �`2 #Qi? Q7 Q`/2` R QM 2�+? bT?2`2- BX2X- B7
|||νi|||Hs(∂Ωi), |||σf,i|||Hs(∂Ωi) = O(1) i?2M Bi ?QH/b i?�i

∣∣∣∣∣∣ν
∣∣∣∣∣∣2

Hs(∂Ω)
+
∣∣∣∣∣∣Q⊥

0 σf
∣∣∣∣∣∣2

Hs(∂Ω)
= O(N),

�M/ Bi i?2`27Q`2 ?QH/b i?�i

1

N

N∑

i=1

3∑

α=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣= O(1).

AM Qi?2` rQ`/b- 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; �bbmKTiBQMb :�RV@
:�jV- B7 i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmax Bb }t2/ �M/ i?2 BM/m+2/ bm`7�+2 +?�`;2 ν
�M/ 7`22 +?�`;2 σf �`2 #Qi? O(1) QM 2�+? bT?2`2- i?2M i?2 �p2`�;2 2``Q` BM i?2
�TT`QtBK�i2 7Q`+2b /Q2b MQi BM+`2�b2 7Q` BM+`2�bBM; NFX

_2K�`F 8Xk3 U�bbmKTiBQMb Q7 h?2Q`2K 8Xk9VX *QMbB/2` QM+2 �;�BM h?2Q`2K 8Xk9X LQiB+2
i?�i r2 `2[mB`2 i?�i i?2 7`22 +?�`;2 σf ∈ Hs(∂Ω) 7Q` s > 1

2 X h?Bb Bb BM +QMi`�bi iQ h?2Q@
`2K 8Xkk- r?B+? 2bi�#HBb?2b �TT`QtBK�#BHBiv Q7 i?2 7Q`+2b 2p2M B7 −1

2 < s < 1
2 X �Hi?Qm;?

bm#QTiBK�H 7`QK � K�i?2K�iB+�H T2`bT2+iBp2- i?Bb �//BiBQM�H `2;mH�`Biv �bbmKTiBQM /Q2b
MQi T`2+Hm/2 mb 7`QK mbBM; i?2b2 2``Q` 2biBK�i2b BM KQbi T`�+iB+�H bBim�iBQMbX h?Bb Bb /m2
iQ i?2 7�+i i?�i BM K�Mv T?vbB+�H �TTHB+�iBQMb- i?2 QT2M #�HHb {Ωi}Ni=1 `2T`2b2Mi ?QKQ;2@
MQmb /B2H2+i`B+ T�`iB+H2b- �M/ 7Q` ?QKQ;2MQmb T�`iB+H2b- T?vbB+�H �`;mK2Mib BKTHv i?�i
i?2 7`22 +?�`;2 σf Kmbi #2 /Bbi`B#mi2/ mMB7Q`KHv QM 2�+? bT?2`2 ∂ΩiX AM Qi?2` rQ`/b- 7Q`
� p�`B2iv Q7 T?vbB+�H �TTHB+�iBQMb Ub22- 2X;X- (Rke- Rkd- Rk3- RkN)V- r2 ?�p2 σf ∈ C∞(∂Ω)-
r?B+? BM im`M K2�Mb i?�i i?2 +QMp2`;2M+2 `�i2b U8XdV 7Q` i?2 2H2+i`Qbi�iB+ 7Q`+2b �`2 p�HB/
7Q` �HH s > 1

2 X

Rk3



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

8XkXk �mtBHB�`v H2KK�b �M/ T`QQ7b Q7 i?2 K�BM `2bmHib

hQ �B/ i?2 �M�HvbBb Q7 i?Bb b2+iBQM- r2 }`bi BMi`Q/m+2 bQK2 �//BiBQM�H MQi�iBQMX 1bb2M@
iB�HHv- r2 rBb? iQ BMi`Q/m+2 HQ+�H p2`bBQMb Q7 i?2 T`QD2+iBQM QT2`�iQ`b QM i?2 �TT`QtBK�@
iBQM bT�+2 Ub22 .2}MBiBQM jXjy BM *?�Ti2` jV- MQ`Kb Ub22 .2}MBiBQM jX9 BM *?�Ti2` jV-
�M/ i?2 .B`B+?H2i i`�+2 QT2`�iQ` QM 2�+? bT?2`2X

LQi�iBQM,

Ç G2i i ∈ {1, . . . , N} �M/ ℓ ∈ N0X q2 /2}M2 i?2 T`QD2+iBQM QT2`�iQ` Pi,ℓ : H
1
2 (∂Ωi) →

W ℓ(∂Ωi) �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �Mv ψ ∈ H
1
2 (∂Ω)- Pi,ℓψ Bb i?2

mMB[m2 2H2K2Mi Q7 W ℓ(∂Ωi) b�iBb7vBM;

(φℓmax ,Pi,ℓψ)L2(∂Ω) = ⟨φℓmax ,ψ⟩H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∀φℓmax ∈ W ℓ(∂Ωi),

aBKBH�`Hv- r2 /2}M2 i?2 T`QD2+iBQM QT2`�iQ` Qi,ℓ : H
− 1

2 (∂Ωi) → W ℓ(∂Ωi) �b i?2
K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �Mv σ ∈ H− 1

2 (∂Ωi)- Qi,ℓσ Bb i?2 mMB[m2 2H2K2Mi
Q7 W ℓmax(∂Ω) b�iBb7vBM;

(Qi,ℓσ,φℓmax)L2(∂Ω) = ⟨σ,φℓmax⟩H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∀φℓmax ∈ W ℓ(∂Ωi).

Ç G2i i ∈ {1, . . . , N} �M/ ℓ ∈ N0X q2 /2}M2 i?2 T`QD2+iBQM QT2`�iQ`b P⊥
i,ℓ :

H
1
2 (∂Ωi) →

(
W ℓmax(∂Ωi)

)⊥ �M/ Q⊥
i,ℓ : H

− 1
2 (∂Ωi) →

(
W ℓmax(∂Ωi)

)⊥ �b
P⊥
i,ℓ := I − Pi,ℓ �M/ Q⊥

i,ℓ := I − Qi,ℓ r?2`2 I /2MQi2b i?2 B/2MiBiv QT2`�iQ` QM i?2
`2H2p�Mi i`�+2 bT�+2X

Ç 6m`i?2`KQ`2- 7Q` �HH i ∈ {1, . . . , N} �M/ λi ∈ H
1
2 (∂Ωi) r2 /2}M2

|||λi|||2i :=∥Pi,0λi∥2L2(∂Ωi)
+ ⟨.iLλi,λi⟩

H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

.

Ç AM �//BiBQM- 7Q` �HH i ∈ {1, . . . , N} �M/ σi ∈ H̆− 1
2 (∂Ωi) r2 /2}M2

|||σi|||∗i :=|||.iL−1
i σi|||i,

r?2`2 i?2 K�TTBM; .iL−1
i : H̆− 1

2 (∂Ωi) → H̆
1
2 (∂Ωi) Bb i?2 BMp2`b2 Q7 i?2 .B`B+?H2i@

iQ@L2mK�MM K�T QM ∂ΩiX

Ç JQ`2Qp2`- 7Q` �HH i ∈ {1, . . . , N} r2 /2MQi2 #v γ−i : H1(Ωi) → H
1
2 (∂Ωi) i?2 BMi2`BQ`

.B`B+?H2i i`�+2 QT2`�iQ` QM i?2 QT2M #�HH ΩiX

G2KK� 8XkN U1biBK�i2 7Q` i?2 1t�+i 1t+Hm/2/ 1H2+i`B+ 6B2H/VX
G2i σ ∈ H− 1

2 (∂Ω) #2 � ;Bp2M +?�`;2 /Bbi`B#miBQM �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i φi,exc ∈
H1

loc(R3) �M/ Ei ∈ L2
loc(R3;R3) /2MQi2- `2bT2+iBp2Hv- i?2 i 2t+Hm/2/ 2H2+i`B+ TQi2MiB�H �M/

2H2+i`B+ }2H/ ;2M2`�i2/ #v σ �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRRX h?2M 7Q` �HH i ∈ {1, . . . , N}

RkN



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

i?2`2 2tBbib � +QMbi�Mi C̃ri > 0 i?�i /2T2M/b QMHv QM i?2 `�/Bmb ri Q7 i?2 QT2M #�HH Ωi

bm+? i?�i 7Q` 2�+? α = 1, 2, 3 Bi ?QH/b i?�i

|||γ−i
(
Ei
)
α
|||2i ≤ C̃ri

∣∣∣∣∣∣P⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

.

_2K�`F 8XjyX *QMbB/2` G2KK� 8XkNX q2 `2+�HH 7`QK _2K�`F 8XRj i?�i i?2 i 2t@
+Hm/2/ 2H2+i`B+ TQi2MiB�H φi,exc �M/ 2H2+i`B+ }2H/ Ei �`2 #Qi? bKQQi? QM Ωi 7Q` 2�+?
i ∈ {1, . . . , N}X *QMb2[m2MiHv- i?2 MQ`Kb �TT2�`BM; BM i?2 2biBK�i2 �`2 r2HH@/2}M2/X
6m`i?2`KQ`2- �Hi?Qm;? i?2 +QM+HmbBQM Q7 G2KK� 8XkN KB;?i b22K Q#pBQmb- i?2 F2v MQp@
2Hiv Q7 i?Bb `2bmHi Bb i?�i i?2 +QMbi�Mi C̃ri �TT2�`BM; BM i?2 #QmM/ /2T2M/b QMHv QM i?2
`�/Bmb ri Q7 i?2 bT?2`2 Ωi �M/ Bb- BM T�`iB+mH�`- BM/2T2M/2Mi Q7 i?2 MmK#2` N Q7 /B2H2+i`B+
bT?2`B+�H T�`iB+H2bX

S`QQ7 Q7 G2KK� 8XkNX G2i {i ∈ 1 . . . , N} #2 }t2/X �b 2KT?�bBb2/ T`2pBQmbHv- _2@
K�`F 8XRj BKTHB2b i?�i φi,exc ∈ C∞(Ωi)X AM pB2r Q7 .2}MBiBQM jXRy 7`QK *?�Ti2` j
i?2`27Q`2- i?2`2 2tBbi +Q2{+B2Mib [φi]mℓ - ℓ ∈ N0- −ℓ ≤ m ≤ ℓ b�iBb7vBM; bmBi�#H2 /2+�v
T`QT2`iB2b bm+? i?�i 7Q` �HH x ∈ ∂Ωi Bi ?QH/b i?�i

φi,exc(x) =
∞∑

ℓ=0

m=ℓ∑

m=−ℓ
[φi]

m
ℓ Y

m
ℓ

(
x− xi

|x− xi|

)
.

aBM+2 i?2 2H2+i`B+ TQi2MiB�H φi,exc Bb ?�`KQMB+ QM Ωi- bi�M/�`/ `2bmHib Ub22- 2X;X- (e3-
*?�Ti2` kU>V)V vB2H/ i?�i r2 ?�p2 i?2 7QHHQrBM; `2T`2b2Mi�iBQM Q7 φi,exc BM Ωi,

φi,exc =
∞∑

ℓ=0

m=ℓ∑

m=−ℓ
[φi]

m
ℓ
|x− xi|ℓ

rℓi
Ym
ℓ

(
x− xi

|x− xi|

)
∀x ∈ Ωi. U8X3V

q2 `2+�HH 7`QK .2}MBiBQM 8XRR Q7 Ei i?�i γ−i
(
Ei
)
α
= γ−i ∂αφi,exc 7Q` 2�+? α = 1, 2, 3X

aBM+2 φi,exc Bb bKQQi? BM � M2B;?#Qm`?QQ/ Q7 i?2 bT?2`2 Ωi Ub22 _2K�`F 8XRjV- r2 +�M
mb2 1[m�iBQM U8X3V iQ Q#i�BM �M 2tT`2bbBQM 7Q` i?2 /2`Bp�iBp2 BM Ωi �M/ i?2M bBKTHv i�F2
i?2 `2bi`B+iBQM Q7 i?Bb /2`Bp�iBp2 QM i?2 #QmM/�`v ∂ΩiX hQ i?Bb 2M/- r2 }`bi Q#b2`p2 i?�i
7Q` �HH x ∈ Ωi Bi ?QH/b i?�i

(
∂αφi,exc

)
(x) =

∞∑

ℓ=0

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))
. U8XNV

*H2�`Hv- i?2 M2ti bi2T rQmH/ #2 iQ #QmM/ i?2 [m�MiBiv |||γ−i
(
∂αφi,exc

)
|||i mbBM; i?2

2tT`2bbBQM ;Bp2M #v 1[m�iBQM U8XNVX >Qr2p2`- BM Q`/2` iQ 2p�Hm�i2 i?2 ||| · |||i MQ`K- r2
`2[mB`2 i?2 T`QD2+iBQM Q7 i?2 i`�+2 QMiQ i?2 bT�+2 Q7 +QMbi�Mi 7mM+iBQMb C(∂Ωi)X h?2`27Q`2-
Qm` M2ti bi2T Bb iQ bBKTHB7v i?2 b2`B2b 2tT�MbBQM �#Qp2X P#b2`p2 i?�i i?2 ℓ = 0 i2`K BM
i?2 b2`B2b 2tT�MbBQM U8XNV Bb x2`QX 6m`i?2`KQ`2- i?2 ℓ = 1 i2`Kb �`2 2�bv iQ bBKTHB7vX
AM/22/- mbBM; i?2 /2}MBiBQM Q7 i?2 bT?2`B+�H ?�`KQMB+b BM *�`i2bB�M +QQ`/BM�i2b- r2 ?�p2

∂α|x− xi|Ym
1

(
x− xi

|x− xi|

)
=

{√
3
4π B7 (m,α) ∈

{
(−1, 2), (0, 3), (1, 1)

}
,

0 Qi?2`rBb2.

Rjy



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

h?2`27Q`2- rBi? i?2 BMi`Q/m+iBQM Q7 �M �TT`QT`B�i2 #BM�`v@p�Hm2/ K�T k(m,α) ∈
{0, 1} r2 +�M r`Bi2

(
∂αφi,exc

)
(x) =

∞∑

ℓ=2

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))

+
m=1∑

m=−1

√
3

4πr2i
[φi]

m
1 k(m,α)

︸ ︷︷ ︸
:=Cconst.

∀x ∈ Ωi.

q2 ?�p2 i?mb /2+QKTQb2/ ∂αφi,exc QM i?2 #�HH Ωi �b i?2 bmK Q7 irQ i2`Kb- QM2 Q7
r?B+? Bb � +QMbi�Mi CconstX q2 +H�BK i?�i BM 7�+i P0,i

(
γ−i (∂αφi,exc)

)
= CconstX hQ DmbiB7v

i?2 +H�BK- Bi bm{+2b iQ +QMbB/2` i?2 7mM+iBQM ψαi := ∂αφi,exc − Cconst �M/ b?Qr i?�i
ψαi ∈ H̆

1
2 (∂Ωi)X "v /2}MBiBQM r2 ?�p2 i?�i

ψαi (x) =
∞∑

ℓ=2

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))
∀x ∈ Ωi.

Ai Bb r2HH FMQrM Ub22- 2X;X- (3- *?�Ti2` 8) Q` (R9d- *?�Ti2` 3)V i?�i i?2 7mM+iBQM
|x− xi|ℓYm

ℓ

(
x−xi
|x−xi|

)
Bb � ?QKQ;2MQmb- ?�`KQMB+ TQHvMQKB�H Q7 /2;`22 ℓ BM i?2 p�`B�#H2b

(x − xi)α, α = 1, 2, 3X *QMb2[m2MiHv- i?2 T�`iB�H /2`Bp�iBp2 ∂α
(
|x− xi|ℓYm

ℓ

(
x−xi
|x−xi|

))

Kmbi #2 � ?QKQ;2MQmb- ?�`KQMB+ TQHvMQKB�H Q7 /2;`22 ℓ− 1 BM (x−xi)α, α = 1, 2, 3X Ai
7QHHQrb i?�i i?2`2 2tBbi +Q2{+B2Mib [d]mℓ , ℓ ≥ 1, −ℓ ≤ m ≤ ℓ bm+? i?�i i?2 7mM+iBQM ψαi
+�M #2 r`Bii2M �b

ψαi (x) =
∞∑

ℓ=1

m=ℓ∑

m=−ℓ

1

rℓi
[d]mℓ |x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

)
∀x ∈ Ωi,

�M/ i?2`27Q`2 γ−i ψ ∈ H̆
1
2 (∂Ωi) �b +H�BK2/X _2+�HHBM; MQr i?2 /2}MBiBQM Q7 i?2 HQ+�H ||| · |||i

MQ`K- r2 b22 i?�i

|||γ−i ∂αφi,exc|||
2
i = ∥P0,iγ

−
i ∂αφi,exc∥

2
L2(∂Ωi)

+
〈
.iLγ−i ψαi , γ−i ψαi

〉
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

= 4πr2iC
2
const +

〈
.iLγ−i ψαi , γ−i ψαi

〉
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

. U8XRyV

Pm` M2ti i�bF Bb iQ Q#i�BM � bBKTH2 #QmM/ 7Q` i?2 �#Qp2 /m�HBiv T�B`BM;X _2+�HH i?�i
#v /2}MBiBQM φi,exc Bb ?�`KQMB+ QM Ωi �M/ Bi i?2`27Q`2 7QHHQrb i?�i �Mv T�`iB�H /2`Bp�iBp2
∂αφi,exc, α = 1, 2, 3 Bb �HbQ ?�`KQMB+ BM ΩiX *QMb2[m2MiHv- :`22MǶb B/2MiBiv vB2H/b i?�i

|ψαi |2H1(Ωi)
:=

∫

Ωi

|∇ψαi (x)|2 dx =
〈
.iLγ−i ψαi , γ−i ψαi

〉
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

,

r?2`2 | · |H1(Ωi) /2MQi2b i?2 mbm�H H1 b2KB@MQ`K QM ΩiX G2i | · |H2(Ωi) /2MQi2 i?2 mbm�H H2

b2KB@MQ`K QM ΩiX Ai Bb i?2M +H2�` i?�i |∂αφi,exc|2H1(Ωi)
≤ |φi,exc|2H2(Ωi)

X 6m`i?2`KQ`2- Bi Bb

RjR



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

bi`�B;?i7Q`r�`/ iQ b?Qr i?�i i?2`2 2tBbib � +QMbi�Mi Cri /2T2M/BM; QMHv QM i?2 `�/Bmb ri
bm+? i?�i
〈
.iLγ−i ∂αφi,exc, γ−i ∂αφi,exc

〉
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

≤ |φi,exc|2H2(Ωi)
≤ Cri

∣∣∣∣∣∣P⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

.

lbBM; i?Bb #QmM/ BM 1[m�iBQM U8XRyV- r2 Q#i�BM i?�i

|||γ−i ∂αφi,exc|||
2
i ≤ 4πr2iC

2
const + Cri

∣∣∣∣∣∣P⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

.

JQ`2Qp2`- bBM+2 Cconst /2T2M/b QM i?2 `�/Bmb ri �M/ i?2 +Q2{+B2Mib [φi]m1 - m ∈
{−1, 0, 1}- r2 +�M /2/m+2 i?2 2tBbi2M+2 Q7 v2i �MQi?2` +QMbi�Mi C̃ri > 0 �HbQ /2T2M/BM;
QMHv ri bm+? i?�i

|||γ−i
(
Ei
)
α
|||2i ≤ C̃ri

∣∣∣∣∣∣P⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

.

L2ti- r2 T`2b2Mi � bBKBH�` 2biBK�i2 QM i?2 bQ@+�HH2/ ǳHQr2` Q`/2`Ǵ KQ/2b Q7 i?2
2t+Hm/2/ 2H2+i`B+ }2H/bX h?2 BKTQ`i�M+2 Q7 i?Bb `2bmHi +�M #2 b22M #v 2t�KBMBM; .2}MBiBQM
8XRd Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b �M/ Q#b2`pBM; i?�i i?2b2 �`2 /2}M2/ mbBM;
QMHv i?2 HQr2` Q`/2` KQ/2b Q7 i?2 2t+Hm/2/ 2H2+i`B+ }2H/bX

G2KK� 8XjR U1biBK�i2 7Q` i?2 GQr2` JQ/2b Q7 i?2 1t+Hm/2/ 1H2+i`B+ 6B2H/VX G2i σ ∈
H− 1

2 (∂Ω) #2 � ;Bp2M +?�`;2 /Bbi`B#miBQM �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i φi,exc ∈ H1
loc(R3)

�M/ Ei ∈ L2
loc(R3;R3) /2MQi2- `2bT2+iBp2Hv- i?2 i 2t+Hm/2/ 2H2+i`B+ TQi2MiB�H �M/ 2H2+i`B+

}2H/ ;2M2`�i2/ #v σ �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRRX h?2M 7Q` �HH i ∈ {1, . . . , N} i?2`2
2tBbib � +QMbi�Mi C̃ri > 0 i?�i /2T2M/b QMHv QM i?2 `�/Bmb ri Q7 i?2 QT2M #�HH Ωi bm+? i?�i
7Q` 2�+? α = 1, 2, 3 Bi ?QH/b i?�i

|||Pℓmax,iγ
−
i

(
Ei
)
α
|||2i ≤ C̃ri

∣∣∣∣∣∣Pℓmax+1,iP⊥
0 γ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

.

S`QQ7X h?2 T`QQ7 Bb 2bb2MiB�HHv B/2MiB+�H iQ i?2 T`QQ7 Q7 G2KK� 8XkN rBi? QM2 KQ/B}+�@
iBQMX 6Q` i?2 b�F2 Q7 #`2pBiv i?2`27Q`2- r2 T`2b2Mi QMHv i?2 K�BM bi2TbX AM/22/- `2T2�iBM;
i?2 bi2Tb Q7 i?2 T`QQ7 Q7 G2KK� 8XkN r2 �``Bp2 �i 1[m�iBQM U8XNV r?B+? bi�i2b i?�i 7Q`
�HH x ∈ Ωi Bi ?QH/b i?�i

(
∂αφi,exc

)
(x) =

∞∑

ℓ=0

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))
.

LQiB+2 i?�i i?Bb b2`B2b 2tT�MbBQM +�M #2 r`Bii2M �b i?2 bmK Q7 irQ i2`KbX AM/22/- r2
/2}M2 ξ ∈ C∞(Ωi) �b

ξ(x) :=
∞∑

ℓ=ℓmax+2

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))
.

Rjk



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

bQ i?�i 7Q` �HH x ∈ Ωi Bi ?QH/b i?�i

(
∂αφi,exc

)
(x) =

ℓmax+1∑

ℓ=0

m=ℓ∑

m=−ℓ

1

rℓi
[φi]

m
ℓ ∂α

(
|x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

))
+ ξ(x).

q2 MQr +H�BK i?�i Pℓmax,iγ
−
i ξ = 0X AM/22/- �b �`;m2/ BM i?2 T`QQ7 Q7 G2KK� 8XkN-

i?2 7mM+iBQM |x − xi|ℓYm
ℓ

(
x−xi
|x−xi|

)
Bb � ?QKQ;2MQmb- ?�`KQMB+ TQHvMQKB�H Q7 /2;`22 ℓ BM

i?2 p�`B�#H2b (x − xi)α, α = 1, 2, 3X h?Bb BKTHB2b i?�i 7Q` ℓ ≥ 1 i?2 T�`iB�H /2`Bp�iBp2
∂α
(
|x− xi|ℓYm

ℓ

(
x−xi
|x−xi|

))
Bb � ?QKQ;2MQmb- ?�`KQMB+ TQHvMQKB�H Q7 /2;`22 ℓ− 1 BM (x−

xi)α, α = 1, 2, 3X *QMb2[m2MiHv- r2 Q#i�BM i?2 2tBbi2M+2 Q7 +Q2{+B2Mib [d]mℓ , ℓ ≥ 1, −ℓ ≤
m ≤ ℓ bm+? i?�i i?2 7mM+iBQM ξ +�M #2 r`Bii2M �b

ξ(x) =
∞∑

ℓ=ℓmax+1

m=ℓ∑

m=−ℓ

1

rℓi
[d]mℓ |x− xi|ℓYm

ℓ

(
x− xi

|x− xi|

)
∀x ∈ Ωi,

�M/ i?2`27Q`2 Pℓmax,iγ
−
i ξ = 0 �b +H�BK2/X

h?2 `2K�BM/2` Q7 i?2 T`QQ7 Bb MQr 2bb2MiB�HHv B/2MiB+�H iQ i?2 T`QQ7 Q7 G2KK� 8XkN
rBi? Q#pBQmb +?�M;2bX AM/22/- `2T2�iBM; i?2 �`;mK2Mib r2 T`2b2Mi2/ T`2pBQmbHv- r2
�``Bp2 �i i?2 BM2[m�HBiv,

|||Pℓmax,iγ
−
i

(
Ei
)
α
|||2i ≤ C̃ri

∣∣∣∣∣∣Pℓmax+1,iP⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

,

r?2`2 i?2 +QMbi�Mi C̃ri Bb /2}M2/ �b BM i?2 T`QQ7 Q7 G2KK� 8XkNX

AM 7�+i- G2KK�b 8XkN �M/ 8XjR �`2 i?2 QMHv iQQHb `2[mB`2/ iQ T`Qp2 h?2Q`2K 8Xkk QM
i?2 �TT`QtBK�#BHBiv Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2bX AM Q`/2` iQ T`Qp2 h?2Q`2K 8Xk9 ?Qr2p2`-
r2 `2[mB`2 �M �//BiBQM�H `2bmHi- r?B+? 7QHHQrb �b � bi`�B;?i7Q`r�`/ +Q`QHH�`v Q7 G2KK�b
8XkN �M/ 8XjR BM i?2 bT2+B�H +�b2 r?2M i?2 +?�`;2 /Bbi`B#miBQM σ b�iBb}2b σ ∈ Hs(∂Ω) 7Q`
bQK2 s ≥ 1

2 X

*Q`QHH�`v 8Xjk U1biBK�i2b BM i2`Kb Q7 AM/m+2/ am`7�+2 *?�`;2bVX
G2i s ≥ 1

2 X G2i σ ∈ Hs(∂Ω) #2 � ;Bp2M +?�`;2 /Bbi`B#miBQM �M/ 7Q` 2�+? i ∈ {1, . . . , N} H2i
Ei ∈ L2

loc(R3;R3) /2MQi2 i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/ ;2M2`�i2/ #v σ �b /2}M2/ i?`Qm;?
.2}MBiBQM 8XRRX h?2M i?2`2 2tBbib � +QMbi�Mi Cfield > 0 i?�i /2T2M/b QMHv QM i?2 `�/BB
{rj}Ni=1 Q7 i?2 QT2M #�HHb {Ωj}Ni=1 bm+? i?�i 7Q` 2�+? α = 1, 2, 3 i?2 7QHHQrBM; ?QH/,

N∑

i=1

∣∣∣∣∣∣γ−i
(
Ei
)
α

∣∣∣∣∣∣2
i
≤ Cfield

(∣∣∣∣∣∣P⊥
0 Vσ

∣∣∣∣∣∣2
H

3
2 (∂Ω)

+
∣∣∣∣∣∣Q⊥

0 σ
∣∣∣∣∣∣2
)
, U8XRRV

N∑

i=1

∣∣∣∣∣∣Pℓmax,iγ
−
i

(
Ei
)
α

∣∣∣∣∣∣2
i
≤ Cfield

(
ℓmax + 1

min ri

)2

·
(∣∣∣∣∣∣Pℓmax+1P⊥

0 Vσ
∣∣∣∣∣∣2 +

(∣∣∣∣∣∣Qℓmax+1Q⊥
0 σ
∣∣∣∣∣∣∗)2

)
.

U8XRkV

Rjj



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

S`QQ7X q2 }`bi T`Qp2 i?2 2biBK�i2 U8XRRVX G2i λ := Vσ ∈ H
1
2 (∂Ω)- H2i i ∈ {1, . . . , N} #2

}t2/- H2i φi,exc ∈ H1
loc(R3) #2 i?2 i 2t+Hm/2/ 2H2+i`B+ TQi2MiB�H- H2i σi := σ|∂Ωi - �M/ H2i

σ̃i ∈ H− 1
2 (∂Ω) #2 /2}M2/ �b

σ̃i =

{
σi QM ∂Ωi,

0 Qi?2`rBb2.

"v /2}MBiBQM Q7 i?2 i 2t+Hm/2/ 2H2+i`B+ TQi2MiB�H φi,exc- r2 ?�p2 i?�i

γ−i φi,exc = V
(
σ − σ̃i

)
.

h?mb- G2KK� 8XkN iQ;2i?2` rBi? i?2 i`B�M;H2 BM2[m�HBiv vB2H/b i?�i
∣∣∣∣∣∣γ−i

(
Ei
)
α

∣∣∣∣∣∣2
i
≤ C̃ri

∣∣∣∣∣∣P⊥
0,iγ

−
i φi,exc

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

≤ 2C̃ri

(∣∣∣∣∣∣P⊥
0,iVσ

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

+
∣∣∣∣∣∣P⊥

0,iVσ̃i
∣∣∣∣∣∣2

H
3
2 (∂Ωi)

)
.

LQiB+2 i?�i i?Bb bi2T Bb p�HB/ QMHv #2+�mb2 r2 ?�p2 �bbmK2/ i?�i σ ∈ Hs(∂Ω) 7Q`
bQK2 s ≥ 1

2 r?B+? BKTHB2b i?�i Vσ ∈ H
3
2 (∂Ω) Ub22- 2X;X- _2K�`F RXke BM a2+iBQM RX9 7Q`

� DmbiB}+�iBQM Q7 i?Bb BM+`2�b2/ `2;mH�`BivVX

Ai `2K�BMb iQ bBKTHB7v i?2 b2+QM/ i2`K BM i?2 �#Qp2 2biBK�i2X hQ i?Bb 2M/- r2 Q#b2`p2
i?�i BM pB2r Q7 .2}MBiBQM jXRy- i?2`2 2tBbi +Q2{+B2Mib [σi]mℓ - ℓ ∈ N0- −ℓ ≤ m ≤ ℓ
b�iBb7vBM; bmBi�#H2 /2+�v T`QT2`iB2b bm+? i?�i 7Q` �HH x ∈ ∂Ωi Bi ?QH/b i?�i

σ̃i(x) = σi(x) =
∞∑

ℓ=0

m=ℓ∑

m=−ℓ
[σi]

m
ℓ Y

m
ℓ

(
x− xi

|x− xi|

)
.

lbBM; i?2 7�+i i?�i σ̃i Bb bmTTQ`i2/ QMHv QM i?2 bT?2`2 ∂Ωi �M/ i?2 bT?2`B+�H ?�`KQMB+b
�`2 2B;2M7mM+iBQMb Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` QM i?2 bT?2`2 Ub22- 2X;X- (9k- ky8)V
r2 Q#i�BM i?�i

(
Vσ̃i
)
(x) =

∞∑

ℓ=0

m=ℓ∑

m=−ℓ

ri
2ℓ+ 1

[σi]
m
ℓ Y

m
ℓ

(
x− xi

|x− xi|

)
.

� /B`2+i +�H+mH�iBQM MQr b?Qrb i?�i
∣∣∣∣∣∣P⊥

0,iγ
−
i Vσ̃i

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

≤
∣∣∣∣∣∣Q⊥

0,iσi
∣∣∣∣∣∣2

i
X *QMb2@

[m2MiHv- r2 Q#i�BM i?�i
∣∣∣∣∣∣γ−i

(
Ei
)
α

∣∣∣∣∣∣2
i
≤ 2C̃ri

(∣∣∣∣∣∣P⊥
0,iVσ

∣∣∣∣∣∣2
H

3
2 (∂Ωi)

+
∣∣∣∣∣∣Q⊥

0,iσi
∣∣∣∣∣∣2

i

)
.

.2}MBM; i?2 +QMbi�Mi Cfield := 2maxi=1,...,N C̃ri �M/ i�FBM; i?2 bmK Qp2` �HH i ∈
{1, . . . , N} vB2H/b i?2 2biBK�i2 U8XRRVX h?2 2biBK�i2 U8XRkV +�M #2 /2/m+2/ #v `2T2�iBM;
i?2 �#Qp2 �`;mK2Mib �M/ mbBM; i?2 2[mBp�H2M+2 Q7 MQ`Kb QM i?2 bT�+2 W ℓmax X

Rj9



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

q2 �`2 MQr `2�/v iQ bi�i2 i?2 T`QQ7b Q7 h?2Q`2K 8Xkk �M/ h?2Q`2K 8Xk9X

S`QQ7 Q7 h?2Q`2K 8XkkX G2i i ∈ {1, . . . , N} #2 }t2/X G2i Ei ∈ L2
loc(R3;R3) �M/

Eℓmax
i ∈ L2

loc(R3;R3) /2MQi2 i?2 i 2t+Hm/2/ 2H2+i`B+ }2H/b ;2M2`�i2/ #v i?2 +?�`;2 /Bb@
i`B#miBQMb ν �M/ νℓmax `2bT2+iBp2Hv �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRRX 6m`i?2`KQ`2- H2i
φi,exc �M/ φℓmax

i,exc ∈ H1
loc(R3) /2MQi2 i?2 i 2t+Hm/2/ 2t�+i �M/ �TT`QtBK�i2 2H2+i`B+ TQi2M@

iB�Hb ;2M2`�i2/ #v i?2 +?�`;2 /Bbi`B#miBQMb ν �M/ νℓmax `2bT2+iBp2Hv �b /2}M2/ i?`Qm;?
.2}MBiBQM 8XRRX 6BM�HHv- H2i νi := ν|∂Ωi �M/ νℓmax

i := νℓmax |∂Ωi X

.2}MBiBQMb 8XR9 �M/ 8XRd Q7 i?2 2t�+i �M/ �TT`QtBK�i2 M2i 7Q`+2b i?2M vB2H/ i?�i 7Q`
2�+? α = 1, 2, 3 Bi ?QH/b

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣=
∣∣∣
〈
νi, γ

−
i

(
Ei
)
α

〉
H− 1

2 (∂Ωi)×H
1
2 (∂Ωi)

−
〈
νℓmax
i , γ−i

(
Eℓmax

i

)
α

〉

H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∣∣∣

≤
∣∣∣
〈
νi − νℓmax

i , γ−i
(
Ei
)
α

〉

H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∣∣∣
︸ ︷︷ ︸

:=(I)

+
∣∣∣
〈
νℓmax
i , γ−i

(
Ei −Eℓmax

i

)
α

〉

H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∣∣∣.
︸ ︷︷ ︸

:=(II)

G2i mb }`bi +QMbB/2` i?2 i2`K UAVX h?2 *�m+?v@a+?r�`x BM2[m�HBiv vB2H/b i?�i

(I) ≤ |||νi − νℓmax
i |||∗i |||γ−i

(
Ei
)
α
|||i.

lbBM; G2KK� 8XkN r2 7m`i?2` Q#i�BM

(I) ≤
√
C̃ri |||νi − νℓmax

i |||∗i |||P⊥
0,iγ

−
i φi,exc|||H 3

2 (∂Ωi)
.

Ai Bb r2HH FMQrM i?�i i?2 i`�+2 QT2`�iQ` γ−i : H2(Ωi) → H
3
2 (∂Ω) Bb +QMiBMmQmb Ub22

_2K�`F RXd BM a2+iBQM RXj Q`- 2X;X- (R9d- *?�Ti2` j)VX .2MQiBM; #v Ctrace,i i?2 +QMiBMmBiv
+QMbi�Mi- r2 Q#i�BM

(I) ≤
√
C2
trace,iC̃ri |||νi − νℓmax

i |||∗i ∥φi,exc∥H2(Ωi).

G2i mb MQr 7Q+mb QM i?2 i2`K UAAVX LQiB+2 i?�i νℓmax
i ∈ W ℓmax(∂Ωi)X *QMb2[m2MiHv- Bi

?QH/b i?�i

(II) =
∣∣∣
〈
νℓmax
i ,Pℓmax,iγ

−
i

(
Ei −Eℓmax

i

)
α

〉

H− 1
2 (∂Ωi)×H

1
2 (∂Ωi)

∣∣∣

≤ |||νℓmax
i |||∗i |||Pℓmax,iγ

−
i

(
Ei −Eℓmax

i

)
α
|||i

Rj8



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

.m2 iQ i?2 HBM2�`Biv Q7 i?2 mM/2`HvBM; QT2`�iQ`b- r2 +�M mb2 G2KK� 8XjR iQ Q#i�BM

(II) ≤
√
C̃ri |||ν

ℓmax
i |||∗i

∣∣∣∣∣∣P⊥
0,iγ

−
i

(
φi,exc − φℓmax

i,exc

)∣∣∣∣∣∣
H

3
2 (∂Ωi)

≤
√
C2
trace,iC̃ri |||ν

ℓmax
i |||∗i

∥∥φi,exc − φℓmax
i,exc

∥∥
H2(Ωi)

.

L2ti- r2 +QMbB/2` i?2 7mM+iBQM φi,excX G2i y ∈ Ωi #2 }t2/X aBKTH2 +�H+mHmb `2p2�Hb
i?�i 7Q` �Mv α,β ∈ {1, 2, 3} r2 ?�p2

φi,exc(y) =
N∑

j=1
j ̸=i

∫

∂Ωj

νj(x)

|x− y| dx,
(
∂αφi,exc

)
(y) =

N∑

j=1
j ̸=i

∫

∂Ωj

νj(x)
(
x− y

)
α

|x− y|3 dx,

(
∂β∂αφi,exc

)
(y) =

N∑

j=1
j ̸=i

∫

∂Ωj

3νj(x)
(
x− y

)
α

(
x− y

)
β

|x− y|5 −
δαβ νj(x)

|x− y|3 dx.

LQiB+2 i?�i i?2 bmK BM 2�+? +�b2 Bb Qp2` �HH bT?2`2b ∂Ωj , j = 1, . . . , N rBi? j ̸= i
r?2`2�b y ∈ ∂ΩiX *QMb2[m2MiHv- i?2 F2`M2H BM 2�+? BMi2;`�H Bb BM}MBi2Hv bKQQi? �M/ r2
+�M- 7Q` BMbi�M+2- r`Bi2

|φi,exc(y)|2 ≤
N∑

j=1
j ̸=i

∣∣∣
∫

∂Ωj

νj(x)

|x− y| dx
∣∣∣
2
≤

N∑

j=1
j ̸=i

|||νj |||∗j
2
∣∣∣
∣∣∣
∣∣∣

1

| ·−y|

∣∣∣
∣∣∣
∣∣∣
2

j
,

r?2`2 i?2 MQ`K
∣∣∣
∣∣∣
∣∣∣1
|·−y|

∣∣∣
∣∣∣
∣∣∣
2

j
Bb }MBi2 7Q` 2�+? j = 1, . . . , N rBi? j ̸= i- �M/ /2T2M/b QMHv

QM i?2 `�/BB Q7 i?2 QT2M #�HHb �M/ i?2 KBMBKmK b2T�`�iBQM Q7 i?2 bT?2`2 ∂Ωi 7`QK �HH
Qi?2` bT?2`2bX qBi? i?Bb Q#b2`p�iBQM- Bi Bb 2�bv iQ +QM+Hm/2 i?�i i?2`2 2tBbib � +QMbi�Mi
Ki,geom /2T2M/BM; QM i?2 `�/BB Q7 i?2 QT2M #�HHb �M/ i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM
/Bbi�M+2 #mi BM/2T2M/2Mi Q7 N bm+? i?�i

|φi,exc(y)|2 ≤ Ki,geom

N∑

j=1
j ̸=i

|||νj |||∗j
2 ≤ Ki,geom|||ν|||∗2.

aBKBH�` +QMbB/2`�iBQMb �HbQ �TTHv iQ i?2 /2`Bp�iBp2b Q7 φi,excX q2 +�M i?2`27Q`2 +QM@
+Hm/2 i?�i i?2`2 2tBbib � +QMbi�Mi Gi > 0 /2T2M/BM; QM i?2 `�/BB Q7 i?2 QT2M #�HHb �M/
i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2 #mi BM/2T2M/2Mi Q7 N bm+? i?�i

∥φi,exc∥H2(Ωi) ≤ Gi|||ν|||∗.

JQ`2Qp2`- mbBM; HBM2�`Biv r2 bBKBH�`Hv Q#i�BM i?�i
∥∥φi,exc − φℓmax

i,exc

∥∥
H2(Ωi)

≤ Gi|||ν − νℓmax |||∗.

Rje



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

*QMb2[m2MiHv- `2+�HHBM; i?2 i2`Kb UAV �M/ UAAV r2 Q#i�BM i?�i 7Q` 2�+? α = 1, 2, 3 Bi
?QH/b i?�i

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤ (I) + (II) ≤
√
G2

iC
2
trace,iC̃ri |||νi − νℓmax

i |||∗i |||ν|||∗

+
√
G2

iC
2
trace,iC̃ri |||ν

ℓmax
i |||∗i |||ν − νℓmax |||∗.

aBKTH2 +�H+mHmb i?2M vB2H/b
N∑

i=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤
√
max

i
G2

iC
2
trace,iC̃ri |||ν|||∗

N∑

i=1

|||νi − νℓmax
i |||∗i

+

√
max

i
G2

iC
2
trace,iC̃ri |||ν − νℓmax |||∗

N∑

i=1

|||νℓmax
i |||∗i

≤
√
N max

i
G2

iC
2
trace,iC̃ri |||ν − νℓmax |||∗ (|||ν|||∗ + |||νℓmax |||∗) .

U8XRjV

h?2 +QM+HmbBQM MQr 7QHHQrb #v �TTHvBM; i?2 2``Q` 2biBK�i2b 7Q` i?2 BM/m+2/ bm`7�+2
+?�`;2 ;Bp2M #v h?2Q`2K jXRk BM *?�Ti2` jX

_2K�`F 8XjjX *QMbB/2` i?2 T`QQ7 Q7 h?2Q`2K 8XkkX �Hi?Qm;? AM2[m�HBiv U8XRjV +�M #2
mb2/ BM +QMDmM+iBQM rBi? i?2 2``Q` 2biBK�i2b 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 ;Bp2M #v h?2@
Q`2K jXRk BM *?�Ti2` j BM Q`/2` iQ /2`Bp2 2``Q` 2biBK�i2b 7Q` i?2 2H2+i`Qbi�iB+ 7Q`+2b- i?2
T`2@7�+iQ` �TT2�`BM; BM i?2 +QMp2`;2M+2 `�i2b rBHH +QMi�BM i?2 i2`K

√
N X �M BKK2/B�i2

+QMb2[m2M+2 Q7 i?Bb /2T2M/2M+2 Bb i?�i B7 N BM+`2�b2b- QM2 Kmbi BM+`2�b2 i?2 MmK#2` Q7
/2;`22b Q7 7`22/QK T2` bT?2`2 U`2T`2b2Mi2/ #v ℓmaxV BM Q`/2` iQ i?2Q`2iB+�HHv ;m�`�Mi22
i?2 b�K2 `2H�iBp2 Q` �p2`�;2 2``Q` BM i?2 2H2+i`Qbi�iB+ 7Q`+2b #�b2/ QM i?Bb mTT2` #QmM/X
h?Bb rQmH/ BKTHv i?�i i?2 MmK2`B+�H K2i?Q/ r2 mb2 iQ Q#i�BM i?2 7Q`+2b Bb MQi HBM2�`
b+�HBM; BM �++m`�+vX 6Q`imM�i2Hv- h?2Q`2K 8Xk9 b?Qrb i?�i Bi Bb TQbbB#H2 iQ 2HBKBM�i2 i?2
/2T2M/2M+2 Q7 i?2 +QMp2`;2M+2 `�i2b T`2@7�+iQ` QM N B7 i?2 7`22 +?�`;2 σf Bb bm{+B2MiHv
`2;mH�`X

S`QQ7 Q7 h?2Q`2K 8Xk9X h?2 T`QQ7 Q7 h?2Q`2K 8Xk9 Bb bBKBH�` BM bTB`Bi iQ i?2 T`QQ7 Q7
h?2Q`2K 8XkkX q2 }`bi }t Qm` MQi�iBQMX

G2i i ∈ {1, . . . , N} #2 }t2/X G2i Ei,E
ℓmax
i ∈ L2

loc(R3;R3) /2MQi2 i?2 i 2t+Hm/2/
2H2+i`B+ }2H/b ;2M2`�i2/ #v i?2 +?�`;2 /Bbi`B#miBQMb ν �M/ νℓmax `2bT2+iBp2Hv �b /2}M2/
i?`Qm;? .2}MBiBQM 8XRR- �M/ H2i νi := ν|∂Ωi �M/ νℓmax

i := νℓmax |∂Ωi X �`;mBM; 2t�+iHv �b
BM i?2 T`QQ7 Q7 h?2Q`2K 8Xkk- r2 b22 i?�i 7Q` 2�+? α = 1, 2, 3 Bi ?QH/b i?�i
∣∣∣(F i)α −

(
F ℓmax

i

)
α

∣∣∣≤ |||νi − νℓmax
i |||∗i |||γ−i

(
Ei
)
α
|||i + |||νℓmax

i |||∗i |||Pℓmax,iγ
−
i

(
Ei −Eℓmax

i

)
α
|||i.

*QMb2[m2MiHv- mbBM; i?2 *�m+?v@a+?r�`x BM2[m�HBiv r2 ?�p2

N∑

i=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤ |||ν − νℓmax |||∗
(

N∑

i=1

|||γ−i
(
Ei
)
α
|||2i

) 1
2

Rjd



8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

+ |||νℓmax |||∗
(

N∑

i=1

|||Pℓmax,iγ
−
i

(
Ei −Eℓmax

i

)
α
|||2i

) 1
2

.

L2ti- mbBM; i?2 HBM2�`Biv Q7 i?2 mM/2`HvBM; QT2`�iQ`b �M/ �TTHvBM; *Q`QHH�`v 8Xjk-
r?B+? Bb MQr �TTHB+�#H2 bBM+2 s ≥ 1

2 r2 Q#i�BM i?�i

N∑

i=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤ C
1
2
field|||ν − νℓmax |||∗

(
|||P⊥

0 Vν|||2
H

3
2 (∂Ω)

+ |||Q⊥
0 ν|||2

) 1
2

+ C
1
2
field|||νℓmax |||∗

(
ℓmax + 1

min ri

)(
|||Pℓmax+1P⊥

0 V(ν − νℓmax)|||2

+ |||Qℓmax+1Q⊥
0

(
ν − νℓmax

)
|||∗2

) 1
2

. U8XR9V

AM Q`/2` iQ bBKTHB7v AM2[m�HBiv U8XR9V- r2 }`bi mb2 i?2 i`B�M;H2 BM2[m�HBiv iQ Q#i�BM

|||νℓmax |||∗ ≤ |||ν|||∗ + |||ν − νℓmax |||∗. U8XR8V

L2ti- 7Q` 2�b2 Q7 2tTQbBiBQM- H2i mb /2}M2 i?2 i2`Kb

(III) := |||P⊥
0 Vν|||2

H
3
2 (∂Ω)

+ |||Q⊥
0 ν|||2,

(IV) := |||Pℓmax+1P⊥
0 V(ν − νℓmax)|||2 + |||Qℓmax+1Q⊥

0

(
ν − νℓmax

)
|||∗2.

h?2 i2`K UAAAV +�M #2 bBKTHB}2/ #v Q#b2`pBM; i?�i i?2 "A1 UkXjV 7Q` i?2 BM/m+2/
bm`7�+2 +?�`;2 BKTHB2b i?�i

P⊥
0 Vν =

κ0
κ0 − κ

.iL−1

(
Q⊥

0 ν −
1

κ0
Q⊥

0 σf

)
.

h?mb- mbBM; i?2 7�+i i?�i |||.iL−1Q⊥
0 σ|||2

H
3
2 (∂Ω)

= |||Q⊥
0 σ|||2 7Q` �Mv σ ∈ H− 1

2 (∂Ω) U+X7X-
.2}MBiBQM jXRy Q7 i?2 ?B;?2` Q`/2` MQ`Kb BM *?�Ti2` jV- r2 +�M +QM+Hm/2 i?�i i?2`2 2tBbib
� +QMbi�Mi Cdiel /2T2M/BM; QMHv QM i?2 /B2H2+i`B+ +QMbi�Mib bm+? i?�i

(III) ≤ C2
diel

(
|||Q⊥

0 ν|||
2
+ |||Q⊥

0 σf |||
2
)
. U8XReV

AM Q`/2` iQ bBKTHB7v UAoV- r2 Q#b2`p2 i?�i i?2 "A1 UkXjV �M/ i?2 :�H2`FBM /Bb+`2iBb�iBQM
UkX3V iQ;2i?2` BKTHv i?�i Q0(ν − νℓmax) = 0X *QMb2[m2MiHv- i?2`2 2tBbib � 7mM+iBQM
ζ ∈ H̆

1
2 (∂Ω) bm+? i?�i ζ := .iL−1ν − νℓmax X q2 i?2`27Q`2 ?�p2

|||Pℓmax+1P⊥
0 V(ν − νℓmax)|||2 ≤ |||P⊥

0 V.iLζ|||2 ≤
c2equiv
cV

|||ζ|||2 =
c2equiv
cV

|||.iLζ|||∗2,

r?2`2 i?2 b2+QM/ BM2[m�HBiv +�M #2 /2/m+2/ mbBM; G2KK� RXjk BM a2+iBQM RX9 7QHHQrBM;-
2X;X- i?2 �`;mK2Mib T`2b2Mi2/ BM i?2 T`QQ7 Q7 G2KK� jXRe BM *?�Ti2` jX h?mb-

(IV) ≤
(
1 +

c2equiv
cV

)
|||ν − νℓmax |||∗

2 U8XRdV

Rj3



8Xk 1``Q` �M�HvbBb 7Q` i?2 1H2+i`Qbi�iB+ 6Q`+2b

lbBM; i?2 #QmM/b U8XR8V@U8XRdV- r2 +�M bBKTHB7v i?2 2biBK�i2 U8XR9V iQ Q#i�BM
N∑

i=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤ C
1
2
fieldCdiel|||ν − νℓmax |||∗

(
|||Q⊥

0 ν|||+ |||Q⊥
0 σf |||

)

+ C
1
2
field|||ν|||

∗
(
ℓmax + 1

min ri

)(
1 +

cequiv√
cV

)
|||ν − νℓmax |||∗

+ C
1
2
field

(
ℓmax + 1

min ri

)(
1 +

cequiv√
cV

)
|||ν − νℓmax |||∗

2.

U8XR3V

AM T`BM+BTH2- i?2 M2ti bi2T Bb iQ bBKTHB7v 7m`i?2` i?2 #QmM/ U8XR3V #v mbBM; i?2 +QM@
p2`;2M+2 `�i2b 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 7`QK h?2Q`2K jXRkX >Qr2p2`- BM Q`/2` iQ
Q#i�BM � bm++BM+i }M�H `2bmHi- H2i mb }`bi `2r`Bi2 bQK2 i2`Kb BM i?2 2biBK�i2 U8XR3VX JQ`2
T`2+Bb2Hv- mbBM; bBKTH2 +�H+mHmb �M/ .2}MBiBQM jXRy Q7 i?2 ?B;?2` Q`/2` MQ`Kb r2 r`Bi2
7Q` �Mv s ≥ 1

2 ,

|||Q⊥
0 ν|||+ |||Q⊥

0 σf ||| ≤ (max ri)
s− 1

2
(
|||ν|||Hs(∂Ω) + |||σf |||Hs(∂Ω)

)
, �M/

|||ν|||∗ ≤ |||ν|||∗ + |||σf |||∗ ≤
(
1 + (max ri)

s+ 1
2
) (

|||ν|||Hs(∂Ω) + |||σf |||Hs(∂Ω)

)
.

U8XRNV

lbBM; i?2 #QmM/b U8XRNV iQ;2i?2` rBi? i?2 +QMp2`;2M+2 `�i2b 7`QK h?2Q`2K jXRk- r2
+�M bBKTHB7v i?2 2biBK�i2 U8XR3V iQ Q#i�BM i?�i

N∑

i=1

∣∣∣(F i)α −
(
F ℓmax

i

)
α

∣∣∣≤2C
1
2
field

(
|||ν|||2Hs(∂Ω) + |||σf |||2Hs(∂Ω)

)

·
(
CchargesCdiel(max ri)

s− 1
2

(
max ri
ℓmax + 1

)s+ 1
2

+Ccharges
max ri + (max ri)

s+ 3
2

min ri

(
1 +

cequiv√
cV

)(
max ri
ℓmax + 1

)s− 1
2

+C2
charges

max ri
min ri

(
1 +

cequiv√
cV

)(
max ri
ℓmax + 1

)2s
)
.

h?2 T`QQ7 MQr 7QHHQrb #v /2}MBM; i?2 +QMbi�Mi Cforce > 0 �b

Cforce := 2C
1
2
fieldmax

{
CchargesCdiel(max ri)

s− 1
2 , C2

charges
max ri
min ri

(
1 +

cequiv√
cV

)
,

Ccharges
max ri + (max ri)

s+ 3
2

min ri

(
1 +

cequiv√
cV

)}
,

�M/ mbBM; i?2 7�+i i?�i 7Q` s ≥ 1
2 �M/ ℓmax + 1 > maxj=1,...,N rj Bi ?QH/b i?�i

(
max ri
ℓmax + 1

)2s

≤
(

max ri
ℓmax + 1

) 1
2+s

≤
(

max ri
ℓmax + 1

)− 1
2+s

.

RjN
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8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb irQ@7QH/X 6B`bi- r2 T`2b2Mi � HBM2�` b+�HBM; BM +QKTH2tBiv
bQHmiBQM bi`�i2;v 7Q` +QKTmiBM; i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b {F ℓmax

i }Ni=1 /2}M2/
i?`Qm;? .2}MBiBQM 8XRdX a2+QM/- r2 T`QpB/2 MmK2`B+�H 2pB/2M+2 i?�i bmTTQ`ib i?2 +QM+Hm@
bBQMb Q7 Qm` i?2Q`2iB+�H `2bmHib BM a2+iBQM 8XkXR �b r2HH �b Qm` +H�BK i?�i i?2 2H2+i`Qbi�iB+
7Q`+2b +�M #2 +QKTmi2/ rBi? HBM2�` b+�HBM; UBM NV +QKTmi�iBQM�H +QbiX

8XjXR *QKTmiBM; i?2 2H2+i`Qbi�iB+ 7Q`+2b

AM pB2r Q7 i?2 /Bb+mbbBQM �M/ `2bmHib T`2b2Mi2/ BM a2+iBQMb 8XRXk �M/ 8Xk- i?2 }`bi bi2T
BM i?2 +QKTmi�iBQM Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b Bb Q#i�BMBM; i?2 bQHmiBQM
νℓmax ∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2
+?�`;2X *QMb2[m2MiHv- B7 r2 rBb? iQ Q#i�BM � HBM2�` b+�HBM; BM +QKTH2tBiv bQHmiBQM bi`�i@
2;v 7Q` i?2 +QKTmi�iBQM Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b- r2 Kmbi TQbb2bb � HBM2�`
b+�HBM; BM +QKTH2tBiv bi`�i2;v 7Q` +�H+mH�iBM; i?2 �TT`QtBK�i2 BM/m+2/ bm`7�+2 +?�`;2
νℓmax X P#i�BMBM; bm+? � bi`�i2;v 7Q` i?2 +QKTmi�iBQM Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2 r�b
/Bb+mbb2/ BM /2i�BH BM *?�Ti2` jX AM/22/- h?2Q`2K 9XRe Q7 *?�Ti2` 9 bi�i2b i?�i QM2 +�M
mb2 � :J_1a@#�b2/ bQHmiBQM bi`�i2;v iQ Q#i�BM �M �TT`QtBK�iBQM νapproxℓmax

∈ W ℓmaxĜ mT
iQ � ;Bp2M �M/ }t2/ iQH2`�M+2Ĝ Q7 νℓmax mbBM; QMHv O(N) QT2`�iBQMbX

*QMb2[m2MiHv- BM T`�+iB+2 r2 ivTB+�HHv +QKTmi2Ĝ mT iQ � `2[mB`2/ iQH2`�M+2 ϵĜ �M �T@
T`QtBK�iBQM νapproxℓmax

∈ W ℓmax Q7 i?2 bQHmiBQM νℓmax ∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM
UkX3V- �M/ r2 mb2 νapproxℓmax

`�i?2` i?�M νℓmax iQ +�H+mH�i2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+
7Q`+2b �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRdX Ai Bb i?2`27Q`2 BKTQ`i�Mi iQ Q#i�BM bi�#BHBiv
2biBK�i2b 7Q` i?2 �TT`QtBK�i2 7Q`+2b /2`Bp2/ 7`QK i?2 �TT`QtBK�iBQM νapproxℓmax

X hQ i?Bb
2M/- r2 ?�p2 i?2 7QHHQrBM; `2bmHiX

G2KK� 8Xj9 Uai�#BHBiv Q7 6Q`+2b rBi? _2bT2+i iQ GBM2�` aQHp2` hQH2`�M+2VX G2i ϵ > 0

�M/ ℓmax ∈ N- H2i σf ∈ H− 1
2 (∂Ω) #2 � ;Bp2M 7`22 +?�`;2- H2i νℓmax ∈ W ℓmax #2 i?2 mMB[m2

bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V- H2i νapproxℓmax
∈ W ℓmax #2 �M �TT`QtBK�iBQM

iQ νℓmax rBi? `2H�iBp2 iQH2`�M+2 ϵ ≪ 1 �b /2b+`B#2/ BM h?2Q`2K 9XRe BM *?�Ti2` 9- �M/
7Q` 2�+? i = 1, . . . , N - H2i F ℓmax

i �M/ F̂
ℓmax

i /2MQi2 i?2 �TT`QtBK�i2 M2i 7Q`+2 �+iBM;
QM i?2 /B2H2+i`B+ T�`iB+H2 `2T`2b2Mi2/ #v Ωi- ;2M2`�i2/ #v i?2 +?�`;2 /Bbi`B#miBQMb νℓmax

�M/ νapproxℓmax
`2bT2+iBp2Hv �b /2}M2/ i?`Qm;? .2}MBiBQM 8XRdX h?2M i?2`2 2tBbib � +QMbi�Mi

Cstability > 0 i?�i /2T2M/b QM ℓmax- i?2 /B2H2+i`B+ +QMbi�Mib- i?2 `�/BB Q7 i?2 QT2M #�HHb
�M/ i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7 i?2 MmK#2` N
Q7 /B2H2+i`B+ T�`iB+H2b bm+? i?�i

∑N
i=1

∑3
α=1

∣∣∣(F ℓmax
i )α −

(
F̂
ℓmax

i

)
α

∣∣∣

|||Q⊥
0 νℓmax |||∗ + |||Q⊥

0 ν|||∗ + |||Q⊥
0 σf |||∗

≤ ϵCstability

(
|||Q⊥

0 νℓmax |||+ |||Q⊥
0 σf |||

)
.

U8XkyV

S`QQ7X h?2 T`QQ7 Q7 G2KK� 8Xj9 Bb p2`v bBKBH�` iQ i?2 T`QQ7b Q7 h?2Q`2Kb 8Xkk �M/ 8Xk9
�M/ `2HB2b T`BK�`BHv QM i?2 �mtBHB�`v H2KK�b bi�i2/ BM a2+iBQM 8XkXk iQ;2i?2` rBi? QM2

R9y



8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib

`2bmHi 7`QK *?�Ti2` jX

P#b2`p2 i?�i #v /2}MBiBQM νℓmax , ν
approx
ℓmax

∈ W ℓmax X *QMb2[m2MiHv- 7QHHQrBM; i?2 �`;m@
K2Mib T`2b2Mi2/ BM i?2 T`QQ7 Q7 h?2Q`2K 8Xk9 r?B+? mb2 i?2 HBM2�`Biv Q7 i?2 mM/2`HvBM;
QT2`�iQ`b iQ;2i?2` rBi? *Q`QHH�`v 8Xjk- r2 Q#i�BM i?�i U+X7X- AM2[m�HBiv U8XR9VV

N∑

i=1

∣∣∣
(
F ℓmax

i

)
α
−
(
F̂
ℓmax

i

)
α

∣∣∣≤ C
1
2
field

(
ℓmax + 1

min ri

)

(
|||νapproxℓmax

− νℓmax |||∗
(
|||Pℓmax+1P⊥

0 Vνℓmax |||2 + |||Qℓmax+1Q⊥
0 νℓmax |||∗

2
) 1

2

+ |||νapproxℓmax
|||∗
(
|||Pℓmax+1P⊥

0 V(ν
approx
ℓmax

− νℓmax)|||2

+ |||Qℓmax+1Q⊥
0

(
νapproxℓmax

− νℓmax

)
|||∗2

) 1
2

)
. U8XkRV

AM Q`/2` iQ bBKTHB7v i?2 #QmM/ U8XkRV- r2 }`bi /2}M2

(T1) :=|||Pℓmax+1P⊥
0 Vνℓmax |||2,

(S1) :=|||Pℓmax+1P⊥
0 V(ν

approx
ℓmax

− νℓmax)|||2.

h?2 i2`K (T1) +�M #2 bBKTHB}2/ #v }`bi MQiBM; i?�i

|||Pℓmax+1P⊥
0 Vνℓmax |||2 ≤ |||P⊥

0 VQ⊥
0 νℓmax |||2︸ ︷︷ ︸

:=(T2)

+ |||P⊥
0 VQ0νℓmax |||2︸ ︷︷ ︸

:=(T3)

.

h?2 i2`K (T2) +�M #2 bBKTHB}2/ 7QHHQrBM; i?2 �`;mK2Mib T`2b2Mi2/ BM i?2 T`QQ7 Q7
h?2Q`2K 8Xk9 r?B+? vB2H/2/ i?2 BM2[m�HBiv U8XRdVX q2 i?mb Q#i�BM bBKBH�`Hv i?�i

(T2) = |||P⊥
0 VQ⊥

0 νℓmax |||2 ≤
(
1 +

c2equiv
cV

)
|||Q⊥

0 νℓmax |||∗
2
.

AM Q`/2` iQ bBKTHB7v i?2 i2`K (T3)- r2 `2+�HH i?�i i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V
BKTHB2b i?�i Q0νℓmax = 1

κ0
Q0σf X aBKTH2 �H;2#`� i?2`27Q`2 vB2H/b i?�i

(T3) = |||P⊥
0 VQ0νℓmax |||2 =

∣∣∣
∣∣∣
∣∣∣
1

κ0
P⊥
0 VQ0σf

∣∣∣
∣∣∣
∣∣∣
2

≤ 2
∣∣∣
∣∣∣
∣∣∣
1

κ0
P⊥
0 Vσf

∣∣∣
∣∣∣
∣∣∣
2

︸ ︷︷ ︸
:=(T4)

+2
∣∣∣
∣∣∣
∣∣∣
1

κ0
P⊥
0 VQ⊥

0 σf
∣∣∣
∣∣∣
∣∣∣
2

︸ ︷︷ ︸
:=(T5)

.

AM Q`/2` iQ bBKTHB7v i?2 i2`K Uh9V- r2 +QMbB/2` i?2 #QmM/�`v BMi2;`�H 2[m�iBQM UjX8V
7`QK *?�Ti2` j 7Q` i?2 bQ@+�HH2/ bm`7�+2 2H2+i`Qbi�iB+ TQi2MiB�HX G2i λ ∈ H

1
2 (∂Ω) /2@

MQi2 i?2 mMB[m2 bQHmiBQM iQ i?2 "A1 UjX8V- �M/ H2i i?2 #QmM/�`v BMi2;`�H QT2`�iQ`
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8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

A : H
1
2 (∂Ω) → H

1
2 (∂Ω) #2 /2}M2/ �b BM .2}MBiBQM kX3 BM a2+iBQM kXjX aBKTH2 +�H+m@

Hmb i?2M vB2H/b i?�i

(T4) =
∣∣∣
∣∣∣
∣∣∣
1

κ0
P⊥
0 Vσf

∣∣∣
∣∣∣
∣∣∣
2
=
∣∣∣
∣∣∣
∣∣∣P⊥

0 AP⊥
0 λ
∣∣∣
∣∣∣
∣∣∣
2
≤ C2

Ã

∣∣∣∣∣∣P⊥
0 λ
∣∣∣∣∣∣2.

>2`2- C
Ã

> 0 /2MQi2b i?2 +QMiBMmBiv +QMbi�Mi Q7 i?2 QT2`�iQ` P⊥
0 AP⊥

0 : H̆
1
2 (∂Ω) →

H̆
1
2 (∂Ω) �b /2}M2/ BM G2KK� jXkyX q2 `2+�HH i?�i i?2 �M�HvbBb Q7 *?�Ti2` j 2bi�#HBb?2/

i?�i i?2 +QMiBMmBiv +QMbi�Mi C
Ã

/2T2M/b QMHv QM i?2 /B2H2+i`B+ +QMbi�Mib- i?2 `�/BB Q7
i?2 QT2M #�HHb- �M/ i?2 KBMBKmK BMi2`@bT?2`2 b2T�`�iBQM /Bbi�M+2 #mi Bb BM/2T2M/2Mi Q7
i?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2b N X

L2ti- mbBM; i?2 7�+i i?�i #v /2}MBiBQM λ = Vν �M/ `2+�HHBM; i?2 �`;mK2Mib T`2b2Mi2/
BM i?2 T`QQ7 Q7 h?2Q`2K 8Xk9 r?B+? vB2H/2/ i?2 BM2[m�HBiv U8XReV- r2 Q#i�BM

(T4) ≤ C2
Ã
C2
diel

(
|||Q⊥

0 ν|||∗
2
+ |||Q⊥

0 σf |||∗
2
)
.

h?2 i2`K Uh8V +�M #2 bBKTHB}2/ mbBM; i?2 b�K2 �`;mK2Mi mb2/ iQ Q#i�BM i?2 #QmM/
7Q` i?2 i2`K UhkVX q2 i?2`27Q`2 Q#i�BM

(T5) ≤ 4π

κ0

(
1 +

c2equiv
cV

)
|||Q⊥

0 σf |||∗
2
.

AM � bBKBH�` 7�b?BQM- mbBM; i?2 7�+i i?�i Q0
(
νapproxℓmax

− νℓmax

)
= 0 Ub22 i?2 :J_1a@

#�b2/ bQHmiBQM bi`�i2;v T`2b2Mi2/ BM *?�Ti2` 9V r2 Q#i�BM i?�i

(S1) ≤
(
1 +

c2equiv
cV

)
|||νapproxℓmax

− νℓmax |||∗
2.

AMb2`iBM; i?2 #QmM/b Q#i�BM2/ 7Q` UhRV@Uh8V �M/ UaRV BMiQ AM2[m�HBiv U8XkRV- r2 Q#i�BM

N∑

i=1

∣∣∣
(
F ℓmax

i

)
α
−
(
F̂
ℓmax

i

)
α

∣∣∣≤ C
1
2
field

(
ℓmax + 1

min ri

)

(
|||νapproxℓmax

− νℓmax |||∗
((

1 +
cequiv√

cV

)
|||Q⊥

0 νℓmax |||∗ +
2
√
2π

√
κ0

(
1 +

cequiv√
cV

)
|||Q⊥

0 σf |||∗

+
√
2C

Ã
Cdiel

(
|||Q⊥

0 ν|||∗ + |||Q⊥
0 σf |||∗

)
+ |||Q⊥

0 νℓmax |||∗
)

+ |||νapproxℓmax
|||∗
((

1 +
cequiv√

cV

)
|||νapproxℓmax

− νℓmax |||∗

+ |||
(
νapproxℓmax

− νℓmax

)
|||∗
))

.

R9k



8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib

*QMb2[m2MiHv- r2 +�M /2}M2 �M �TT`QT`B�i2 +QMbi�Mi C̃stability > 0 i?�i /2T2M/b QMHv
QM ℓmax �M/ i?2 +QMbi�Mib Cfield, cequiv, cV- �M/ C

Ã
> 0 bm+? i?�i

N∑

i=1

∣∣∣
(
F ℓmax

i

)
α
−
(
F̂
ℓmax

i

)
α

∣∣∣≤ C̃stability|||νapproxℓmax
− νℓmax |||∗

(
|||Q⊥

0 νℓmax |||∗ + |||Q⊥
0 ν|||∗ + |||Q⊥

0 σf |||∗ + |||νapproxℓmax
|||∗
)
.

h?2 `2K�BM/2` Q7 i?2 T`QQ7 MQr 7QHHQrb 7`QK 2H2K2Mi�`v �H;2#`� �M/ #v mbBM; i?2
`2H�iBp2 2``Q` iQH2`�M+2 Q7 |||νapproxℓmax

− νℓmax |||∗X

_2K�`F 8Xj8X *QMbB/2` G2KK� 8Xj9X 1bb2MiB�HHv- i?Bb `2bmHi bi�i2b i?�i B7 QM2 mb2b
�M �TT`QtBK�iBQM νapproxℓmax

∈ W ℓmax iQ i?2 i`m2 bQHmiBQM νℓmax ∈ W ℓmax Q7 i?2 :�H2`FBM
/Bb+`2iBb�iBQM UkX3V- rBi? `2H�iBp2 iQH2`�M+2 ϵ �b /2i�BH2/ BM h?2Q`2K 9XRe- iQ +QKTmi2
i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b- i?2M i?2 `2H�iBp2 2``Q` BM i?2b2 7Q`+2b UrBi? `2@
bT2+i iQ i?2 i`m2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2bV Bb #QmM/2/ #v ϵ iBK2b i?2 +QMbi�Mi
Cstability- r?B+? /Q2b MQi 2tTHB+BiHv /2T2M/ QM N X aBM+2 i?2 iQH2`�M+2 ϵ +�M #2 +QM@
i`QHH2/ #v KQ/B7vBM; i?2 HBM2�` bQHp2` iQH2`�M+2 mb2/ r?2M +QKTmiBM; νapproxℓmax

- Bi 7QH@
HQrb i?�i 7Q` �Mv ;2QK2i`B+�H +QM};m`�iBQM BM i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�i@
Bb7vBM; :�RV@:�jV- i?Bb `2H�iBp2 2``Q` BM i?2 7Q`+2b +�M #2 K�/2 �`#Bi`�`BHv bK�HH
BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 /B2H2+i`B+ bT?2`2b NFX

q2 MQr bi�i2 Qm` bQHmiBQM bi`�i2;v 7Q` +QKTmiBM; i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+
7Q`+2bX

aQHmiBQM bi`�i2;v 7Q` Q#i�BMBM; i?2 2H2+i`Qbi�iB+ 7Q`+2b
:Bp2M � FMQrM 7`22 +?�`;2 σf ∈ H− 1

2 (∂Ω)- i?2 ;Q�H Bb iQ Q#i�BM 7Q` 2�+? i ∈
{1, . . . , N}- i?2 �TT`QtBK�i2 M2i 2H2+i`Qbi�iB+ 7Q`+2 F ℓmax

i ∈ R3 �+iBM; QM i?2 /B2H2+i`B+
T�`iB+H2 `2T`2b2Mi2/ #v ΩiX

ai2T R, 6Bt ℓmax ∈ N �M/ +QKTmi2Ĝ mT iQ bQK2 }t2/ iQH2`�M+2Ĝ i?2 �TT`QtBK�i2 bQHmiBQM
νapproxℓmax

∈ W ℓmax iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V- i?2`2#v Q#i�BMBM; i?2 �T@
T`QtBK�i2 HQ+�H bT?2`B+�H ?�`KQMB+ 2tT�MbBQM +Q2{+B2Mib Q7 νapproxℓmax

QM i?2 bT?2`2b
{∂Ωi}Ni=1X h?Bb +QKTmi�iBQM +�M #2 /QM2 �++Q`/BM; iQ i?2 :J_1a@#�b2/ bQHm@
iBQM bi`�i2;v T`2b2Mi2/ BM *?�Ti2` 9X AM pB2r Q7 h?2Q`2K 9XRe- i?2 +QKTmi�iBQM�H
+Qbi Q7 Q#i�BMBM; νapproxℓmax

rBi? � }t2/ �M/ ;Bp2M 2``Q` iQH2`�M+2 Bb O(N) 7Q` �Mv
;2QK2i`B+�H +QM};m`�iBQM #2HQM;BM; iQ i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM;
:�RV@:�jVX

ai2T k, *QKTmi2 λapproxℓmax
:= Pℓmax+1Vν

approx
ℓmax

X h?Bb ;Bp2b �++2bb iQ i?2 HQ+�H bT?2`B+�H ?�`@
KQMB+ 2tT�MbBQM +Q2{+B2Mib Q7 λapproxℓmax

mT iQ Q`/2` ℓmax+1 QM i?2 bT?2`2b {∂Ωi}Ni=1X
LQiB+2 i?�i BM pB2r Q7 .2}MBiBQM 8XRd Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2 �M/
T`QQ7 Q7 G2KK� 8XjR- r2 `2[mB`2 QMHv i?2 2tT�MbBQM +Q2{+B2Mib mT iQ Q`/2` ℓmax+1X
.m2 iQ i?2 mb2 Q7 i?2 6JJ- i?2 +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T Bb �HbQ O(N)X
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8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

ai2T j, *QKTmi2 7Q` 2�+? α = 1, 2, 3 �M/ �HH 1 ≤ ℓ ≤ ℓmax + 1- −ℓ ≤ m ≤ ℓ i?2 T�`iB�H
/2`Bp�iBp2b

∂α

(
|x|ℓYm

ℓ

(
x

|x|

))
, r?2`2 x ∈ S2.

h?2b2 T�`iB�H /2`Bp�iBp2b +�M #2 +QKTmi2/ �M�HviB+�HHvX h?2 +QKTmi�iBQM�H +Qbi Q7
i?Bb bi2T Bb O(1)X

ai2T 9, lbBM; i?2 2tT�MbBQM +Q2{+B2Mib 7`QK ai2Tb R �M/ k- i?2 T�`iB�H /2`Bp�iBp2b 7`QK
ai2T j- �M/ i?2 `2T`2b2Mi�iBQM Q7 ∂αφapproxi,exc ;Bp2M #v 1[m�iBQM U8XNV- +QKTmi2 7Q`
2�+? α = 1, 2, 3 �M/ i = 1, . . . , N - i?2 i`�+2 Pℓmax,iγ

−
i

(
Eapprox

i

)
α

Q7 i?2 �TT`QtBK�i2
i 2t+Hm/2/ 2H2+i`B+ }2H/X h?Bb bi2T `2[mB`2b O(N) QT2`�iBQMbX

ai2T 8, h?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b {F̂
ℓmax}Ni=1 �+iBM; QM i?2 /B2H2+i`B+ T�`iB+H2b

`2T`2b2Mi2/ #v {Ωi}Ni=1 +�M i?2M #2 Q#i�BM2/ #v +QKTmiBM; i?2 BMi2;`�Hb

F̂
ℓmax

i = κ0

∫

∂Ωi

νapproxℓmax
(x)
(
Pℓmax,iγ

−
i E

approx
i

)
(x) dx, i = 1, . . . , N.

h?2 +QKTmi�iBQM�H +Qbi Q7 i?Bb bi2T Bb �HbQ O(N)X q2 ?�p2 i?mb Q#i�BM2/ {F̂
ℓmax}Ni=1

r?B+? �TT`QtBK�i2- mT iQ HBM2�` bQHp2` 2``Q`- i?2 `2[mB`2/ 7Q`+2b {F ℓmax}Ni=1X

q2 +QM+Hm/2 i?Bb bm#b2+iBQM #v 2KT?�bBbBM; QM+2 �;�BM i?2 F2v BKTHB+�iBQM Q7 h?2@
Q`2K 8Xk9 �M/ i?2 bQHmiBQM bi`�i2;v bi�i2/ �#Qp2X :Bp2M � ;2QK2i`B+�H +QM};m`�iBQM
#2HQM;BM; iQ i?2 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; :�RV@:�jV- r?B+? +QMbBbib
Q7 � bvbi2K Q7 NF BMi2`�+iBM; /B2H2+i`B+ T�`iB+H2b- r2 +�M +QKTmi2@ mT iQ �Mv ;Bp2M 2``Q`
iQH2`�M+2Ĝ i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM 2�+? bT?2`B+�H /B2H2+i`B+ T�`iB+H2 BM O(NF) QT@
2`�iBQMbX AM Qi?2` rQ`/b Qm` MmK2`B+�H K2i?Q/ 7Q` +QKTmiBM; i?2 7Q`+2b Bb HBM2�` b+�HBM;
BM +QbiX aBM+2 h?2Q`2K 8Xk9 vB2H/b N @BM/2T2M/2Mi 2``Q` 2biBK�i2b 7Q` i?2 2H2+i`Qbi�iB+
7Q`+2b- i?2 K2i?Q/ Bb �HbQ N @2``Q` bi�#H2X q2 +�M i?2`27Q`2 +QM+Hm/2 i?�i mM/2` i?2
;2QK2i`B+�H �bbmKTiBQMb :�RV@:�jV- i?2 MmK2`B+�H K2i?Q/ 7Q` Q#i�BMBM; i?2 2H2+i`Q@
bi�iB+ 7Q`+2b /2b+`B#2/ BM i?Bb +QMi`B#miBQM Bb BM/22/ HBM2�` b+�HBM; BM �++m`�+v- BX2X- BM
Q`/2` iQ Q#i�BM i?2 �TT`QtBK�i2 7Q`+2b mT iQ � }t2/ �p2`�;2 2``Q`- i?2 +QKTmi�iBQM�H
+Qbi b+�H2b HBM2�`Hv BM N X

8XjXk LmK2`B+�H 2tT2`BK2Mib

�b K2MiBQM2/ BM i?2 bQHmiBQM bi`�i2;v BM a2+iBQM 8XjXR- r2 mb2 i?2 6JJ iQ +QKTmi2
K�i`Bt@p2+iQ` T`Q/m+ib BMpQHpBM; i?2 ;HQ#�H bBM;H2 H�v2` #QmM/�`v QT2`�iQ` VX h?Bb �H@
HQrb mb iQ �+?B2p2 i?2 `2[mB`2/ HBM2�` b+�HBM; BM +Qbi �H#2Bi- �i i?2 +Qbi Q7 BMi`Q/m+BM;
� +QMi`QHH�#H2 6JJ �TT`QtBK�iBQM 2``Q`X �b K2MiBQM2/ BM a2+iBQM 9Xj- r2 mb2 � KQ/@
B}+�iBQM Q7 i?2 a+�H6JJ HB#`�`v (R9)X �//BiBQM�HHv- r2 mb2 i?2 E`vHQp bm#bT�+2 bQHp2`
:J_1a Ub22- 2X;X- (R3k- R3j)V iQ bQHp2 �HH mM/2`HvBM; HBM2�` bvbi2KbX AM i?2 b2[m2H- i?2
MmK2`B+�H i2bib QM2 i?`Qm;? i?`22- r?B+? r2`2 /2bB;M2/ iQ i2bi i?2 �++m`�+v Q7 Qm` Mm@
K2`B+�H �H;Q`Bi?K r2`2 T2`7Q`K2/ mbBM; � bBM;H2 H2p2H 6JJ Q+i`22 �M/ rBi? i?2 :J_1a
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8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib

iQH2`�M+2 b2i iQ 10−11X h?Bb T`2p2Mib i?2 BMi`Q/m+iBQM Q7 i?2 6JJ �TT`QtBK�iBQM 2``Q`
�M/ HBM2�` bQHp2` 2``Q` `2bT2+iBp2HvX

U�V .B2H2+i`B+ bT?2`2b rBi? mMBi TQbBiBp2 Q`
M2;�iBp2 +?�`;2- �``�M;2/ BM �M �Hi2`M�iBM;
7�b?BQM QM � i?`22 /BK2MbBQM�H- `2;mH�` +m#B+
H�iiB+2X

U#V .B2H2+i`B+ bT?2`2b rBi? mMBi TQbBiBp2 Q`
M2;�iBp2 +?�`;2- �``�M;2/ BM �Hi2`M�iBM; H�v2`b
QM � i?`22 /BK2MbBQM�H- `2;mH�` +m#B+ H�iiB+2X

6B;m`2 8XR, h?2 irQ #�bB+ ;2QK2i`B+ b2iiBM;b r2 mb2 7Q` i?2 K�DQ`Biv Q7 Qm` MmK2`B+�H
2tT2`BK2MibX .Bz2`2Mi +QHQm`b BM/B+�i2 i?2 /2;`22 Q7 TQH�`Bb�iBQM rBi? /�`F `2/ BM/B+�iBM;
TQbBiBp2 �M/ /22T #Hm2 BM/B+�iBM; M2;�iBp2 +?�`;2X

qBi? QM2 2t+2TiBQM- i?2 MmK2`B+�H 2tT2`BK2Mib BM i?Bb b2+iBQM r2`2 T2`7Q`K2/ QM
irQ #�bB+ ;2QK2i`B+�H b2iiBM;bX "Qi? b2iiBM;b +QMbBbi Q7 i?2 b�K2 irQ ivT2b Q7 /B2H2+i`B+
bT?2`B+�H T�`iB+H2b- i?2 }`bi rBi? `�/Bmb j- /B2H2+i`B+ +QMbi�Mi Ry �M/ +�``vBM; mMBi M2;@
�iBp2 7`22 +?�`;2 �M/ i?2 b2+QM/ rBi? `�/Bmb k- /B2H2+i`B+ +QMbi�Mi 8 �M/ +�``vBM; mMBi
TQbBiBp2 7`22 +?�`;2- �``�M;2/ QM � `2;mH�` +m#B+ H�iiB+2 Q7 2/;2 H2M;i? EX AM i?2 }`bi
b2iiBM; ?Qr2p2`- i?2 H�iiB+2 Bb Q`;�MBb2/ bm+? i?�i i?2 TQbBiBp2 �M/ M2;�iBp2Hv +?�`;2/
T�`iB+H2b �`2 �``�M;2/ BM �M �Hi2`M�iBM; 7�b?BQM �M/ i?2 2/;2 H2M;i? E Bb b2i iQ eX AM
+QMi`�bi- i?2 H�iiB+2 BM i?2 b2+QM/ b2iiBM; Bb Q`;�MBb2/ bm+? i?�i HBF2@+?�`;2/ T�`iB+H2b
�`2 �``�M;2/ BM H�v2`b- �M/ r2 b2i E = 7X 6B;m`2b 8XR� �M/ 8XR# /BbTH�v i?2 }`bi �M/
b2+QM/ ivT2b Q7 H�iiB+2 bi`m+im`2b `2bT2+iBp2HvX AM #Qi? +�b2- r2 �bbmK2 i?2 #�+F;`QmM/
K2/BmK iQ #2 p�+mmK bQ i?�i κ0 = 1X q2 `2K�`F i?�i i?2 iQi�H MmK#2` Q7 /B2H2+i`B+
T�`iB+H2b K�v p�`v 7`QK 2tT2`BK2Mi iQ 2tT2`BK2MiX

h2bi R, 1tTQM2MiB�H +QMp2`;2M+2 Pm` }`bi b2i Q7 MmK2`B+�H 2tT2`BK2Mib Bb /2bB;M2/
iQ /2KQMbi`�i2 i?2 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2bX q2
b2i i?2 iQi�H MmK#2` N Q7 /B2H2+i`B+ bT?2`B+�H T�`iB+H2b iQ #2 125 BM i?2 +�b2 Q7 i?2 }`bi
H�iiB+2 Ub22 6B;m`2 8XR�V �M/ kRe BM i?2 +�b2 Q7 i?2 b2+QM/ H�iiB+2 Ub22 6B;m`2 8XR#V �M/
+QKTmi2 i?2 �p2`�;2 2``Q` BM i?2 �TT`QtBK�i2 7Q`+2b {F ℓmax

i }Ni=1 7Q` /Bz2`2Mi p�Hm2b Q7
ℓmaxX h?2 `2bmHib �`2 /BbTH�v2/ BM 6B;m`2b 8Xk� �M/ 8Xk# 7Q` i?2 }`bi �M/ b2+QM/ H�iiB+2
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`2bT2+iBp2HvX h?2 `272`2M+2 7Q`+2b {F i}Ni=1 r2`2 Q#i�BM2/ 7`QK i?2 `272`2M+2 bQHmiBQM ν iQ
i?2 "A1 UkXjV- r?B+? r�b +QKTmi2/ #v b2iiBM; i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmax = 20X
6Q` +QKT�`BbQM- r2 ?�p2 �HbQ THQii2/ i?2 �p2`�;2 2``Q` BM i?2 �TT`QtBK�i2 BM/m+2/
bm`7�+2 +?�`;2 νℓmax X
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U#V LmK2`B+�H `2bmHib 7Q` i?2 b2+QM/ ivT2 Q7
H�iiB+2 bi`m+im`2 U6B;m`2 8XR#VX

6B;m`2 8Xk, GQ;@HBM THQib Q7 i?2 �p2`�;2 2``Q` BM i?2 2H2+i`Qbi�iB+ 7Q`+2b �M/ BM/m+2/ bm`7�+2
+?�`;2 �b � 7mM+iBQM Q7 i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmaxX 6Q` +QKT�`BbQM- i?2 7Q`+2 QM 2�+?
T�`iB+H2 Bb O(10−2) �M/ i?2 +?�`;2 QM 2�+? bT?2`2 Bb O(1)X

h?2 MmK2`B+�H `2bmHib /BbTH�v2/ BM 6B;m`2b 8Xk� �M/ 8Xk# ?�p2 i?`22 F2v 72�im`2b Q7
BMi2`2biX 6B`bi- r2 Q#b2`p2 i?2 2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 �TT`QtBK�i2 7Q`+2b T`2@
/B+i2/ #v *Q`QHH�`v 8XkeX a2+QM/- r2 b22 i?�i i?2 `�i2 Q7 +QMp2`;2M+2 Bb bHQr2` BM i?2
+�b2 Q7 i?2 }`bi H�iiB+2 r?B+? ?�b � bK�HH2` 2/;2 H2M;i? EX h?Bb Bb BM �;`22K2Mi rBi? Qm`
i?2Q`2iB+�H `2bmHib �b r2 2tTH�BM BM i?2 M2ti b2i Q7 MmK2`B+�H 2tT2`BK2MibX 6BM�HHv- r2
Q#b2`p2 i?�i i?2 +QMp2`;2M+2 `�i2b 7Q` i?2 7Q`+2b �`2 M2�`Hv irB+2 i?Qb2 UBM 2tTQM2MiB�H
i2`KbV Q7 i?2 BM/m+2/ bm`7�+2 +?�`;2X h?Bb �;`22b rBi? i?2 r2HH@FMQrM T?2MQK2MQM Q7
i?2 /Qm#HBM; Q7 i?2 +QMp2`;2M+2 `�i2b 7Q` HBM2�` 7mM+iBQM�Hb- r?B+? +�M #2 /2KQMbi`�i2/
i?`Qm;? i?2 bQ@+�HH2/ �m#BM@LBib+?2 /m�HBiv i2+?MB[m2X lM7Q`imM�i2Hv- mbBM; bm+? � /m@
�HBiv i`B+F H2�/b iQ +QMp2`;2M+2 `�i2b 7Q` i?2 2H2+i`Qbi�iB+ 7Q`+2b i?�i +�MMQi #2 b?QrM iQ
#2 BM/2T2M/2Mi Q7 N - �M/ r2 ?�p2 i?2`27Q`2 MQi Tm`bm2/ i?Bb �TT`Q�+?X

h2bi k, .2T2M/2M+2 QM i?2 b2T�`�iBQM /Bbi�M+2 q2 MQr rBb? iQ 2tTHQ`2 BM KQ`2
/2i�BH- i?2 /2T2M/2M+2 Q7 i?2 2``Q` BM i?2 �TT`QtBK�i2 7Q`+2b QM i?2 KBMBK�H BMi2`@bT?2`2
b2T�`�iBQM /Bbi�M+2X q2 `2+�HH i?�i i?2 T`2@7�+iQ` Cforce �TT2�`BM; BM i?2 2``Q` 2biBK�i2
U8XdV 7Q` i?2 �TT`QtBK�i2 7Q`+2b Ub22 h?2Q`2K 8Xk9V /2T2M/b #Qi? QM i?2 +Q2`+BpBiv
+QMbi�Mi cV Q7 i?2 bBM;H2 H�v2` #QmM/�`v QT2`�iQ` �b r2HH �b QM i?2 T`2@7�+iQ` Ccharges

�TT2�`BM; BM i?2 2``Q` 2biBK�i2 7Q` i?2 BM/m+2/ bm`7�+2 +?�`;2 Ub22 h?2Q`2K jXRkVX Ai r�b
b?QrM BM *?�Ti2` j Ub22 G2KK�b jXkk �M/ jXkjV i?�i i?2 +QMbi�Mib cV �M/ Ccharges ;`Qr
�i KQbi �b O

(
1
δ

)
�M/ O

(
1√
δ

)
`2bT2+iBp2Hv 7Q` bK�HH δ r?2`2 δ Bb i?2 KBMBKmK BMi2`@bT?2`2

b2T�`�iBQM /Bbi�M+2X *QMb2[m2MiHv- r2 rQmH/ 2tT2+i i?2 2``Q` BM i?2 �TT`QtBK�i2 7Q`+2b
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8Xj aQHmiBQM ai`�i2;v �M/ LmK2`B+�H _2bmHib

iQ �HbQ ;`Qr �b i?2 BMi2`@bT?2`2 b2T�`�iBQM /2+`2�b2bX

q2 +QMbB/2` irQ /B2H2+i`B+ bT?2`2b TH�+2/ QM i?2 z@�tBb �i � b2T�`�iBQM Q7 s rBi?
B/2MiB+�H /B2H2+i`B+ +QMbi�Mib κ1 = κ2 = 100- }t2/ `�/Bmb r1 = 1 �M/ p�`vBM; `�/Bmb
r2- �M/ +�``vBM; mMBi M2;�iBp2 �M/ TQbBiBp2 +?�`;2 `2bT2+iBp2HvX AM Q`/2` iQ Q#i�BM i?2
i`m2 7Q`+2b {F i}2i=1 7Q` p2`v bK�HH b2T�`�iBQMb s- Bi Bb M2+2bb�`v iQ +QKTmi2 i?2 `272`2M+2
bQHmiBQM ν iQ i?2 "A1 UkXjV mbBM; �M 2ti`2K2Hv ?B;? p�Hm2 Q7 i?2 /Bb+`2iBb�iBQM T�`�K2i2`
ℓmaxX AM/22/- Qm` MmK2`B+�H i2bib BM/B+�i2 i?�i �M �++m`�i2 �TT`QtBK�iBQM Q7 i?2 `272`@
2M+2 bQHmiBQM ν `2[mB`2b i?�i ℓmax ≈ O(100)X Pm` +?QB+2 Q7 ;2QK2i`v Bb i?mb /2HB#2`�i2
bBM+2 i?2 �tBbvKK2i`v �HHQrb mb iQ +QMbB/2` �M �TT`QtBK�iBQM bT�+2 W̃ ℓmax ⊂ W ℓmax

+QMbBbiBM; Q7 QMHv �tBbvKK2i`B+ HQ+�H bT?2`B+�H ?�`KQMB+b 2tT�MbBQMbX
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U�V _2H�iBp2 1``Q` BM i?2 2H2+i`Qbi�iB+ 7Q`+2b �b
� 7mM+iBQM Q7 i?2 b2T�`�iBQM /Bbi�M+2 sX
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U#V _�iBQ Q7 i?2 2t�+i �M/ �TT`QtBK�i2 7Q`+2b
QM i?2 }`bi bT?2`2 �b � 7mM+iBQM Q7 i?2 b2T�`�@
iBQM /Bbi�M+2 sX

6B;m`2 8Xj, h?2 2z2+ib Q7 i?2 b2T�`�iBQM /Bbi�M+2 s QM i?2 �TT`QtBK�iBQM 2``Q`b Q7 i?2
2H2+i`Qbi�iB+ 7Q`+2b 7Q` }t2/ /Bb+`2iBb�iBQM T�`�K2i2` ℓmax = 10X

6B;m`2 8Xj� /BbTH�vb i?2 `2H�iBp2 2``Q` BM i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b
{F ℓmax

i }2i=1 7Q` ℓmax = 10X q2 BKK2/B�i2Hv Q#b2`p2 i?�i B7 i?2 `�/BB Q7 i?2 irQ bT?2`2b
�`2 +QKT�`�#H2- i?2M i?2 `2H�iBp2 2``Q`b BM+`2�b2 7Q` /2+`2�bBM; s #mi [mB+FHv `2�+? �
TH�i2�m i?�i Bb Km+? bK�HH2` i?�M QM2X h?Bb BM/B+�i2b i?�i r?BH2 i?2 `2H�iBp2 2``Q` BM
i?2 2H2+i`Qbi�iB+ 7Q`+2b /Q2b BM/22/ ;`Qr 7Q` /2+`2�bBM; b2T�`�iBQM �M/ � }t2/ ℓmax- i?2
7Q`+2b �`2 biBHH #2BM; �TT`QtBK�i2/ rBi? � +2`i�BM /2;`22 Q7 �++m`�+vX AM +QMi`�bi- r2 b22
i?�i B7 r2 ≪ 1- i?2M i?2 `2H�iBp2 2``Q`b [mB+FHv �TT`Q�+? QM2 7Q` bK�HH p�Hm2b Q7 s- r?B+?
BM/B+�i2b i?�i i?2 �TT`QtBK�iBQMb Q7 i?2 7Q`+2b 7Q` i?Bb b2iiBM; 2bb2MiB�HHv #2+QK2 rQ`i?@
H2bbX h?Bb +QM+HmbBQM Bb bmTTQ`i2/ #v 6B;m`2 8Xj# r?2`2 r2 THQi i?2 `�iBQ Q7 i?2 2t�+i
�M/ �TT`QtBK�i2 7Q`+2 QM i?2 }`bi bT?2`2X q2 Q#b2`p2 i?�i i?2 `�iBQ `2K�BMb +HQb2 iQ
QM2 B7 r2 = r1 = 1 #mi 2tTHQ/2b B7 r2 = 0.01X h?Bb #2?�pBQm` Bb 2tTH�BM2/ #v i?2 7�+i i?�i
B7 r2 ≪ 1 �M/ s → 0- i?2M i?2 BM/m+2/ bm`7�+2 +?�`;2 ν QM i?2 }`bi bT?2`2 �TT`Q�+?2b
� bBM;mH�`Biv �i i?2 TQBMi Q7 +QMi�+i- r?B+? Bb TQQ`Hv `2T`2b2Mi2/ BM i?2 �TT`QtBK�iBQM
bT�+2 W ℓmax X
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h2bi j, N@BM/2T2M/2M+2 Q7 i?2 2``Q`b L2ti- r2 /2KQMbi`�i2 i?�i i?2 �p2`�;2
2``Q` BM i?2 �TT`QtBK�i2 7Q`+2b {F ℓmax

i }Ni=1 Bb BM/2T2M/2Mi Q7 i?2 MmK#2` N Q7 /B2H2+i`B+
T�`iB+H2bX q2 �;�BM +QMbB/2` i?2 irQ ivT2b Q7 H�iiB+2b /BbTH�v2/ BM 6B;m`2b 8XR� �M/ 8XR#-
�M/ r2 BM+`2�b2 N bBKTHv #v BM+`2�bBM; i?2 bBx2 Q7 2�+? H�iiB+2X

6B;m`2b 8X9� �M/ 8X9# /BbTH�v i?2 �p2`�;2 2``Q`b BM i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+
7Q`+2b {F ℓmax

i }i=1N �b � 7mM+iBQM Q7 N 7Q` i?`22 +?QB+2b Q7 i?2 /Bb+`2iBb�iBQM T�`�K2i2`-
M�K2Hv- ℓmax = 6- ℓmax = 9 �M/ ℓmax = 12X �b #27Q`2- i?2 i`m2 7Q`+2b {F i}Ni=1 r2`2
Q#i�BM2/ 7`QK i?2 `272`2M+2 bQHmiBQM ν iQ i?2 "A1 UkXjV- r?B+? r�b +�H+mH�i2/ #v b2iiBM;
ℓmax = 20X *H2�`Hv i?2 MmK2`B+�H `2bmHib �;`22 rBi? i?2 N @BM/2T2M/2Mi 2``Q` 2biBK�i2
2bi�#HBb?2/ #v h?2Q`2K 8Xk9X q2 `2K�`F i?�i bBM+2 r2 �`2 mbBM; i?2 6JJ rBi? � bBM@
;H2 H2p2H Q+i`22- i?2 +QKTmi�iBQM�H +Qbi Q7 Q#i�BMBM; `272`2M+2 bQHmiBQMb b+�H2b �b O

(
N2
)

r?B+? HBKBib i?2 iQi�H MmK#2` Q7 bT?2`2b r2 +QMbB/2` iQ N = 2197X
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U�V LmK2`B+�H `2bmHib 7Q` i?2 }`bi ivT2 Q7 H�i@
iB+2 bi`m+im`2 U6B;m`2 8XR�VX
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U#V LmK2`B+�H `2bmHib 7Q` i?2 b2+QM/ ivT2 Q7
H�iiB+2 bi`m+im`2 U6B;m`2 8XR#VX

6B;m`2 8X9, h?2 �p2`�;2 2``Q`b BM i?2 2H2+i`Qbi�iB+ 7Q`+2b �b � 7mM+iBQM Q7 i?2 MmK#2` N Q7
bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX 6Q` +QKT�`BbQM- i?2 7Q`+2 QM 2�+? T�`iB+H2 Bb O(10−2)X

h2bi 9, GBM2�` b+�HBM; +QKTmi�iBQM Q7 i?2 7Q`+2b h?2 ;Q�H Q7 i?Bb }M�H b2i Q7 Mm@
K2`B+�H 2tT2`BK2Mib Bb iQ /2KQMbi`�i2 i?�i i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b {F ℓmax

i }
+�M BM/22/ #2 +QKTmi2/ BM O(N) QT2`�iBQMb 7Q` �M BM+`2�bBM; MmK#2` N Q7 /B2H2+i`B+
bT?2`B+�H T�`iB+H2bX AM Q`/2` iQ �+?B2p2 i?Bb HBM2�` b+�HBM; #2?�pBQm` 7Q` � ;Bp2M ℓmax �M/
BM+`2�bBM; N - Bi Bb M2+2bb�`v iQ +�`27mHHv �/Dmbi i?2 irQ K�BM 6JJ T�`�K2i2`b- BX2X- i?2
MmK#2` Q7 H2p2Hb D BM i?2 Q+i`22 bi`m+im`2 Q7 i?2 #QmM/BM; #Qt +QMi�BMBM; �HH KmHiB@
TQH2 bQm`+2b- �M/ i?2 K�tBK�H /2;`22 P Q7 bT?2`B+�H ?�`KQMB+b mb2/ BM i?2 KmHiBTQH2
2tT�MbBQM Q7 i?2 6JJ F2`M2HX

AM a2+iBQM 9XjXk- r2 T2`7Q`K2/ � /2i�BH2/ MmK2`B+�H bim/v iQ Q#i�BM �TT`QT`B�i2
p�Hm2b Q7 D �M/ P 7Q` /B2H2+i`B+ T�`iB+H2b �``�M;2/ BM H�iiB+2@HBF2 +QM};m`�iBQMbX �b �
`Qm;? ;mB/2- r2 T`QTQb2/ i?�i
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8X9 *QM+HmbBQM

Ç D b?QmH/ #2 TB+F2/ bQ i?�i i?2`2 �`2 #2ir22M 9 �M/ jk T�`iB+H2b BM 2�+? H2�7 Q7 i?2
6JJ Q+i`22 rBi? � T`272``2/ �p2`�;2 Q7 8X LQi2 i?�i 7Q` �M BM+`2�bBM; MmK#2` N
Q7 T�`iB+H2b- QM2 Kmbi BM+`2�b2 D BM Q`/2` iQ �+?B2p2 i?2 HBM2�` +QKTH2tBiv Q7 i?2
6JJX PM i?2 Qi?2` ?�M/- B7 D Bb iQQ H�`;2- i?2M i?2 6JJ 2``Q` +QmH/ /QKBM�i2
i?2 /Bb+`2iBb�iBQM 2``Q` H2�/BM; iQ 2``QM2Qmb `2bmHibX

Ç P b?QmH/ #2 }t2/ bQ i?�i P ≥ 2ℓmaxX aBM+2 i?2 +QKTmi�iBQM�H +Qbi Q7 2�+? 6JJ
+�HH ;`Qrb �b O

(
P 3
)
- Bi Bb T`272`�#H2 iQ TB+F P �b bK�HH �b TQbbB#H2X

1[mBTT2/ rBi? i?Bb K2i?Q/QHQ;v 7Q` TB+FBM; i?2 6JJ T�`�K2i2`b P �M/ D- r2
+QKTmi2 i?2 �TT`QtBK�i2 2H2+i`Qbi�iB+ 7Q`+2b {F ℓmax

i }Ni=1 7Q` i?2 irQ ivT2b Q7 H�iiB+2
bi`m+im`2b 8XR� �M/ 8XR# �M/ i?2 i?`22 +�b2b ℓmax = 6, 9 �M/ 12X �HH MmK2`B+�H bBKmH�iBQMb
r2`2 T2`7Q`K2/ QM � kyRe J�+"QQF H�TiQT rBi? � kXe :>x AMi2H *Q`2 Bd T`Q+2bbQ` �M/
Re:" Q7 kRjj J>x GS.._j K2KQ`vX �//BiBQM�HHv- r2 b2i i?2 HBM2�` bQHp2` iQH2`�M+2 iQ
10−6- 10−8 �M/ 10−10 �M/ i?2 6JJ T�`�K2i2` P iQ 15, 20 �M/ 25 BM i?2 +�b2b ℓmax = 6-
ℓmax = 9 �M/ ℓmax = 12 `2bT2+iBp2HvX Pm` `2bmHib �`2 /BbTH�v2/ BM 6B;m`2b 8X8� �M/ 8X8#
�M/ BM/B+�i2 2t+2HH2Mi �;`22K2Mi rBi? HBM2�` b+�HBM; #2?�pBQm`X
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U#V *QKTmi�iBQM iBK2b 7Q` i?2 b2+QM/ ivT2 Q7
H�iiB+2 bi`m+im`2 U6B;m`2 8XR#VX

6B;m`2 8X8, *QKTmi�iBQM iBK2b Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b �b � 7mM+iBQM Q7 i?2 MmK#2` N
Q7 bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX

8X9 *QM+HmbBQM

AM i?Bb +?�Ti2`- r2 ?�p2 T`QTQb2/ �M/ �M�Hvb2/ �M 2{+B2Mi MmK2`B+�H K2i?Q/ 7Q` i?2 +QK@
Tmi�iBQM Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM �M �`#Bi`�`v MmK#2` Q7 +?�`;2/- /B2H2+i`B+
bT?2`B+�H T�`iB+H2b Q7 p�`vBM; /B2H2+i`B+ +QMbi�Mib �M/ `�/BB- 2K#2//2/ BM � ?QKQ;2MQmb
TQH�`Bb�#H2 K2/BmK �M/ mM/2`;QBM; Kmim�H TQH�`Bb�iBQMX Pm` K2i?Q/ Bb #�b2/ QM }`bi
Q#i�BMBM; � bQHmiBQM iQ i?2 :�H2`FBM /Bb+`2iBb�iBQM UkX3V 7Q` i?2 �TT`QtBK�i2 BM/m+2/
bm`7�+2 +?�`;2 `2bmHiBM; QM i?2b2 /B2H2+i`B+ T�`iB+H2b �M/ mbBM; i?2 7�bi KmHiBTQH2 K2i?Q/
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8X � GAL1�_ a*�GAL: AL �**l_�*u LlJ1_A*�G J1h>P. 6P_
*PJSlhAL: h>1 1G1*h_Pah�hA* 6P_*1a AL h>1 N@"P.u
.A1G1*h_A* aS>1_1a S_P"G1J

iQ +QKTmi2 K�i`Bt p2+iQ` T`Q/m+ib BMpQHpBM; i?2 mM/2`HvBM; bQHmiBQM K�i`Bt rBi? HBM2�`
b+�HBM; UBM i?2 MmK#2` Q7 T�`iB+H2bV +QKTH2tBivX

Pm` K�BM `2bmHi Bb iQ T`Qp2 i?�i 7Q` �Mv 7�KBHv Q7 ;2QK2i`B2b {ΩF}F∈I b�iBb7vBM; i?2
�bbmKTiBQMb :�RV@:�jV /2b+`B#2/ BM a2+iBQM kXk- i?2 MmK2`B+�H K2i?Q/ r2 ?�p2 T`Q@
TQb2/ �+?B2p2b HBM2�` b+�HBM; BM �++m`�+v 7Q` i?2 +QKTmi�iBQM Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b-
BX2X- ;Bp2M � ;2QK2i`B+�H +QM};m`�iBQM +QKTQb2/ Q7 NF /B2H2+i`B+ bT?2`B+�H T�`iB+H2b- Bi
`2[mB`2b QMHv O(NF) QT2`�iBQMb iQ +�H+mH�i2 i?2 �TT`QtBK�i2 7Q`+2b rBi? � ;Bp2M �p2`@
�;2 Q` `2H�iBp2 2``Q`X AM Q`/2` iQ 2bi�#HBb? i?Bb `2bmHi- r2 /2`Bp2/ +QMp2`;2M+2 `�i2b 7Q`
i?2 �TT`QtBK�i2 7Q`+2b i?�i /B/ MQi 2tTHB+BiHv /2T2M/ QM i?2 MmK#2` Q7 T�`iB+H2b BM i?2
bvbi2KX q2 �HbQ Q#i�BM2/- �b � +Q`QHH�`v Q7 i?2b2 2``Q` 2biBK�i2b- i?2 2tTQM2MiB�H +QM@
p2`;2M+2 Q7 i?2 �TT`QtBK�i2 7Q`+2b mM/2` bmBi�#H2 `2;mH�`Biv �bbmKTiBQMbX �//BiBQM�HHv-
r2 ?�p2 T`QpB/2/ MmK2`B+�H 2pB/2M+2 i?�i bmTTQ`ib Qm` i?2Q`2iB+�H `2bmHibX
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S�`i AA

.QK�BM .2+QKTQbBiBQM BM
AKTHB+Bi aQHp�iBQM JQ/2Hb
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AMi`Q/m+iBQM

eXR :2M2`�H *QMi2ti

*QKTmi�iBQM�H [m�MimK +?2KBbi`v Bb i?2 bim/v Q7 i?2 T`QT2`iB2b Q7 K�ii2` i?`Qm;?
KQ/2HHBM; �i i?2 KQH2+mH�` b+�H2 r?2`2 K�ii2` Bb /2b+`B#2/ �b � +QHH2+iBQM Q7 TQbBiBp2Hv
+?�`;2/ Mm+H2B �M/ M2;�iBp2Hv +?�`;2/ 2H2+i`QMbX Zm�MimK i?2Q`v r�b }`bi T`QTQb2/
�M/ /2p2HQT2/ #v i?2 T?vbB+Bbib 1`rBM a+?`ƺ/BM;2`- q2`M2` >2Bb2M#2`;- J�t "Q`M �M/
Qi?2`b BM i?2 RNkyb (Rd- R3- NN- RRd- R3d) #mi i?2 KQ/2`M K�i?2K�iB+�H 7Q`KmH�iBQM Bb
/m2 iQ S�mH .B`�+ �M/ CQ?M pQM L2mK�MM (8R- R83)X AM [m�MimK K2+?�MB+b- i?2 T`2+Bb2
#2?�pBQm` Q7 K�ii2`- BX2X- i?2 #2?�pBQm` Q7 � ;Bp2M +QHH2+iBQM Q7 Mm+H2B �M/ 2H2+i`QMb- Bb
/2b+`B#2/ #v � bQ@+�HH2/ r�p2 7mM+iBQM ψ i?�i Bb �M 2H2K2Mi Q7 �M BM}MBi2@/BK2MbBQM�H
>BH#2`i bT�+2 H �M/ i?�i b�iBb}2b i?2 a+?`ƺ/BM;2` 2[m�iBQM

Hψ = Eψ UhBK2@BM/2T2M/2Mi 7Q`KV. UeXRV

>2`2- H : D(H) → H Bb i?2 UTQbbB#Hv mM#QmM/2/V bQ@+�HH2/ >�KBHiQMB�M QT2`�iQ` �M/
E ∈ R Bb i?2 T?vbB+�H 2M2`;v Q7 i?2 bi�iBQM�`v bvbi2K mM/2` bim/vX h?2 F2v /B{+mHiv BM
bQHpBM; 1[m�iBQM UeXRV Bb i?2 p2`v ?B;?@/BK2MbBQM�HBiv Q7 i?2 r�p2 7mM+iBQM ψX AM/22/- 7Q`
� bvbi2K +QKTQb2/ Q7 M Mm+H2B �M/ N 2H2+i`QMb- ψ Bb � 7mM+iBQM Q7 3(N +M) p�`B�#H2b
BM i?2 bTBM@7`22- iBK2@BM/2T2M/2Mi b2iiBM;X h?2 M22/ iQ `2/m+2 i?2 a+?`ƺ/BM;2` 2[m�iBQM
iQ � +QKTmi�iBQM�HHv i`�+i�#H2 T`Q#H2K ?�b H2/ iQ i?2 /2p2HQTK2Mi Q7 � p�bi HBi2`�im`2
BM i?2 T�bi Ny v2�`b Ub22- 2X;X- (Rj- 8e- R9R- RN3) 7Q` >�`i`22@6Q+F �M/ TQbi >�`i`22@
6Q+F K2i?Q/b- (RR9- RR8- RRN- Rej) 7Q` K2i?Q/b #�b2/ QM /2MbBiv 7mM+iBQM�H i?2Q`v- �M/
(eN- Nk) 7Q` bQ@+�HH2/ [m�MimK JQMi2 *�`HQ K2i?Q/bVX >2`2- r2 7Q+mb QM QM2 T�`iB+mH�`
�bT2+i Q7 1[m�iBQM UeXRV- M�K2Hv- i?2 bi`m+im`2 Q7 i?2 >�KBHiQMB�M H- r?B+? Bb K2�Mi
iQ 2M+Q/2 i?2 /Bz2`2Mi +QMi`B#miBQMb iQ i?2 iQi�H 2M2`;v Q7 i?2 bvbi2KX h?2 2tT`2bbBQM
7Q` H BM+Hm/2b Q#pBQmb i2`Kb bm+? �b i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM 2M2`;v /m2 iQ 2H2+i`QM@
Mm+H2B BMi2`�+iBQMb �M/ i?2 FBM2iB+ 2M2`;v Q7 i?2 2H2+i`QMb #mi- /2T2M/BM; QM i?2 T?vbB+b-
Bi K�v #2 M2+2bb�`v iQ �HbQ +QMbB/2` bm#iH2 b2+QM/�`v +QMi`B#miBQMb �b r2 /Bb+mbb #2HQrX

J�Mv T?vbB+�H T?2MQK2M� BMpQHp2 i?2 bim/v Q7 bQHmi2 KQH2+mH2b 2K#2//2/ BM � bQH@
p2Mi- �M/ Bi ?�b #22M Q#b2`p2/ i?�i +2`i�BM T`QT2`iB2b Q7 i?2 bQHmi2 KQH2+mH2 +�M +?�M;2
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eX ALh_P.l*hAPL

/`�biB+�HHv rBi? i?2 +?QB+2 Q7 bQHp2Mi U� T�`iB+mH�`Hv bi`BFBM; 2t�KTH2 Q7 i?Bb Bb i?2 T?2@
MQK2MQM Q7 bQHp�iQ+?`QKBbK- b22- 2X;X- (Rey- ky3)VX �M BKTQ`i�Mi bQm`+2 Q7 bm+? bQHp�iBQM
2z2+ib Bb i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M � bQHmi2 KQH2+mH2 �M/ i?2 TQH�`Bb�#H2- /B@
2H2+i`B+ bQHp2Mi i?�i bm``QmM/b BiX AM/22/- i?2 +?�`;2 /Bbi`B#miBQM QM i?2 bQHmi2 KQH2+mH2
+�M T`Q/m+2 � TQH�`Bb�iBQM }2H/ BMbB/2 i?2 bQHp2Mi- r?B+? BM im`M +`2�i2b � `2�+iBQM TQ@
i2MiB�H QM i?2 bQHmi2 KQH2+mH2 H2�/BM; iQ Kmim�H TQH�`Bb�iBQMX �b � +QMb2[m2M+2- BM Q`/2`
iQ +Q``2+iHv KQ/2H bQHp�iBQM 2z2+ib- QM2 Kmbi BM+Hm/2 i?Bb bQ@+�HH2/ ǵ2H2+i`Qbi�iB+ +QM@
i`B#miBQM iQ i?2 bQHp�iBQM 2M2`;vǶ BM i?2 2tT`2bbBQM 7Q` i?2 >�KBHiQMB�MX �ii2KTib iQ
+Q``2+iHv KQ/2H i?2 bQHp�iBQM 2M2`;v ?�b H2/ iQ i?2 /2p2HQTK2Mi Q7 �M 2ti2MbBp2 HBi2`�im`2
QM ǵbQHp�iBQM KQ/2HbǶ Ub22X 2X;X- (9e- R93) �M/ i?2 `272`2M+2b i?2`2BMV BM+Hm/BM; bQ@+�HH2/
BKTHB+Bi bQHp�iBQM KQ/2Hb r?B+? rBHH #2 i?2 +?B27 iQTB+ Q7 +QMbB/2`�iBQM BM i?2 b2[m2H U7Q`
� #`B27 #mi +QKT`2?2MbBp2 Qp2`pB2r- b22 2X;X- (kyy)VX

AKTHB+Bi bQHp�iBQM KQ/2Hb �`2 #�b2/ QM i?2 Q#b2`p�iBQM i?�i T`�+iBiBQM2`b �`2 T`BK�`BHv
BMi2`2bi2/ BM i?2 T`QT2`iB2b Q7 � ;Bp2M bQHmi2 KQH2+mH2 `�i?2` i?�M i?2 T`2+Bb2 bi�i2 Q7
i?2 bQHp2Mi �M/ �`2 i?2`27Q`2 +QM+2`M2/ QMHv rBi? T`QT2`iB2b Q7 i?2 bQHp2Mi KQH2+mH2b BM
bQ 7�` �b i?2v T2`i�BM iQ i?2 bQHmi2 KQH2+mH2X *QMb2[m2MiHv- `�i?2` i?�M �ii2KTiBM; iQ
KQ/2H 2�+? BM/BpB/m�H bQHp2Mi KQH2+mH2 BM i?2 bvbi2K 2tTHB+BiHv- QM2 +�M pB2r i?2 bQHp2Mi
�b � +QMiBMmQmb K2/BmK rBi? +2`i�BM K�+`Qb+QTB+ T?vbB+�H T`QT2`iB2bX h?Bb �bbmKTiBQM
;`2�iHv `2/m+2b i?2 +QKTmi�iBQM�H +QKTH2tBiv Q7 i?2 bQHp�iBQM KQ/2H bBM+2 i?2`2 Bb MQr
MQ M22/ iQ T`2b+`B#2 2tTHB+Bi /2;`22 Q7 7`22/QK 7Q` BM/BpB/m�H bQHp2Mi KQH2+mH2bX

_2H2p�Mi BKTHB+Bi bQHp�iBQM KQ/2Hb 7Q` i?Bb /Bbb2`i�iBQM �`2 +QMbi`m+i2/ 7`QK irQ #�bB+
#mBH/BM; #HQ+Fb,

Ç h?2 /2}MBiBQM Q7 i?2 KQH2+mH�` +�pBiv, AM BKTHB+Bi bQHp�iBQM KQ/2Hb- i?2 bQHmi2
KQH2+mH2 Bb ivTB+�HHv `2T`2b2Mi2/ �b � bQ@+�HH2/ KQH2+mH�` +�pBiv 2K#2//2/ BM �
+QMiBMmmK bQHp2MiX AM K�i?2K�iB+�H i2`Kb- i?2 KQH2+mH�` +�pBiv Bb bBKTHv � b2i Ω ∈
R3 rBi? bm`7�+2 ∂Ω r?B+? `2bmHib BM i?2 bQHp2Mi #2;BM /2b+`B#2/ #v i?2 +QKTH2K2Mi
R3 \ΩX lM7Q`imM�i2Hv- i?2`2 Bb MQ mMBp2`b�H +QMb2Mbmb �#Qmi ?Qr 2t�+iHv i?2 b2i Ω
�M/ i?2 #QmM/�`v ∂Ω b?QmH/ #2 +QMbi`m+i2/X J�Mv /2}MBiBQMb ?�p2 #22M T`QTQb2/
BM i?2 HBi2`�im`2 BM+Hm/BM; i?2 KQbi #�bB+ p�M /2` q��Hb +�pBiv Uo/qV BM r?B+? 2�+?
�iQK Bb `2T`2b2Mi2/ #v �M QT2M #�HH rBi? �M 2tT2`BK2Mi�HHv }ii2/ `�/Bmb i?�i Bb
Q#i�BM2/- 7Q` BMbi�M+2- 7`QK i?2 lMBp2`b�H 6Q`+2 6B2H/ Ul66V (Rde)X JQ`2 2H�#Q`�i2
/2}MBiBQMb Q7 i?2 bQHmi2 +�pBiv BM+Hm/2 i?2 bQ@+�HH2/ bQHp2Mi �++2bbB#H2 bm`7�+2 Ua�aV
�M/ i?2 bQHp2Mi 2t+Hm/2/ bm`7�+2 Ua1aVX 1t�KTH2b Q7 � o/q �M/ a1a +�pBiv �`2
/BbTH�v2/ BM 6B;m`2 eXRX

Ç h?2 K�+`Qb+QTB+ T`QT2`iB2b Q7 i?2 +QMiBMmmK bQHp2Mi, .2T2M/BM; QM i?2 T?vbB+�H
H�rb i?�i �`2 mb2/ iQ /2b+`B#2 i?2 bQHmi2@bQHp2Mi 2H2+i`Qbi�iB+ BMi2`�+iBQMb- Bi Bb
TQbbB#H2 iQ +QMbi`m+i /Bz2`2Mi ivT2b Q7 BKTHB+Bi bQHp�iBQM KQ/2HbX AM i?2 TQH�`Bb@
�#H2 +QMiBMmmK KQ/2H US*JV 7Q` BMbi�M+2- i?2 bQHp2Mi Bb KQ/2HH2/ �b � /B2H2+i`B+
+QMiBMmmK Ub22- 2X;X- (kk- R8y- R89)V r?BH2 BM i?2 *PaJP KQ/2H (RRk)- i?2 bQHp2Mi
Bb i�F2M iQ #2 +QM/m+iQ`@HBF2- BX2X- � K2/BmK rBi? BM}MBi2 /B2H2+i`B+ +QMbi�MiX �M@
Qi?2` TQTmH�` +?QB+2 Bb i?2 SQBbbQM@"QHixK�M bQHp�iBQM KQ/2H BM r?B+? i?2 bQHp2Mi
Bb i`2�i2/ �b � /B2H2+i`B+ +QMiBMmmK T2`K2�i2/ #v BQMB+ +?�`;2b Ub22- 2X;X- (Rd9)VX

R89



eXR :2M2`�H *QMi2ti

U�V h?2 p�M /2` q��Hb KQH2+mH�` +�pBiv Q7 �
+�z2BM2 KQH2+mH2X h?2 +�pBiv Bb i?2 mMBQM Q7 BM@
i2`b2+iBM; bT?2`B+�H �iQKB+ +�pBiB2b rBi? 2�+?
bT?2`2 +Q``2bTQM/BM; iQ � bBM;H2 �iQKX h?2
�iQKB+ +�pBiB2b �`2 +QMbi`m+i2/ mbBM; RXR iBK2b
i?2 `�/BB Q#i�BM2/ 7`QK i?2 lMBp2`b�H 6Q`+2
6B2H/ Ul66V (Rde)X

Figure 14: The eSES of three artificial spheres (left) and the eSES of four artificial spheres (right)
where the green curves are the boundaries of singular concave patches.

Figure 15: The eSES of molecule 1B17 with 485 atoms (left) and the eSES of molecule 101M
with 1414 atoms (right) where rp = 1.5Å. The green curves are the boundaries of singular concave
patches.
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U#V h?2 a1a KQH2+mH�` +�pBiv Q7 i?2 #BQHQ;B@
+�H KQH2+mH2 R"RdX .Bz2`2Mi +QHQm`b BM/B+�i2
T�i+?2b Q7 i?2 a1a bm`7�+2 rBi? /Bz2`2Mi iQTQ@
HQ;B+�H T`QT2`iB2b, `2/ BM/B+�i2b � bT?2`B+�H
T�i+?- v2HHQr BM/B+�i2b � iQ`QB/�H T�i+?- �M/
#Hm2 BM/B+�i2b � +QM+�p2 T�i+?X _2T`Q/m+2/
rBi? T2`KBbbBQM (Rdk)X

6B;m`2 eXR, 1t�KTH2b Q7 o/q �M/ a1a KQH2+mH�` +�pBiB2bX

!

" < ∞ 

" = 1 

U�V h?2 b2iiBM; Q7 i?2 S*J JQ/2HX h?2 bQHp2Mi
Bb KQ/2HH2/ �b � /B2H2+i`B+ +QMiBMmmK rBi? }MBi2
/B2H2+i`B+ +QMbi�Mi κX

!

" = ∞ 

" = 1 

U#V h?2 b2iiBM; Q7 i?2 *PaJP KQ/2HX h?2
bQHp2Mi BM i?Bb +�b2 Bb KQ/2HH2/ �b � +QM/m+iQ`-
BX2X- � K2/BmK rBi? BM}MBi2 /B2H2+i`B+ +QMbi�MiX

6B;m`2 eXk, h?2 S*J �M/ *PaJP KQ/2Hb +QKT�`2/X h?2 KQH2+mH�` +�pBiv BM #Qi? +�b2b
?�b #22M +QMbi`m+i2/ mbBM; i?2 p�M /2` q��Hb +QMp2MiBQMX

AM i?Bb /Bbb2`i�iBQM- r2 �`2 T`BK�`BHv BMi2`2bi2/ BM i?2 *PaJP KQ/2H- r?B+? �bbmK2b
� p�M /2` q��Hb@ivT2 KQH2+mH�` +�pBivX AM i?2 M2ti b2+iBQM- r2 rBHH #`B2~v /Bb+mbb ?Qr
i?2 *PaJP 2[m�iBQMb �`2 /2`Bp2/ BM i?2 +QMi2ti Q7 bQ@+�HH2/ �TT�`2Mi bm`7�+2 +?�`;2
BKTHB+Bi bQHp�iBQM KQ/2HbX

R88



eX ALh_P.l*hAPL

eXk h?2 *PaJP AKTHB+Bi aQHp�iBQM JQ/2H

h?2 7QHHQrBM; 2tTQbBiBQM Bb #�b2/ QM � +QMi`B#miBQM #v 1`B+ *�M+ĕb (kyy)X h?`Qm;?Qmi
i?Bb b2+iBQM- r2 rBHH �bbmK2 i?2 b2iiBM; �M/ MQi�iBQM Q7 *?�Ti2` RX hQ #2;BM rBi?- H2i
Ω− ⊂ R3 #2 �M QT2M- #QmM/2/ b2i rBi? GBTb+?Bix #QmM/�`v ∂Ω �M/ H2i Ω+ := R3 \ Ω−X
h?2 b2i Ω− Bb K2�Mi iQ `2T`2b2Mi i?2 p�M /2` q��Hb KQH2+mH�` +�pBiv Q7 � ;Bp2M bQHmi2
KQH2+mH2X h?mb- Ω− ?�b i?2 7QHHQrBM; bT2+B�H bi`m+im`2, h?2`2 2tBbi N ∈ N QT2M #�HHb Q7
`�/BB {ri}Ni=1- /2MQi2/ Ωi- bm+? i?�i Ω− = ∪N

i=1ΩiX �M 2t�KTH2 Q7 � ivTB+�H /QK�BM Ω−

Bb b?QrM BM 6B;m`2 eXjX LQiB+2 i?�i i?2 QT2M #�HHb Ωi �`2 MQi /BbDQBMiX

!
"!

!2

!1

!3
!4

6B;m`2 eXj, � bBKTH2 2t�KTH2 Q7 � p�M /2` q��Hb KQH2+mH�` +�pBiv Q7 i?2 ivT2 i?�i r2
bim/v BM i?Bb b2+iBQMX

q2 /2MQi2 #v ρ ∈ H−1(Ω−) i?2 +?�`;2 /2MbBiv BMbB/2 i?2 KQH2+mH�` +�pBivX AM i?2
b2[m2H- r2 �Hr�vb �bbmK2 i?�i i?2 bmTTQ`i Q7 ρ Bb � T`QT2` bm#b2i Q7 Ω−X AM T�`iB+mH�`-
r2 �bbmK2 i?�i i?2`2 Bb MQ +?�`;2 /Bbi`B#miBQM QM i?2 bm`7�+2 ∂Ω �M/ MQ +?�`;2 /2MbBiv
BM i?2 bQHp2Mi- BX2X- BM Ω+X q2 7m`i?2` �bbmK2 i?�i i?2 KQH2+mH�` +�pBiv 2M+HQb2b p�+mmK
rBi? /B2H2+i`B+ +QMbi�Mi QM2- �M/ i?�i i?2 +QMiBMmmK bQHp2Mi Bb � /B2H2+i`B+ K2/BmK rBi?
/B2H2+i`B+ +QMbi�Mi κX lM/2` i?2b2 �bbmKTiBQMb- BM pB2r Q7 i?2 /Bb+mbbBQM Q7 2H2+i`Qbi�iB+b
BM /B2H2+i`B+ K2/B� i?�i r�b T`2b2Mi2/ BM a2+iBQM RXk- Bi Bb 2�bv iQ /2/m+2 i?�i i?2 2H2+i`B+
TQi2MiB�H

(
V −, V +

)
∈ H1(Ω−)×H1(∆;Ω+) b�iBb}2b i?2 "oS U+X7X- 1[m�iBQM UkXkV 7`QK

a2+iBQM kXkV,

−∆V − =
ρ

ϵ
BM Ω−,

−∆V + = 0 BM Ω+,

γ−V − = γ+V + BM H
1
2 (∂Ω),

γ−NV − = κγ+NV + BM H− 1
2 (∂Ω).

UeXkV

aBM+2 i?2 #QmM/�`v p�Hm2 T`Q#H2K UeXkV Bb TQb2/ QM i?2 7mHH bT�+2 R3- r2 7QH@
HQr i?2 b�K2 bi`�i2;v �b BM S�`i A Q7 i?Bb /Bbb2`i�iBQM- �M/ �ii2KTi iQ `27Q`KmH�i2
i?2 "oS UeXkV �b �M 2[mBp�H2Mi #QmM/�`v BMi2;`�H 2[m�iBQMX hQ i?Bb 2M/- r2 }`bi
/2}M2 i?2 7mM+iBQM Φ := Nρ ∈ H1

loc(R3) r?2`2 N : H−1
comp(R3) → H1

loc(R3) Bb i?2
L2riQM TQi2MiB�H �b /2}M2/ i?`Qm;? .2}MBiBQM RXR3X L2ti- r2 /2}M2 i?2 7mM+iBQM
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eXk h?2 *PaJP AKTHB+Bi aQHp�iBQM JQ/2H

(
W−,W+

)
:=
(
V −, V +

)
−
(
Φ|Ω− ,Φ|Ω+

)
X lbBM; i?2 T`QT2`iB2b Q7 i?2 L2riQM TQi2M@

iB�H Ub22 G2KK� RXRd �M/ h?2Q`2K RXkjV iQ;2i?2` rBi? i?2 7�+i i?�i ρ ?�b +QKT�+i
bmTTQ`i BM Ω−- QM2 +�M +QM+Hm/2 i?�i i?2 7mM+iBQM

(
W−,W+

)
∈ H1(Ω−) ×H1(∆;Ω+)

b�iBb}2b i?2 "oS

−∆W− = 0 BM Ω−,

−∆W+ = 0 BM Ω+,

γ−W− = γ+W+ BM H
1
2 (∂Ω),

γ−NW− − κγ+NW+ = (κ− 1)γ−NΦ BM H− 1
2 (∂Ω).

UeXjV

lbBM; MQr � bBM;H2 H�v2` TQi2MiB�H �Mb�ix Ub22- 7Q` BMbi�M+2- i?2 T`QQ7 Q7 G2KK� kXe
BM a2+iBQM RX9V vB2H/b i?2 7QHHQrBM; #QmM/�`v BMi2;`�H 2[m�iBQM, 6BM/ � bQ@+�HH2/ �TT�`2Mi
bm`7�+2 +?�`;2 σ ∈ H− 1

2 (∂Ω) bm+? i?�i

σ − κ− 1

κ
V.iLσ =

κ− 1

κ
γ−NΦ BM H− 1

2 (∂Ω). UeX9V

>2`2- i?2 �TT�`2Mi bm`7�+2 +?�`;2 σ Bb � Tm`2Hv K�i?2K�iB+�H +QMbi`m+iBQM �M/ Bb `2H�i2/
iQ i?2 7mM+iBQM

(
W−,W+

)
i?`Qm;? i?2 bBM;H2 H�v2` TQi2MiB�H S : H− 1

2 (∂Ω) → H1
loc(R3)

�b
(
W−,W+

)
=
(
Sσ|Ω− , Sσ|Ω+

)
X lbBM; MQr i?2 *�H/2`ƦM B/2MiBiB2b Ub22- 7Q` BMbi�M+2-

G2KK� RXjR BM a2+iBQM kXkV- 1[m�iBQM UeX9V +�M 2[mBp�H2MiHv #2 r`Bii2M �b

κ+ 1

2(κ− 1)
σ −K∗σ = γ−NΦ BM H− 1

2 (∂Ω). UeX8V

1[m�iBQM UeX8V Bb i?2 .S*J 2[m�iBQM }`bi /2`Bp2/ #v JB2`imȒ 2i �HX Ub22 (R89-
RNN)VX AM � bBKBH�` 7�b?BQM- rBi? 1[m�iBQM UeX9V Q` UeX8V �b i?2 bi�`iBM; TQBMi- QM2 +�M
mb2 �//BiBQM�H *�H/2`ƦM B/2MiBiB2b �M/ DmKT T`QT2`iB2b Q7 i?2 bBM;H2 �M/ /Qm#H2 H�v2`
TQi2MiB�Hb Ub22- 2X;X- h?2Q`2K RXkjV iQ /2`Bp2 b2p2`�H bQ@+�HH2/ �TT�`2Mi bm`7�+2 +?�`;2
K2i?Q/b i?�i �`2 mb2/ BM BKTHB+Bi bQHp�iBQM KQ/2HHBM;X h?Bb BM+Hm/2b i?2 Q`B;BM�H BMi2;`�H
2[m�iBQM 7Q`KmH�iBQM UA16V /m2 iQ *�M+ĕb- J2MMm++B- �M/ hQK�bB (kk- R9N)- �M/ i?2
A16S*J 2[m�iBQM U�HbQ i2`K2/ aaUoVS1V /2`Bp2/ #v J2MMm++B- *�KKB- �M/ hQK�bB
Ub22- 2X;X- (R8y)V �M/ BM/2T2M/2MiHv #v .�MB2H *?BTK�MM (kd)X

h?2 bQ@+�HH2/ *PM/m+iQ`@HBF2 a+`22MBM; JP/2H U*PaJPV T`QTQb2/ #v EH�Ki �M/
a+?ɃɃ`K�MM (RRk) Bb �MQi?2` 2t�KTH2 Q7 �M �TT�`2Mi bm`7�+2 +?�`;2 K2i?Q/X lM/2`
i?2 *PaJP KQ/2H- i?2 /B2H2+i`B+ +QMiBMmmK bQHp2Mi bm``QmM/BM; i?2 KQH2+mH�` +�pBiv
Bb �TT`QtBK�i2/ �b � +QM/m+iQ`- BX2X- QM2 +QMbB/2`b i?2 HBKBiBM; +�b2 κ → ∞ Q7 i?2
/B2H2+i`B+ +QMbi�MiX h?Bb �TT`QtBK�iBQM H2�/b iQ � +QMbB/2`�#H2 bBKTHB}+�iBQM Q7 i?2
#QmM/�`v BMi2;`�H 2[m�iBQM UeX9VX AM/22/- BM i?2 *PaJP 7`�K2rQ`F QM2 bQHp2b }`bi i?2
#QmM/�`v BMi2;`�H 2[m�iBQM

Vσ̃ = −γ−Φ BM H
1
2 (∂Ω), U*PaJP 1[m�iBQMV UeXeV

�M/ i?2M �TT`QtBK�i2b i?2 i`m2 bQHmiBQM iQ 1[m�iBQM UeX9V �b σ ≈ κ−1
κ+c σ̃- r?2`2 c Bb

�M 2KTB`B+�H b+�HBM; 7�+iQ`X lbBM; i?2 U2ti2`BQ`V *�H/2`ƦM B/2MiBiB2b Ub22- 2X;X- (R38-
*?�Ti2` jXe)V- Bi Bb TQbbB#H2 iQ b?Qr i?�i i?Bb �TT`QtBK�iBQM Q7 i?2 �TT�`2Mi bm`7�+2
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+?�`;2 σ ∈ H− 1
2 (∂Ω) Bb 2t�+i BM i?2 HBKBiBM; +�b2 κ→ ∞X L�im`�HHv- i?2 F2v �/p�Mi�;2

Q7 *PaJP Qp2` S*J Bb i?�i i?2 "A1 UeXeV Bb +QMbB/2`�#Hv bBKTH2` iQ bQHp2 i?�M 1[m�iBQM
UeX9V bBM+2 Bi BMpQHp2b i?2 +Q2`+Bp2 bBM;H2 H�v2` #QmM/�`v V : H− 1

2 (∂Ω) → H
1
2 (∂Ω)- r?B+?-

BM K�Mv +�b2b- Bb 2�bB2` �M/ KQ`2 2{+B2Mi iQ /Bb+`2iBb2X

AM i?2 Q`B;BM�H �`iB+H2b i?�i BMi`Q/m+2/ i?2K- i?2 A16- A16S*J- �M/ *PaJP 2[m�@
iBQMb r2`2 �HH bQHp2/ mbBM; i?2 b�K2 #�bB+ T`Q+2/m`2- M�K2Hv- iQ }`bi +QKTmi2 i?2 L2riQM
TQi2MiB�H Φ := Nρ Q7 � ;Bp2M +?�`;2 /2MbBiv ρ i?�i Bb bmTTQ`i2/ BMbB/2 i?2 KQH2+mH�` +�pBiv
Ω−- mb2 i?Bb iQ /2/m+2 i?2 `2H2p�Mi #QmM/�`v /�i� QM ∂Ω- �M/ i?2M mb2- r?�i 2bb2MiB�HHv
�KQmMib iQ- � #QmM/�`v 2H2K2Mi K2i?Q/ U"1JV rBi? � TB2+2rBb2 +QMbi�Mi �TT`QtBK�@
iBQM bT�+2 iQ bQHp2 i?2 `2bT2+iBp2 #QmM/�`v BMi2;`�H 2[m�iBQM Ub22 (kk- RRk- R8y)VX h?Bb
T`Q+2/m`2- r?BH2 T2`72+iHv b�iBb7�+iQ`v 7`QK � i?2Q`2iB+�H TQBMi Q7 pB2r- /Q2b bmz2` 7`QK
� 72r +QKTmi�iBQM�H /`�r#�+Fb, 6B`bi- i?2 i2bb2HH�iBQM Q7 i?2 +m`p2/ �M/ mbm�HHv [mBi2
+QKTHB+�i2/ bm`7�+2 ∂Ω Bb � MQM@i`BpB�H �M/ +QKTmi�iBQM�HHv 2tT2MbBp2 T`Q+2/m`2 �M/
b2+QM/- i?2 HBM2�` bvbi2Kb i?�i �`Bb2 7`QK i?2 /Bb+`2iBb�iBQM Q7 i?2 #QmM/�`v BMi2;`�H
2[m�iBQMb �`2 /2Mb2 �M/ MQi r2HH@+QM/BiBQM2/ r?B+? BM+`2�b2b i?2 +QKTmi�iBQM�H +Qbi Q7
+QKTmiBM; �TT`QtBK�i2 bQHmiBQMbX �Hi?Qm;? BKT`Qp2K2Mib iQ i?Bb "1J@#�b2/ �TT`Q�+?
?�p2 bm#b2[m2MiHv #22M bm;;2bi2/ BM+Hm/BM;- BM T�`iB+mH�`- i?2 +QMiBMmQmb bm`7�+2 +?�`;2
U*a*V 7Q`K�HBbK r?B+? K�F2b mb2 Q7 bT?2`B+�H :�mbbB�M #�bBb 7mM+iBQMb HQ+�i2/ �i 2�+?
bm`7�+2 2H2K2Mi BM r?B+? i?2 +�pBiv bm`7�+2 Bb /Bb+`2iBb2/ Ub22- 2X;X- (R3e- kRR)V- i?2`2
r�b biBHH ;`2�i b+QT2 7Q` +QKTmi�iBQM�H BKT`Qp2K2Mib BM �TT�`2Mi bm`7�+2 +?�`;2 KQ/2HbX
AM �M 2zQ`i iQ BKT`Qp2 i?2 bi�i2@Q7@i?2@�`i- � p2`v /Bz2`2Mi �TT`Q�+? r�b bm;;2bi2/ #v
*�M+ĕb- J�/�v- �M/ ai�KK 7Q` i?2 *PaJP 2[m�iBQM Ub22- 2X;X- (kj- Rj8)V �M/ H�i2`- iQ@
;2i?2` rBi? Zm�M- 7Q` i?2 S*J rBi? a1a �M/ o/q KQH2+mH�` +�pBiB2b �M/ i?2 HBM2�`Bb2/
SQBbbQM@"QHixK�MM KQ/2H rBi? � o/q KQH2+mH�` +�pBiv Ub22 (Rdj- Rd9- RNj)VX h?Bb M2r
�TT`Q�+? Bb #�b2/ QM i?2 7`�K2rQ`F Q7 /QK�BM /2+QKTQbBiBQM K2i?Q/b r?B+? �`2 i?2
iQTB+ Q7 i?2 M2ti b2+iBQMX

eXj a+?r�`x .QK�BM .2+QKTQbBiBQM J2i?Q/b

AM7Q`K�HHv- i?2 i2`K ǵ/QK�BM /2+QKTQbBiBQMǶ `272`b iQ � ;2M2`�H bQHmiBQM bi`�i2;v #�b2/ QM
bTHBiiBM; � T�`iB�H /Bz2`2MiB�H 2[m�iBQM UQ` Bib /Bb+`2iBb�iBQMV BMiQ � +QHH2+iBQM Q7 +QmTH2/
HQ+�H T`Q#H2Kb TQb2/ QM bm#/QK�BMb i?�i +QMbiBimi2 � T�`iBiBQM Q7 i?2 ;HQ#�H /QK�BMX h?2
#�bB+ KQiBp�iBQM #2?BM/ i?2 /QK�BM /2+QKTQbBiBQM bi`�i2;v Bb `�i?2` bi`�B;?i7Q`r�`/,
BMbi2�/ Q7 bQHpBM; � T�`iB�H /Bz2`2MiB�H 2[m�iBQM QM � ?m;2- TQbbB#Hv +QKTH2t ;HQ#�H
/QK�BM- Bi KB;?i #2 +QKTmi�iBQM�HHv �/p�Mi�;2Qmb iQ bQHp2 BMbi2�/ i?2 b�K2 S.1 QM
b2p2`�H bK�HH2`- bBKTH2` bm#/QK�BMb (kyR- S`27�+2)X P7i2M i?2b2 HQ+�H T`Q#H2Kb +�M #2
bQHp2/ BM T�`�HH2H r?B+?- T2`?�Tb- 2tTH�BMb i?2 bi`QM; +Q``2H�iBQM #2ir22M i?2 `2+2Mi
;`Qri? BM BMi2`2bi BM /QK�BM /2+QKTQbBiBQM K2i?Q/b �M/ i?2 �/p2Mi Q7 KQ/2`M ?B;?
bT22/ +QKTmiBM; UT`2b+B2MiHv `2K�`F2/ #v SX GX GBQMb BM (Rjk) �M/ MQi2/ #v JX CX
:�M/2` BM (dk)VX Ai Bb bHB;?iHv B`QMB+ i?2`27Q`2 i?�i i?2 }`bi /QK�BM /2+QKTQbBiBQM K2i?Q/
r�b /2p2HQT2/ Tm`2Hv �b �M �M�HviB+�H iQQH 7Q` T`QpBM; +2`i�BM `2bmHib BM i?2 i?2Q`v Q7
+QM7Q`K�H K�TTBM;bX

h?2 ;2M2bBb Q7 i?2 /QK�BM /2+QKTQbBiBQM K2i?Q/QHQ;v +�M #2 i`�+2/ iQ � b2KBM�H
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eXj a+?r�`x .QK�BM .2+QKTQbBiBQM J2i?Q/b

!1 !2

"!1
"!2

6B;m`2 eX9, h?2 ;2QK2i`v +QMbB/2`2/ #v a+?r�`x UBM ?Bb Q`B;BM�H T�T2` (R3N)- i?2 `2+i�M;H2
r�b BM 7�+i � b[m�`2VX

T�T2` Q7 >X �X a+?r�`x 7`QK R3dy (R3N)X a+?r�`x r�b BMi2`2bi2/ BM T`QpBM; i?2 2tBbi2M+2
Q7 � KBMBKBb2` BM i?2 bQ@+�HH2/ .B`B+?H2i T`BM+BTH2X h?2 .B`B+?H2i T`BM+BTH2 bi�i2b i?�i B7
� 7mM+iBQM u Bb ?�`KQMB+ QM � #QmM/2/ /QK�BM Ω rBi? .B`B+?H2i #QmM/�`v +QM/BiBQMb
u = g QM ∂Ω 7Q` bQK2 g ∈ C0(∂Ω)- i?2M u �ii�BMb i?2 BM}KmK Q7 i?2 .B`B+?H2i 2M2`;v
7mM+iBQM�H /2}M2/ �b

E(v) :=
∫

Ω
|∇v(x)|2 dx UeXdV

QM i?2 b2i Q7 �HH 7mM+iBQMb v ∈ C1(Ω) ∩ C0(Ω) i?�i b�iBb7v v = g QM ∂ΩX

h?2 2tBbi2M+2 Q7 � 7mM+iBQM i?�i �ii�BMb i?2 BM}KmK Q7 i?2 .B`B+?H2i 2M2`;v UeXdV 7Q`
�M �`#Bi`�`v /QK�BM Ω �M/ ;Bp2M #QmM/�`v /�i� g r�b i�F2M 7Q` ;`�Mi2/ #v _B2K�MM
#mi � +QmMi2` 2t�KTH2 Q7 � 7mM+iBQM�H i?�i /Q2b MQi �ii�BM Bib BM}KmK r�b ;Bp2M #v
q2B2`bi`�bb Ui?Bb 2TBbQ/2 Bb /Bb+mbb2/ BM (Ry3- *?�Ti2` 3Xe)VX *QMb2[m2MiHv- i?2`2 r2`2
�ii2KTib iQ /2`Bp2 `B;Q`Qmb T`QQ7b Q7 2tBbi2M+2 7Q` KBMBKBb2`b Q7 i?2 .B`B+?H2i 2M2`;vX
lM7Q`imM�i2Hv- bm+? T`QQ7b r2`2 BMBiB�HHv HBKBi2/ iQ bBKTH2 /QK�BMb bm+? �b `2+i�M;H2b
Q` /BbFb r?2`2 iQQHb 7`QK 6Qm`B2` �M�HvbBb r2`2 �p�BH�#H2X Ai r�b BM i?Bb +QMi2ti i?�i
a+?r�`x /2p2HQT2/ i?2 /QK�BM /2+QKTQbBiBQM K2i?Q/QHQ;v �M/ mb2/ Bi iQ T`QpB/2 �
T`QQ7 Q7 2tBbi2M+2 7Q` KQ`2 +QKTH2t ;2QK2i`B2bX

AM i?2 Q`B;BM�H �`iB+H2 (R3N)- a+?r�`x +QMbB/2`2/ i?2 7QHHQrBM; T`Q#H2K b2iiBM;, G2i
Ω1 ⊂ R2 #2 �M �M QT2M /BbF- H2i Ω2 ⊂ R2 #2 �M QT2M `2+i�M;H2 bm+? i?�i Ω1 ∩ Ω2

Bb � MQM@2KTiv QT2M b2i- �M/ /2}M2 Ω := Ω1 ∪ Ω2 �b /BbTH�v2/ BM 6B;m`2 eX9X LQr-
;Bp2M � +QMiBMmQmb 7mM+iBQM g ∈ C0(∂Ω)- i?2 ;Q�H Bb iQ }M/ � +QMiBMmQmb 7mM+iBQM u ∈
C2(Ω) ∩ C0(Ω) bm+? i?�i

−∆u(x) = 0 7Q` x ∈ Ω,

u(x) = g(x) 7Q` x ∈ ∂Ω.
UeX3V

a+?r�`xǶb BMbTB`�iBQM r�b iQ /2}M2 �M Bi2`�iBp2 T`Q+2/m`2 +QMbBbiBM; Q7 bQHpBM;- BM
� bm++2bbBp2 K�MM2`- HQ+�H T`Q#H2Kb QM 2�+? bm#/QK�BM Ω1 �M/ Ω2X JQ`2 T`2+Bb2Hv-
bi�`iBM; rBi? bQK2 BMBiB�HBb�iBQM u02 ∈ C2(Ω1) ∩ C0(Ω1)- a+?r�`x /2}M2/ irQ b2[m2M+2b
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Q7 7mM+iBQMb {un1}n∈N ⊂ C2(Ω1) �M/ {un2}n∈N ⊂ C2(Ω2) bm+? i?�i

−∆un+1
1 (x) = 0 7Q` x ∈ Ω1, −∆un+1

2 (x) = 0 7Q` x ∈ Ω2,

un+1
1 (x) = g(x) 7Q` x ∈ ∂Ω1 ∩ ∂Ω, un+1

2 (x) = g(x) 7Q` x ∈ ∂Ω2 ∩ ∂Ω1,

un+1
1 (x) = un2 (x) 7Q` x ∈ ∂Ω1 ∩ Ω2, un+1

2 (x) = un+1
1 (x) 7Q` x ∈ ∂Ω2 ∩ Ω1.

UeXNV

AM Qi?2` rQ`/b- ;Bp2M �M BMBiB�HBb�iBQM u02 QM i?2 bm#/QK�BM Ω2- � bQHmiBQM u11 Bb +QM@
bi`m+i2/ QM Ω1 r?B+? mb2b i?2 ;HQ#�H #QmM/�`v /�i� g QM ∂Ω1 ∩ ∂Ω �M/ #QmM/�`v /�i�
7`QK u02 QM ∂Ω1 ∩ Ω2X AM i?2 M2ti Bi2`�iBQM- i?2 M2r bQHmiBQM u12 QM Ω2 Bb +QMbi`m+i2/
mbBM; i?2 ;HQ#�H #QmM/�`v /�i� g QM ∂Ω2 ∩ ∂Ω �M/ #QmM/�`v /�i� 7`QK i?2 T`2pBQmb
Bi2`�i2 u11 QM ∂Ω2 ∩ Ω1- �M/ bQ QMX lbBM; i?2 7�+i i?�i 2�+? QM2 Q7 i?2 HQ+�H T`Q#H2Kb
BM 1[m�iBQM UeXNV r�b TQb2/ QM � bBKTH2 /QK�BM 7Q` r?B+? 2tBbi2M+2 i?2Q`v r�b �H`2�/v
2bi�#HBb?2/ �M/ i?2 r2HH@FMQrM K�tBKmK T`BM+BTH2 r�b �p�BH�#H2- a+?r�`x r�b �#H2 iQ
�`;m2 UMQi +QKTH2i2Hv `B;Q`QmbHv ?Qr2p2`V i?�i i?2 irQ b2[m2M+2b Q7 7mM+iBQMb {un1}n∈N
�M/ {un2}n∈N rQmH/ +QMp2`;2- BM i?2 HBKBi- iQ i?2 `2bi`B+iBQM QM Ω1 �M/ Ω2 `2bT2+iBp2Hv-
Q7 i?2 bQHmiBQM u ∈ C2(Ω) ∩ C0(Ω) Q7 i?2 ;HQ#�H T`Q#H2K UeX3VX

h?2 Bi2`�iBp2 T`Q+2/m`2 /2}M2/ i?`Qm;? 1[m�iBQM UeXNV Bb FMQrM �b i?2 �Hi2`M�iBM;
a+?r�`x K2i?Q/ U�aJV �M/ Bb i?2 }`bi- KQbi #�bB+ 2t�KTH2 Q7 � /QK�BM /2+QKTQbBiBQM
K2i?Q/X aBM+2 Bib BMi`Q/m+iBQM #v a+?r�`x- i?2 �aJ ?�b #22M i?2 bm#D2+i Q7 bim/B2b
#v MmK2`Qmb K�i?2K�iB+B�Mb �M/ i?Bb ?�b H2/ iQ i?2 /2p2HQTK2Mi Q7 � p�bi �M/ [mBi2
K�im`2 HBi2`�im`2 QM i?2 i?2Q`v �M/ BKTH2K2Mi�iBQM Q7 � p�`B2iv Q7 /Bz2`2Mi /QK�BM
/2+QKTQbBiBQM K2i?Q/b Ub22- 7Q` BMbi�M+2- i?2 2t+2HH2Mi i2ti#QQFb (89- Rd8- kyR)- i?2
KQMQ;`�T?b (k9- dk)- �M/ i?2 `272`2M+2b i?2`2BMVX � /2i�BH2/ /Bb+mbbBQM Q7 i?2 KQ/2`M
bi�i2 Q7 /QK�BM /2+QKTQbBiBQM K2i?Q/b Bb #2vQM/ i?2 b+QT2 Qm` rQ`F #mi r2 rBb? iQ
K2MiBQM � 72r BKTQ`i�Mi /2p2HQTK2Mib,

Ç 6B`bi- a+?r�`x /QK�BM /2+QKTQbBiBQM K2i?Q/b ?�p2 #22M 2ti2M/2/ iQ KQ`2 ;2M2`�H
T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX h?Bb BM+Hm/2b i?2 `2H�iBp2Hv bi`�B;?i7Q`r�`/ 2ti2MbBQM
iQ �Mv 2HHBTiB+ QT2`�iQ` L i?�i b�iBb}2b � K�tBKmK T`BM+BTH2 Ub22- 2X;X- (kyR)V- �b
r2HH 2ti2MbBQMb iQ iBK2@/2T2M/2Mi T`Q#H2Kb T`Q#H2Kb i?`Qm;? bQ@+�HH2/ a+?r�`x
r�p27Q`K `2H�t�iBQM Ub22- 2X;X- (d9)VX .QK�BM /2+QKTQbBiBQM K2i?Q/b ?�p2 �HbQ
#22M T`QTQb2/ 7Q` i?2 BM/2}MBi2 >2HK?QHix 2[m�iBQM Ub22- 2X;X- i?2 S?. i?2bBb Q7
.2bT`ûb (9N)V- �M/ rBHH #2 i?2 bm#D2+i Q7 7m`i?2` /Bb+mbbBQM BM a2+iBQM NX

Ç a2+QM/- /QK�BM /2+QKTQbBiBQM K2i?Q/b #�b2/ QM MQM@Qp2`H�TTBM; bm#/QK�BMb
?�p2 �HbQ #22M T`QTQb2/ �M/ �M�Hvb2/X AM/22/- GBQMb ?�/ �H`2�/v +QMbB/2`2/ i?2
+�b2 Q7 MQM@Qp2`H�TTBM; bm#/QK�BMb BM (Rj9) �M/ r�b �#H2 iQ b?Qr i?�i B7 QM2 `2@
TH�+2b i?2 .B`B+?H2i #QmM/�`v +QM/BiBQMb QM i?2 Qp2`H�T BMi2`7�+2 �b BM 1[m�iBQM
UeXNV- rBi? KQ`2 ;2M2`�H _Q#BM@ivT2 #QmM/�`v +QM/BiBQMb- i?2M i?2 `2bmHiBM; Bi2`@
�iBp2 T`Q+2/m`2 +�M #2 b?QrM iQ +QMp2`;2 mbBM; 2M2`;v 2biBK�i2bX h?Bb B/2�- BX2X-
iQ `2TH�+2 .B`B+?H2i BMi2`7�+2 +QM/BiBQMb rBi? bmBi�#H2 _Q#BM@ivT2 #QmM/�`v +QM@
/BiBQMb ?�b H2�/ iQ i?2 /2p2HQTK2Mi Q7 bQ@+�HH2/ QTiBKBb2/ a+?r�`x K2i?Q/b Ub22-
2X;X- (dR- dk- d8- de)VX

Rey



eX9 //*PaJP, � .QK�BM .2+QKTQbBiBQM ai`�i2;v 7Q` aQHpBM; *PaJP

Ç h?B`/- �Hi?Qm;? Qm` 2tTQbBiBQM BM i?Bb b2+iBQM r�b bi�i2/ BM i2`Kb Q7 +H�bbB+�H-
+QMiBMmQmb 7mM+iBQMb- �M �#bi`�+i >BH#2`i bT�+2 i?2Q`v 7Q` a+?r�`x /QK�BM /2+QK@
TQbBiBQM K2i?Q/b ?�b �HbQ #22M /2p2HQT2/X h?2 �aJ- BM T�`iB+mH�`- r�b i?2 bm#D2+i
Q7 � b2`B2b Q7 i?`22 T�T2`b #v SX GX GBQMb (Rjk- Rjj- Rj9) r?Q Q#i�BM2/ � 7�KQmb
T`QQ7 Q7 +QMp2`;2M+2 Q7 i?2 �aJ mbBM; p�`B�iBQM�H i2+?MB[m2b Ub22 �HbQ (jy)VX GBQMb-
BM �//BiBQM- T`QTQb2/ � T�`�HH2H p�`B�Mi Q7 i?2 �aJĜ FMQrM �b i?2 T�`�HH2H a+?r�`x
K2i?Q/ USaJVĜ r?B+? `2�/b- 7Q` i?2 +m``2Mi ;2QK2i`B+ b2iiBM; �b,

−∆un+1
1 (x) = 0 7Q` x ∈ Ω1, −∆un+1

2 (x) = 0 7Q` x ∈ Ω2,

un+1
1 (x) = g(x) 7Q` x ∈ ∂Ω1 ∩ ∂Ω, un+1

2 (x) = g(x) 7Q` x ∈ ∂Ω2 ∩ ∂Ω1,

un+1
1 (x) = un2 (x) 7Q` x ∈ ∂Ω1 ∩ Ω2, un+1

2 (x) = un1 (x) 7Q` x ∈ ∂Ω2 ∩ Ω1.

UeXRyV

.2i�BHb QM Qi?2` �bT2+ib Q7 /QK�BM /2+QKTQbBiBQM K2i?Q/b BM+Hm/BM; T�`�HH2H BKTH2@
K2Mi�iBQM �M/ �//BiBQM�H +QKTmi�iBQM�H +QM+2`Mb +�M #2 7QmM/ BM i?2 i2ti#QQFb +Bi2/
�#Qp2X AM pB2r Q7 i?2 bm#D2+i Q7 S�`i AA Q7 i?Bb /Bbb2`i�iBQM ?Qr2p2`- r2 rBb? iQ ?B;?HB;?i
QM2 T�`iB+mH�` �bT2+i Q7 i?2 SaJ �M/ �aJ- M�K2Hv i?2 b+�HBM; Q7 i?2b2 K2i?Q/b rBi?
`2bT2+i iQ i?2 MmK#2` Q7 bm#/QK�BMb BM i?2 /QK�BM /2+QKTQbBiBQMX hQ i?Bb 2M/- H2i mb
}`bi bi�i2 � /2}MBiBQM /m2 iQ hQb2HHB �M/ qB/HmM/X

.2}MBiBQM eXR U(kyR- .2}MBiBQM RXj)VX G2i n ∈ N �M/ H2i Ω ⊂ Rn #2 � }t2/ QT2M �M/
#QmM/2/ b2iX � /QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` i?2 bQHmiBQM Q7 � T�`iB�H /Bz2`2MiB�H
2[m�iBQM TQb2/ QM Ω Bb b�B/ iQ #2 b+�H�#H2- B7 Bib `�i2 Q7 +QMp2`;2M+2- BX2X- i?2 MmK#2` Q7
Bi2`�iBQMb `2[mB`2/ iQ Q#i�BM �M �TT`QtBK�i2 bQHmiBQM rBi? � +2`i�BM `2bB/m�H- /Q2b MQi
/2i2`BQ`�i2 r?2M i?2 MmK#2` Q7 bm#/QK�BMb ;`QrbX

hQb2HHB �M/ qB/HmM/ (kyR- *?�Ti2` RXj) TQBMi Qmi i?2 r2HH@2bi�#HBb?2/ 7�+i i?�i- BM
i?2 �#b2M+2 Q7 T`2+QM/BiBQM2`b- +H�bbB+�H a+?r�`x K2i?Q/b BM+Hm/BM; i?2 �aJ �M/ SaJ
�`2 MQi b+�H�#H2 BM i?2 b2Mb2 Q7 .2}MBiBQM eXR Ub22 �HbQ i?2 /Bb+mbbBQM BM (k8)VX LQiB+2
?Qr2p2`- i?�i i?Bb MQiBQM Q7 b+�H�#BHBiv Bb HBKBi2/ iQ }t2/ /QK�BMb ΩX h?2 b+�H�#BHBiv
T`QT2`iB2b Q7 i?2 SaJ r?2M i?2 +QKTmi�iBQM�H /QK�BM Ω Bb MQi }t2/- BX2X- r?2M #Qi?
i?2 ;HQ#�H /QK�BM �M/ i?2 MmK#2` Q7 bm#/QK�BMb BM i?2 /2+QKTQbBiBQM �`2 BM+`2�bBM;-
rBHH #2 i?2 F2v bm#D2+i Q7 Qm` �M�HvbBb BM *?�Ti2` 3X 6B`bi ?Qr2p2`- r2 rBHH `2im`M iQ i?2
b2iiBM; Q7 BKTHB+Bi bQHp�iBQM KQ/2Hb �M/ /Bb+mbb ?Qr i?2 SaJ +�M #2 mb2/ iQ 2{+B2MiHv
Q#i�BM � bQHmiBQM iQ i?2 *PaJP 2[m�iBQM UeXeV QM � KQH2+mH�` +�pBivX

eX9 //*PaJP, � .QK�BM .2+QKTQbBiBQM ai`�i2;v 7Q`
aQHpBM; *PaJP

G2i mb MQr �bbmK2 i?2 b2iiBM; Q7 a2+iBQM eXkX hQ bBKTHB7v i?2 bm#b2[m2Mi 2tTQbBiBQM- r2
�bbmK2 i?�i i?2 #QmM/2/ QT2M b2i Ω− ⊂ R3- r?B+? Bb K2�Mi iQ `2T`2b2Mi � p�M /2` q��Hb
KQH2+mH�` +�pBiv- Bb +QKTQb2/ Q7 T`2+Bb2Hv irQ BMi2`b2+iBM; bT?2`B+�H �iQKB+ +�pBiB2b- BX2X-
i?2`2 2tBbi irQ QT2M #�HHb Ω1,Ω2 Q7 `�/BB r1, r2 > 0 �M/ +2Mi`2b x1,x2 ∈ R3 `2bT2+iBp2Hv

ReR
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bm+? i?�i Ω− := Ω1 ∪Ω2X q2 7m`i?2` �bbmK2 i?�i i?2 KQH2+mH�` +�pBiv +�``B2b � bKQQi?
+?�`;2 /Bbi`B#miBQM ρ ∈ C∞

0 (Ω−)X h?2 *PaJP 2[m�iBQM i?2M `2�/b, 6BM/ �M �TT�`2Mi
bm`7�+2 +?�`;2 σ̃ ∈ C∞(∂Ω) bm+? i?�i

Vσ̃(x) = −Φ(x) 7Q` �HH x ∈ ∂Ω, UeXRRV

r?2`2 Φ := Nρ ∈ C∞(R3) Bb i?2 L2riQM TQi2MiB�H U�HbQ FMQrM BM i?Bb +QMi2ti �b i?2
*QmHQK# TQi2MiB�HV ;2M2`�i2/ #v ρ �b /2}M2/ i?`Qm;? .2}MBiBQM RXR3X

h?2 F2v BMbB;?i- r?B+? �HHQrb 7Q` � p2`v 2{+B2Mi �TTHB+�iBQM Q7 i?2 T�`�HH2H a+?r�`x
K2i?Q/ Bb iQ `2�HBb2 i?�i 1[m�iBQM UeXRRV +�M #2 `27Q`KmH�i2/ �b � +H�bbB+�H #QmM/�`v
p�Hm2 T`Q#H2K QM i?2 #QmM/2/ b2i Ω− BMpQHpBM; i?2 G�TH�+2 2[m�iBQM �M/ T`2b+`B#2/
.B`B+?H2i #QmM/�`v +QM/BiBQMbX AM/22/- r2 +QMbB/2` i?2 7QHHQrBM; "oS, 6BM/ � 7mM+iBQM
W ∈ C∞(Ω) bm+? i?�i

−∆W(x) = 0 7Q` �HH x ∈ Ω−,

W(x) = −Φ(x) 7Q` �HH x ∈ ∂Ω.
UeXRkV

� bi`�B;?i7Q`r�`/ +�H+mH�iBQM i?2M b?Qrb i?�i W Bb T`2+Bb2Hv i?2 2H2+i`Qbi�iB+ TQi2M@
iB�H ;2M2`�i2/ #v i?2 �TT�`2Mi bm`7�+2 +?�`;2 σ̃- BX2X- W = Sσ̃|Ω− X AM Qi?2` rQ`/b- BM
+QMi`�bi iQ i?2 K2i?Q/QHQ;v �/QTi2/ BM S�`i A Q7 i?Bb /Bbb2`i�iBQM- r2 ?�p2 MQr +?Qb2M iQ
`2TH�+2 � #QmM/�`v BMi2;`�H 2[m�iBQM rBi? � T�`iB�H /Bz2`2MiB�H 2[m�iBQMX *`m+B�HHv ?Qr@
2p2`- i?2 "oS UeXRkV Bb TQb2/ QM i?2 #QmM/2/ /QK�BM Ω− r?B+? K�F2b Bi Km+? bBKTH2`
iQ bQHp2 i?�M i?2 "A1 UeXRRVX AM/22/- bBM+2 Ω− = Ω1 ∪ Ω2- r2 +�M BKK2/B�i2Hv �TT2�H
iQ i?2 T�`�HH2H a+?r�`x K2i?Q/ /2b+`B#2/ #v 1[m�iBQM UeXRyV �M/ r`Bi2 i?2 7QHHQrBM;
Bi2`�iBp2 T`Q+2/m`2 7Q` bQHpBM; i?2 "oS UeXRkV,

.2MQiBM; Γint
1 := ∂Ω1∩Ω2 �M/ Γint

2 := ∂Ω2∩Ω1 �M/ bi�`iBM; rBi? bQK2 BMBiB�HBb�iBQM
(W 0

1 ,W
0
2 ) ∈ C2(Ω1) ∩ C0(Ω1) × C2(Ω2) ∩ C0(Ω2)- r2 /2}M2 irQ b2[m2M+2b Q7 7mM+iBQMb

{Wn
1 }n∈N ⊂ C2(Ω1) �M/ {Wn

2 }n∈N ⊂ C2(Ω2) bm+? i?�i

−∆Wn+1
1 (x) = 0 7Q` x ∈ Ω1, −∆Wn+1

2 (x) = 0 7Q` x ∈ Ω2,

Wn+1
1 (x) = −Φ(x) 7Q` x ∈ ∂Ω1 ∩ ∂Ω, Wn+1

2 (x) = −Φ(x) 7Q` x ∈ ∂Ω2 ∩ ∂Ω1,

Wn+1
1 (x) = Wn

2 (x) 7Q` x ∈ Γint
1 , Wn+1

2 (x) = Wn
1 (x) 7Q` x ∈ Γint

2 .

UeXRjV

h?2 �/p�Mi�;2 Q7 BMi`Q/m+BM; i?Bb /QK�BM /2+QKTQbBiBQM T`Q+2/m`2 Bb i?�i 2�+? HQ+�H
T`Q#H2K BM 1[m�iBQM UeXRjV +QMbBbib Q7 bQHpBM; i?2 G�TH�+2 2[m�iBQM QM �M QT2M #�HH rBi?
T`2b+`B#2/ .B`B+?H2i #QmM/�`v /�i�X Ai Bb r2HH FMQrM Ub22- 2X;X- (e3- *?�Ti2` kU>V) �b
r2HH �b T`BQ` +�H+mH�iBQMb BM a2+iBQM 8XkV i?�i bQHmiBQMb iQ i?2 G�TH�+2 2[m�iBQM QM QT2M
#�HHb +�M #2 r`Bii2M BM i2`Kb Q7 HBM2�` +QK#BM�iBQMb Q7 bT?2`B+�H ?�`KQMB+b 7mM+iBQMb
KmHiBTHB2/ rBi? `�/B�H KQMQKB�HbX �b � +QMb2[m2M+2- i?2 HQ+�H "oS QM Ωi, i ∈ {1, 2}
;Bp2M i?`Qm;? 1[m�iBQM UeXRjV +�M #2 �TT`QtBK�i2Hv bQHp2/ mbBM; � :�H2`FBM K2i?Q/
2KTHQvBM; � #�bBb Q7 i?2 7Q`K U+X7X- .2}MBiBQM kXRy BM a2+iBQM kXjV,

Rek



eX9 //*PaJP, � .QK�BM .2+QKTQbBiBQM ai`�i2;v 7Q` aQHpBM; *PaJP

6B;m`2 eX8, h?2 ;2QK2i`B+�H b2iiBM; 7Q` 1[m�iBQM UeXRjVX q2 Q#b2`p2 i?�i i?2 KQH2+mH�`
+�pBiv Ω− Bb +QKTQb2/ Q7 irQ BMi2`b2+iBM; �iQKB+ +�pBiB2b Ω1 �M/ Ω2X

Vℓmax(Ωi) :=
{
v : Ωi → R bm+? i?�i v(x) =

ℓmax∑

ℓ=0

m=+ℓ∑

m=−ℓ
[vi]

m
ℓ

(
|x− xi|

ri

)ℓ
Ym
ℓ

(
x− xi

|x− xi|

)

r?2`2 �HH [vi]mℓ ∈ R, ℓmax ∈ N
}
, UeXR9V

h?2 T�`�HH2H a+?r�`x K2i?Q/ /2}M2/ i?`Qm;? 1[m�iBQM UeXRjV r?B+? 2KTHQvb �M �TT`Qt@
BK�iBQM bT�+2 Q7 i?2 7Q`K UeXR9V �M/ Bb mb2/ iQ bQHp2 i?2 /Bz2`2MiB�H 7Q`K Q7 i?2 *PaJP
2[m�iBQMb Bb FMQrM �b //*PaJPX

h?2 //*PaJP �H;Q`Bi?K Bb i?2 bm#D2+i Q7 b2p2`�H �`iB+H2b BM i?2 HBi2`�im`2 BM+Hm/@
BM; /2i�BHb QM ?Qr iQ BKTH2K2Mi i?2 �H;Q`Bi?K BM i?2 +QMi2ti Q7 [m�MimK K2+?�MB+b Q`
KQH2+mH�` /vM�KB+b #�b2/ bBKmH�iBQMb Q7 bQHmi2 KQH2+mH2b Ub22- 2X;X- (kj- 3y- Rj8- Rjd)VX
LmK2`B+�H `2bmHib BM i?2b2 �`iB+H2b BM/B+�i2 i?�i i?2 +m``2Mi BKTH2K2Mi�iBQM Q7 //*PaJP
Bb M2�`Hv irQ Q`/2`b Q7 K�;MBim/2 7�bi2` i?�M bi�i2@Q7@i?2@�`i "1J +Q/2b i?mb 2bi�#HBb?@
BM; i?2 /QK�BM /2+QKTQbBiBQM T�`�/B;K �b � bB;MB}+�Mi �/p�M+2 BM i?2 bi�i2@Q7@i?2@�`i
7Q` bQHp�iBQM KQ/2HHBM;X aQK2 �//BiBQM�H �bT2+ib Q7 i?2 //*PaJP �H;Q`Bi?K �`2 /Bb@
+mbb2/ #2HQr,

�V 1ti2MbBQM iQ KmHiBTH2 bm#/QK�BMbX h?2 //*PaJP �H;Q`Bi?K /2}M2/
i?`Qm;? 1[m�iBQM UeXRjV +�M #2 2ti2M/2/ iQ KQH2+mH�` +�pBiB2b +QKTQb2/ Q7 KmHiB@
TH2 Qp2`H�TTBM; bT?2`B+�H �iQKB+ +�pBiB2bX h?Bb `2[mB`2b i?2 BMi`Q/m+iBQM Q7 bmBi�#H2
T�`iBiBQM Q7 mMBiv 7mM+iBQMb QM i?2 #QmM/�`v Q7 2�+? bm#/QK�BM �b /Bb+mbb2/ BM /2@
i�BH BM *?�Ti2` 3X

#V AKTH2K2Mi�iBQM Q7 //*PaJPX Ai Bb T2`iBM2Mi iQ K2MiBQM ?2`2 i?�i i?2 +m`@
`2Mi BKTH2K2Mi�iBQM Q7 //*PaJP /Q2b MQi �+im�HHv mb2 i?2 Bi2`�iBp2 T`Q+2/m`2

Rej
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/2}M2/ i?`Qm;? 1[m�iBQM UeXRjVX AMbi2�/- � HBM2�` bvbi2K Bb }`bi +QMbi`m+i2/ mbBM;
� +H�bbB+�H :�H2`FBM T`Q+2/m`2 rBi? HQ+�H �TT`QtBK�iBQM bT�+2b Q7 i?2 7Q`K UeXR9VX
h?2 bQHmiBQM iQ i?Bb HBM2�` bvbi2K Bb i?2M �TT`QtBK�i2/ mbBM; i?2 .AAa �H;Q`Bi?K
BMi`Q/m+2/ #v S2i2` SmH�v BM [m�MimK +QKTmi�iBQM�H +?2KBbi`v (ReN) Q`- �Hi2`M�@
iBp2Hv- mbBM; :J_1a (R3j)X 6`QK i?Bb T2`bT2+iBp2- i?2 T�`�HH2H a+?r�`x K2i?Q/
;Bp2M #v 1[m�iBQM UeXRjV +�M #2 pB2r2/ �b � #HQ+F@C�+Q#B �H;Q`Bi?K �TTHB2/ iQ i?2
mM/2`HvBM; HBM2�` bvbi2KX

+V o�`B�iBQM�H 7Q`KmH�iBQM �M/ MmK2`B+�H �M�HvbBbX h?2 //*PaJP �H;Q@
`Bi?K /2b+`B#2/ ?2`2 ?�b #22M bi�i2/ BM i2`Kb Q7 +H�bbB+�H- +QMiBMmQmb 7mM+iBQMb 7Q`
r?B+? � #�bB+ r2HH@TQb2/M2bb i?2Q`v UBM i?2 2t�+i +�b2- BX2X- rBi?Qmi BMi`Q/m+BM;
� /Bb+`2iBb�iBQMV Bb �p�BH�#H2 BM i?2 HBi2`�im`2 Ub22- 2X;X- GBQMb (Rjj)VX >Qr2p2`- BM
Q`/2` iQ Q#i�BM � KQ`2 +QKT`2?2MbBp2 r2HH@TQb2/M2bb i?2Q`v- Bi Bb /2bB`�#H2 iQ `2@
7`�K2 i?2 //*PaJP 2[m�iBQMb �b � p�`B�iBQM�H T`Q#H2K QM �#bi`�+i >BH#2`i bT�+2bX
am+? � r2�F 7Q`KmH�iBQM Bb Q#pBQmbHv M2+2bb�`v B7 QM2 rBb?2b iQ /2`Bp2 � T`BQ`B 2``Q`
2biBK�i2b 7Q` i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 //*PaJPX lM7Q`imM�i2Hv- �b Q7 i?2
r`BiBM; Q7 i?Bb /Bbb2`i�iBQM- MQ b�iBb7�+iQ`v p�`B�iBQM�H 7`�K2rQ`F 7Q` //*PaJP
?�b #22M T`QTQb2/ BM i?2 HBi2`�im`2 U7Q` i2+?MB+�H `2�bQMb- i?2 Bi2`�i2/ T`QD2+iBQM
7`�K2rQ`F Q7 GBQMb (Rjk) /Q2b MQi rQ`F BM i?Bb bBim�iBQMVX AM T�`iB+mH�`- i?2 r2HH@
TQb2/M2bb Q7 i?2 :�H2`FBM /Bb+`2iBb�iBQM Q7 i?2 //*PaJP 2[m�iBQMb Bb biBHH �M QT2M
T`Q#H2KX h?2 �mi?Q` Q7 i?Bb /Bbb2`i�iBQM ?�b Q#i�BM2/ bQK2 T�`iB�H- mMTm#HBb?2/
`2bmHib BM i?Bb /B`2+iBQM #mi i?2b2 �`2 7�` 7`QK b�iBb7�+iQ`vX

� [m2biBQM i?�i #2+QK2b p2`v `2H2p�Mi r?2M QM2 +QMbB/2`b i?2 +QMi2ti Q7 i?2 //@
*PaJP �H;Q`Bi?K- M�K2Hv- BKTHB+Bi bQHp�iBQM KQ/2HHBM;- Bb ?Qr i?2 +QMp2`;2M+2 `�i2
Q7 //*PaJP Bb �z2+i2/ #v i?2 ;2QK2i`v Q7 i?2 bQHmi2 KQH2+mH2X AM T�`iB+mH�`- ?Qr
/Q2b i?2 +QMp2`;2M+2 `�i2 Q7 //*PaJP #2?�p2 r?2M i?2 MmK#2` N Q7 bm#/QK�BMb-
BX2X- bT?2`B+�H �iQKB+ +�pBiB2b- +QKTQbBM; i?2 KQH2+mH�` +�pBiv BM+`2�b2b\ AM +QMi`�bi iQ
i?2 +QMb2Mbmb BM i?2 /QK�BM /2+QKTQbBiBQM +QKKmMBiv Ub22 i?2 b+�H�#BHBiv /Bb+mbbBQM BM
a2+iBQM eXjV- MmK2`B+�H `2bmHib BM (kj) BM/B+�i2/ i?�i i?2 +QMp2`;2M+2 `�i2 Q7 //*PaJP
7Q` K�Mv bQHmi2 KQH2+mH2b /B/ MQi /2i2`BQ`�i2 rBi? BM+`2�bBM; N X Ai Bb BKTQ`i�Mi iQ MQi2
i?�i BM i?Bb bBim�iBQM- i?2 ;HQ#�H /QK�BM Ω r?B+? /2b+`B#2b i?2 KQH2+mH�` +�pBiv Bb MQi
}t2/X AMbi2�/ #Qi? i?2 bBx2 Q7 Ω �b r2HH �b i?2 MmK#2` Q7 bm#/QK�BMb N Bb BM+`2�bBM;-
�M/ i?2 T`Q#H2K b2iiBM; Bb i?2`27Q`2 /Bz2`2Mi 7`QK i?2 QM2 ivTB+�HHv +QMbB/2`2/ #v i?2
/QK�BM /2+QKTQbBiBQM +QKKmMBiv �M/ mb2/ iQ /2}M2 i?2 +H�bbB+�H MQiBQM Q7 b+�H�#BHBiv
Ub22 .2}MBiBQM eXRVX

h?2 ;Q�H Q7 S�`i AA Q7 i?Bb /Bbb2`i�iBQM Bb iQ T`2b2Mi bQK2 `2bmHib QM i?2 +QMp2`;2M+2
#2?�pBQm` �M/ b+�H�#BHBiv T`QT2`iB2b Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ 7Q` /QK�BM /2+QK@
TQbBiBQM T`Q#H2Kb QM /QK�BMb +QKTQb2/ Q7 i?2 mMBQM Q7 K�Mv BMi2`b2+iBM; bT?2`B+�H
bm#/QK�BMbX AM Q`/2` iQ ?B;?HB;?i i?2 MQp2Hiv Q7 Qm` bm#b2[m2Mi rQ`F- r2 T`2b2Mi BM i?2
M2ti a2+iBQM eX8 � #`B27 Qp2`pB2r Q7 i?2 2tBbiBM; HBi2`�im`2 QM i?2 b+�H�#BHBiv Q7 a+?r�`x
K2i?Q/b �M/ /Bb+mbb ?Qr Qm` `2bmHib BKT`Qp2 i?2 2tBbiBM; bi�i2@Q7@i?2@�`iX
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eX8 1tBbiBM; GBi2`�im`2 QM i?2 a+�H�#BHBiv Q7 .QK�BM .2+QKTQbBiBQM
J2i?Q/b

eX8 1tBbiBM; GBi2`�im`2 QM i?2 a+�H�#BHBiv Q7 .QK�BM .2@
+QKTQbBiBQM J2i?Q/b

q2 #2;BM i?Bb b2+iBQM #v BMi`Q/m+BM; � MQiBQM 7`QK i?2 i?2Q`v Q7 T�`�HH2H +QKTmiBM; i?�i
Bb T�`iB+mH�`Hv `2H2p�Mi iQ /Bb+mbbBQMb Q7 b+�H�#BHBiv BM i?2 +QMi2ti Q7 //*PaJPX

.2}MBiBQM eXk Uq2�F b+�H�#BHBiv (ReR- *?�Ti2` jXe)VX � T�`�HH2H +QKTmiBM; �H;Q`Bi?K Bb
b�B/ iQ #2 r2�FHv b+�H�#H2 B7 Bi +�M bQHp2 T`Q;`2bbBp2Hv H�`;2` T`Q#H2Kb mbBM; �M BM+`2�bBM;
MmK#2` Q7 T`Q+2bbQ`b BM � }t2/ �KQmMi Q7 iBK2X

q2 BKK2/B�i2Hv Q#b2`p2 i?�i i?2 MQiBQM Q7 r2�F b+�H�#BHBiv +�M #2 `2�/BHv �/�Ti2/ iQ
i?2 7`�K2rQ`F Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/X AM/22/- bBM+2 a+?r�`x Bi2`�i2b QM /Bz2`2Mi
bm#/QK�BMb +�M #2 +QKTmi2/ BM T�`�HH2H- Bi Bb TQbbB#H2 iQ �bbB;M 2�+? HQ+�H T`Q#H2K iQ
� /Bz2`2Mi T`Q+2bbQ` �M/ i?2M /2i2`KBM2 i?2 MmK#2` Q7 Bi2`�iBQMb M2+2bb�`v iQ T`Q/m+2
�M �TT`QtBK�iBQM iQ i?2 ;HQ#�H bQHmiBQM rBi? � ;Bp2M 2``Q` iQH2`�M+2X AM i?Bb b2iiBM;-
bm{+B2Mi +QM/BiBQMb 7Q` r2�F b+�H�#BHBiv Q7 i?2 SaJ rQmH/ #2

URV h?2 +Qbi Q7 bQHpBM; QM2 HQ+�H T`Q#H2K QM � ;Bp2M bm#/QK�BM Bb BM/2T2M/2Mi Q7 i?2
MmK#2` Q7 bm#/QK�BMb N BM i?2 /QK�BM /2+QKTQbBiBQMX

UkV h?2 MmK#2` Q7 Bi2`�iBQMb BM i?2 SaJ T`Q+2/m`2 `2[mB`2/ iQ Q#i�BM � ;HQ#�H bQHmiBQM
rBi? � ;Bp2M 2``Q` iQH2`�M+2 Bb �HbQ BM/2T2M/2Mi Q7 i?2 MmK#2` Q7 bm#/QK�BMb N BM
i?2 /QK�BM /2+QKTQbBiBQMX

aBM+2 i?2 +Qbi Q7 bQHpBM; � HQ+�H T`Q#H2K /2T2M/b QM i?2 HQ+�H /2;`22b Q7 7`22/QK
QM i?2 bm#/QK�BM r?B+? +�M #2 2tTHB+BiHv +QMi`QHH2/- *QM/BiBQM URV Bb ivTB+�HHv K2i
7Q` /QK�BM /2+QKTQbBiBQM K2i?Q/bX *QMb2[m2MiHv- i?2 b+�H�#BHBiv �M�HvbBb Q7 a+?r�`x
K2i?Q/b KQbiHv 7Q+mb2b QM bim/vBM; i?2 p�HB/Biv Q7 *QM/BiBQM UkV �M/ i?Bb rBHH #2 i?2
;Q�H Q7 Qm` �M�HvbBb BM *?�Ti2` 3X Ai im`Mb Qmi i?�i i?2 p�HB/Biv Q7 *QM/BiBQM UkV Bb �
+QKTH2t [m2biBQM i?�i /2T2M/b bi`QM;Hv QM i?2 ;2QK2i`B+�H bi`m+im`2 Q7 i?2 KQH2+mH�`
+�pBivX

�b #`B2~v K2MiBQM2/ BM a2+iBQM eX9- BM +QMi`�bi iQ +H�bbB+�H a+?r�`x i?2Q`v- i?2 �m@
i?Q`b BM (kj) Q#b2`p2/ MmK2`B+�HHv i?�i i?2 //*PaJP �H;Q`Bi?K- BX2X- i?2 SaJ �TTHB2/
iQ /QK�BMb i?�i `2T`2b2Mi KQH2+mH�` +�pBiB2b- +QMp2`;2b iQ � ;Bp2M iQH2`�M+2 rBi?BM i?2
b�K2 MmK#2` Q7 Bi2`�iBQMb BM/2T2M/2MiHv Q7 i?2 MmK#2` N Q7 bm#/QK�BMbX h?Bb #2@
?�pBQm` r�b Q#b2`p2/ B7 }t2/@bBx2/ bm#/QK�BMb 7Q`K2/ � ǳ+?�BM@HBF2Ǵ /QK�BM bm+? i?�i
i?2 BMi2`b2+iBQM Q7 i?2 #QmM/�`v Q7 2�+? bm#/QK�BM rBi? i?2 #QmM/�`v Q7 i?2 ;HQ#�H /Q@
K�BM r�b MQM@2KTivX h?Bb BMi`B;mBM; MmK2`B+�H #2?�pBQm` r�b MQiB+2/ rBi? BMi2`2bi #v
i?2 /QK�BM /2+QKTQbBiBQM +QKKmMBiv- �M/ BM � b2`B2b Q7 �`iB+H2b (k3- kN- jy)- *B�`�K2HH�
�M/ :�M/2` r2`2 �#H2 iQ `B;Q`QmbHv T`Qp2 r2�F b+�H�#BHBiv Q7 i?2 SaJ 7Q` ǳ+?�BM@HBF2Ǵ
/QK�BMb Q7 i?2 7Q`K /BbTH�v2/ BM 6B;m`2 eXeX h?Bb `2bmHi r�b bm#b2[m2MiHv 2ti2M/2/ BM
(k8) iQ Qi?2` QM2@H2p2H /QK�BM /2+QKTQbBiBQM K2i?Q/bX Ai Bb +`m+B�H iQ MQi2 ?Qr2p2`-
i?�i �HH i?2b2 `2bmHib �`2 p�HB/ QMHv 7Q` +?�BM@HBF2 ;2QK2i`B2b r?2`2 �i KQbi- QMHv irQ
bm#/QK�BMb +�M ?�p2 � +QKKQM Qp2`H�TX
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eX ALh_P.l*hAPL

Chain-like 
Domain !

Globular-type 
Domain !

6B;m`2 eXe, �M 2t�KTH2b Q7 � ivTB+�H ǳ+?�BM@HBF2Ǵ /QK�BM UH27iV �M/ � ǳ;HQ#mH�`Ǵ /QK�BM
U`B;?iVX h?2 /BbFb `2T`2b2Mi BM/BpB/m�H bm#/QK�BMbX

PM i?2 Qi?2` ?�M/- Bi r�b �HbQ Q#b2`p2/ MmK2`B+�HHv #v i?2 �mi?Q`b Q7 (kj) i?�i i?2
r2�F b+�H�#BHBiv Q7 i?2 SaJ r�b HQbi B7 i?2 }t2/@bBx2/ bm#/QK�BMb 7Q`K2/ � ǵ;HQ#mH�`@
ivT2Ƕ /QK�BM Ω bm+? i?�i i?2 #QmM/�`B2b Q7 K�Mv bm#/QK�BMb H�v BM i?2 BMi2`BQ` Q7 ΩX
h?2 7QHHQrBM; [m2biBQM i?2`27Q`2 �`Bb2b, Bb Bi TQbbB#H2 iQ [m�MiB7v i?2 H�+F Q7 b+�H�#BHBiv Q7
i?2 SaJ 7Q` +�b2b r?2`2 b2p2`�H BM/BpB/m�H bm#/QK�BMb �`2 2MiB`2Hv 2K#2//2/ BMbB/2 i?2
;HQ#�H /QK�BM\ � ivTB+�H 2t�KTH2 Bb iQ +QMbB/2`- 7Q` BMbi�M+2- i?2 SaJ 7Q` i?2 bQHmiBQM
Q7 � QM2@/BK2MbBQM�H G�TH�+2 T`Q#H2K �M/ BM (k8)- � ?2m`BbiB+ �`;mK2Mi Bb mb2/ iQ 2tTH�BM
r?v 7Q` �M mM7Q`imM�i2 BMBiB�HBx�iBQM- � +QMi`�+iBQM BM i?2 BM}MBiv MQ`K Q7 i?2 a+?r�`x
Bi2`�i2b Bb Q#b2`p2/ QMHv �7i2` � MmK#2` Q7 Bi2`�iBQMb T`QTQ`iBQM�H iQ i?2 MmK#2` Q7 N
Q7 bm#/QK�BMbX >Qr2p2`- � `B;Q`Qmb T`QQ7 Bb Q7 i?Bb BMimBiBp2 Q#b2`p�iBQM Bb H�+FBM; BM
i?2 HBi2`�im`2X L�im`�HHv- i?2 T`Q#H2K #2+QK2b 2ti`2K2Hv i2+?MB+�H B7 QM2 +QMbB/2`b �
i?`22@/BK2MbBQM�H ;2QK2i`v BMpQHpBM; bBim�iBQMb r?2`2 i?2 bBKmHi�M2Qmb BMi2`b2+iBQM Q7
KQ`2 i?�M irQ bm#/QK�BMb Bb TQbbB#H2X h?Bb Bb MQi iQ b�v i?�i i?Bb T`Q#H2K ?�b MQi
#22M +QMbB/2`2/ �i �HH BM i?2 HBi2`�im`2X AM/22/- bQK2 2H2;�Mi `2bmHib BM i?Bb /B`2+iBQM
+�M #2 7QmM/ BM i?2 �`iB+H2b (d9) �M/ (R9j)X lM7Q`imM�i2Hv- i?2b2 2tBbiBM; `2bmHib �`2 MQi
�TTHB+�#H2 7Q` i?2 ;2QK2i`B+ bBim�iBQMb r2 �`2 BMi2`2bi2/ BMX

AM i?2 �`iB+H2 (d9)- i?2 �mi?Q`b T`Qp2 i?�i i?2 a+?r�`x r�p27Q`K@`2H�t�iBQM K2i?Q/
�TTHB2/ iQ i?2 ?2�i 2[m�iBQM +QMi`�+ib �i KQbi 2p2`v m+2 Bi2`�iBQMb- m #2BM; �M BMi2;2`
`2T`2b2MiBM; i?2 K�tBKmK /Bbi�M+2 Q7 i?2 bm#/QK�BMb 7`QK i?2 #QmM/�`v Q7 i?2 ;HQ#�H
/QK�BMX >Qr2p2`- i?2 Qp2`H�TTBM; bm#/QK�BMb +QMbB/2`2/ BM i?Bb rQ`F �`2 +QMbi`m+i2/
#v ǵ�`iB}+B�HHvǶ 2MH�`;BM; i?2 ;Bp2M MQM@Qp2`H�TTBM; bm#/QK�BMbX h?Bb +QMbi`m+iBQM �HHQrb
i?2 �mi?Q`b iQ �pQB/ i?2 +�b2 i?�i GBQMb `272`b iQ �b ǳr2�FHv Qp2`H�TTBM;Ǵ BM (Rjj) �M/
mb2 i?2 bi`m+im`2 Q7 i?2 �`iB}+B�HHv +QMbi`m+i2/ Qp2`H�TTBM; /QK�BM /2+QKTQbBiBQM iQ
T`2b2Mi � +QMp2`;2M+2 �M�HvbBb i?�i Bb #�b2/ QM i?2 +QMbi`m+iBQM Q7 � b2[m2M+2 Q7 2HHBTiB+
mTT2` #QmM/bX PM i?2 Qi?2` ?�M/- i?2 SaJ r2 +QMbB/2` ?2`2 Bb �Hr�vb �TTHB2/ iQ
KQH2+mH�` +�pBiB2b r?2`2 i?2 bm#/QK�BMb �`2 T`2@/2i2`KBM2/ #v i?2 �iQKB+ bi`m+im`2 Q7
i?2 bQHmi2 KQH2+mH2 �M/ +H2�`Hv r2�FHv Qp2`H�TTBM;X *QMb2[m2MiHv- i?2 T`QQ7 ;Bp2M BM (d9)
7�BHb 7Q` i?2 ;2QK2i`B+ b2iiBM;b +QMbB/2`2/ BM Qm` rQ`FX Ai b?QmH/ �HbQ #2 `2K�`F2/ i?�i
i?2 +QMp2`;2M+2 �M�HvbBb r2 rBHH bm#b2[m2MiHv T`2b2Mi Bb #�b2/ QM � /B`2+i bim/v Q7 i?2
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eX8 1tBbiBM; GBi2`�im`2 QM i?2 a+�H�#BHBiv Q7 .QK�BM .2+QKTQbBiBQM
J2i?Q/b

SaJ Bi2`�iBQM QT2`�iQ` r?B+? �HHQrb mb iQ B/2MiB7v i?2 ǵrQ`bi BMBiB�HBx�iBQMǶ �M/ +�`27mHHv
i`�+F i?2 T`QT�;�iBQM Q7 i?2 +QMi`�+iBQM �+`Qbb /Bz2`2Mi bm#/QK�BMb +QKT`BbBM; Ω BM i?2
+Qm`b2 Q7 i?2 Bi2`�iBQMbX h?Bb Bb [m�HBi�iBp2Hv p2`v /Bz2`2Mi 7`QK i?2 bim/v Q7 i?2 a+?r�`x
b2[m2M+2 i?�i Bb +�``B2/ Qmi BM (d9)X

�MQi?2` BMi2`2biBM; +QMp2`;2M+2 �M�HvbBb Q7 +H�bbB+�H a+?r�`x K2i?Q/b 7Q` b2p2`�H
BMi2`b2+iBM; bm#/QK�BMb Bb T`2b2Mi2/ BM i?2 �`iB+H2 (R9j)X h?Bb rQ`F /2�Hb rBi? bi�iBQM@
�`v �/p2+iBQM@`2�+iBQM@/BzmbBQM T`Q#H2Kb �M/ �HHQrb QM2 iQ Q#i�BM TQr2`7mH b+�H�#BHBiv
`2bmHibX AM 7�+i- i?2 �mi?Q`Ƕb �M�HvbBb- r?B+? Bb #�b2/ QM i?2 K�tBKmK T`BM+BTH2 �M/ bQ@
+�HH2/ #�``B2` 7mM+iBQMb- 2p2M vB2H/b 2biBK�i2b Q7 i?2 +QMi`�+iBQM 7�+iQ`X lM7Q`imM�i2Hv-
i?Bb �M�HvbBb 7�BHb BM i?2 +�b2 Q7 i?2 G�TH�+2 2[m�iBQM /m2 iQ i?2 H�+F Q7 �/p2+iBQM Q`
`2�+iBQM i2`Kb- �M/ Bb �HbQ MQi p�HB/ 7Q` /QK�BM /2+QKTQbBiBQM T`Q#H2Kb BM r?B+? i?2
#QmM/�`B2b Q7 K�Mv bm#/QK�BMb HB2 BM i?2 BMi2`BQ` Q7 i?2 ;HQ#�H /QK�BMX

E22TBM; BM KBM/ i?2 �#Qp2 /B{+mHiB2b �M/ H�+F Q7 2�bBHv 2ti2M/�#H2 `2bmHib BM i?2
HBi2`�im`2- Qm` bQHmiBQM iQ i�+FHBM; i?2 /�mMiBM; i�bF Q7 �M�HvbBM; i?2 b+�H�#BHBiv Q7 i?2
SaJ QM KQH2+mH�` +�pBiB2b Bb iQ T`Q+22/ BM � bi2T@#v@bi2T K�MM2`,

Ç q2 }`bi +QMbB/2` i?2 SaJ 7Q` i?2 bQHmiBQM Q7 � R. G�TH�+2 T`Q#H2K �M/ /2p2HQT �
bvbi2K�iB+ 7`�K2rQ`F 7Q` i?Bb bBKTH2 ǵiQvǶ T`Q#H2KX h?Bb }`bi bi2T Bb i?2 bm#D2+i Q7
*?�Ti2` d r?2`2 r2 /2p2HQT � #�bB+ bi`m+im`2 7Q` bim/vBM; i?2 H�+F Q7 b+�H�#BHBiv
Q7 i?2 SaJ mbBM; i?2 7QHHQrBM; F2v 2H2K2Mib, (i) i?2 B/2MiB}+�iBQM Q7 �M �/2[m�i2
MQ`K 7Q` bim/vBM; i?2 T`QT2`iB2b Q7 i?2 a+?r�`x QT2`�iQ`c (ii) i?2 K�tBKmK T`BM+B@
TH2c �M/ (iii) i?2 B/2� Q7 i`�+FBM; i?2 T`QT�;�iBQM Q7 i?2 +QMi`�+iBQM BM i?2 BM}MBiv
MQ`K iQr�`/b i?2 BMi2`BQ` Q7 i?2 ;HQ#�H /QK�BM ΩX AMi2`2biBM;Hv- i?2 �M�HvbBb im`Mb
Qmi iQ #2 MQM@i`BpB�H 2p2M BM � bBKTH2 QM2@/BK2MbBQM�H b2iiBM;X h?2 +QMi2Mi Q7 i?Bb
+?�Ti2` Bb #�b2/ QM i?2 T`Q+22/BM;b �`iB+H2 (jk)X

Ç am#b2[m2MiHv- BM *?�Ti2` 3- r2 �M�Hvb2 i?2 +QMp2`;2M+2 #2?�pBQm` �M/ b+�H�#BHBiv
T`QT2`iB2b Q7 i?2 SaJ 7Q` ?B;?2` /BK2MbBQM�H /QK�BM /2+QKTQbBiBQM T`Q#H2Kb BM
r?B+? K�Mv bm#/QK�BMb K�v #2 +QKTH2i2Hv 2K#2//2/ BM i?2 BMi2`BQ` Q7 i?2 ;HQ#�H
/QK�BM �M/ �M �`#Bi`�`v MmK#2` Q7 bm#/QK�BMb K�v ?�p2 � +QKKQM Qp2`H�TX 1t@
i2M/BM; i?2 B/2�b Q7 *?�Ti2` d- r2 /2p2HQT � bvbi2K�iB+ 7`�K2rQ`F i?�i �HHQrb mb
iQ #QmM/ i?2 MQ`K Q7 i?2 a+?r�`x Bi2`�iBQM QT2`�iQ` 7Q` bm+? ;2QK2i`B+�H +QM};m@
`�iBQMbX q2 T`QpB/2 MmK2`B+�H 2tT2`BK2Mib i?�i bmTTQ`i Qm` K�BM `2bmHib- �M/ r2
+QMbB/2` +QM+`2i2 #BQHQ;B+�H KQH2+mH2b i?�i ?�p2 #22M bim/B2/ BM bQHp�iBQM KQ/2Hb
BM +QKTmi�iBQM�H +?2KBbi`v �M/ mM/2`bi�M/ i?2 +QMb2[m2M+2b Q7 Qm` �M�HvbBb �b Bi
T2`i�BMb iQ i?2b2 +QKTH2t #BQ@KQH2+mH2bX h?2 +QMi2Mi Q7 i?Bb +?�Ti2` Bb #�b2/ QM
i?2 �`iB+H2 (jj)X

Red
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h?2 a+�H�#BHBiv Q7 i?2 a+?r�`x
J2i?Q/ BM PM2 .BK2MbBQM

dXR a2iiBM; �M/ J�BM _2bmHib

AM i?Bb b?Q`i +?�Ti2`- r2 rBHH bim/v i?2 b+�H�#BHBiv Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ USaJV
7Q` i?2 bQHmiBQM Q7 i?2 G�TH�+2 2[m�iBQM BM QM2 bT�iB�H /BK2MbBQMX Pm` ;Q�H Bb iQ B/2MiB7v
i?2 F2v BM;`2/B2Mib BM � ;2M2`�H 7`�K2rQ`F 7Q` i?2 b+�H�#BHBiv �M�HvbBb Q7 i?2 SaJ i?�i
+�M #2 bvbi2K�iB+�HHv 2ti2M/2/ iQ KQ`2 `2�HBbiB+ T`Q#H2Kb BMpQHpBM; +QKTHB+�i2/ /QK�BM
/2+QKTQbBiBQMb BM ?B;?2` /BK2MbBQMbX h?2 R. G�TH�+2 T`Q#H2K Bb 2bb2MiB�HHv � ǵiQvǶ
KQ/2H bQ r2 2KT?�bBb2 i?�i KQbi U#mi MQi �HHV Q7 i?2 `2bmHib r2 T`Qp2 ?2`2 �`2 2Bi?2`
FMQrM Q` BMimBiBp2Hv +H2�`X h?2 i`m2 +QMi`B#miBQM Q7 i?Bb +?�Ti2` rBHH #2 i?2 M2r �M�HvbBb
i2+?MB[m2 i?�i r2 BMi`Q/m+2 r?B+?- �b r2 b?�HH b22- rBHH H2�/ iQ � b?�`T2` /2b+`BTiBQM Q7 i?2
+QMi`�+iBQM #2?�pBQm` Q7 i?2 R. T`Q#H2K r?BH2 bBKmHi�M2QmbHv bm;;2biBM; � `Q�/K�T 7Q`
2ti2MbBQMb iQ KQ`2 ;2M2`�H T`Q#H2Kb BM ?B;?2` /BK2MbBQMbX q2 `2K�`F i?�i �Hi?Qm;? Qm`
K�BM 7Q+mb BM i?Bb /Bbb2`i�iBQM Bb QM i?2 G�TH�+2 2[m�iBQM /m2 iQ Bib mb2 BM i?2 *PaJP
BKTHB+Bi KQ/2H Ub22 a2+iBQM eX9V- bBKBH�` �M�Hvb2b +�M #2 +�``B2/ Qmi 7Q` i?2 `2�+iBQM@
/BzmbBQM 2[m�iBQMX LQi2 ?Qr2p2`- i?�i i?2 +QMi`�+iBQM #2?�pBQm` 7Q` � `2�+iBQM@/BzmbBQM
2[m�iBQM Bb +QKTH2i2Hv /Bz2`2Mi 7`QK i?�i Q7 i?2 G�TH�+2 2[m�iBQM- �M/ i?2`27Q`2 `2[mB`2b
/Bz2`2Mi �`;mK2Mib Ub22- 2X;X- (k8) �M/ (k3)VX

q2 }`bi bi�i2 Qm` K�BM `2bmHibX q2 +QMbB/2` i?2 G�TH�+2 2[m�iBQM BM QM2@/BK2MbBQMX
6Q` L > 0- r2 Kmbi }M/ � 7mM+iBQM e : [0, L] → R i?�i bQHp2b

(e)′′(x) = 0 ∀ x ∈ (0, L), e(0) = 0, e(L) = 0. UdXRV

*H2�`Hv UdXRV `2T`2b2Mib �M 2``Q` 2[m�iBQM r?Qb2 bQHmiBQM Bb i`BpB�HHv e = 0X AM Q`/2`
iQ �TTHv i?2 SaJ iQ bQHp2 UdXRV- r2 +QMbB/2` � /2+QKTQbBiBQM Ω = ∪N

j=1Ωj - r?2`2
Ωj := (aj , bj) rBi? a1 = 0- b1 = a1 + ℓ �M/ aj+1 = j(ℓ − δ)- bj+1 = aj+1 + ℓ 7Q`
j = 1, . . . , N − 1X >2`2- ℓ > 0 Bb i?2 H2M;i? Q7 2�+? bm#/QK�BM- δ > 0 i?2 Qp2`H�T- �M/ Bi
?QH/b i?�i L = Nℓ− (N − 1)δX

L2ti- H2i e0 : Ω → R #2 bQK2 BMBiB�HBx�iBQMX h?2 SaJ /2}M2b i?2 b2[m2M+2b {enj }n∈N

ReN
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#v bQHpBM; 7Q` 2�+? n ∈ N i?2 bm#@T`Q#H2Kb

(enj )
′′(x) = 0 ∀ x ∈ (aj , bj), enj (aj) = en−1

j−1 (aj), enj (bj) = en−1
j+1 (bj), UdXkV

7Q` 2�+? j = 2, . . . , N − 1 �M/

(en1 )
′′(x) = 0 ∀ x ∈ (a1, b1), en1 (a1) = 0, en1 (b1) = en−1

2 (b1),

(enN )′′(x) = 0 ∀ x ∈ (aN , bN ), enN (aN ) = en−1
N−1(aN ), enN (bN ) = 0.

aQHpBM; UdXRV �M/ UdXkV �M/ /2}MBM; 7Q` 2�+? n ∈ N i?2 p2+iQ` en ∈ R2N �b

en :=
[
en1 (a1) en1 (a2) en2 (b1) en2 (a3) · · · enj (bj−1) enj (aj+1) · · · enN (bN−1) enN (bN )

]⊤
,

Bi Bb TQbbB#H2 iQ r`Bi2 i?2 SaJ Bi2`�iBQMb �b en+1 = TenX >2`2 T ∈ R2N×2N Bb � MQM@
M2;�iBp2 UTj,k ≥ 0V- MQM@bvKK2i`B+ #HQ+F i`B/B�;QM�H K�i`Bt,

T =

⎡

⎢⎢⎢⎢⎢⎣

0 T̃2 0 · · · 0 0 0
T1 0 T2 · · · 0 0 0
X X X X X X X X X X X X X X X X X X X X X
0 0 0 · · · T1 0 T2

0 0 0 · · · 0 T̃1 0

⎤

⎥⎥⎥⎥⎥⎦
,

rBi?

T1 =

[
0 1− δ

ℓ
0 δ

ℓ

]
, T̃1 =

[
0 1− δ

ℓ
0 0

]
,

T2 =

[
δ
ℓ 0

1− δ
ℓ 0

]
, T̃2 =

[
0 0

1− δ
ℓ 0

]
.

L2ti- r2 /2MQi2 #v ∥ · ∥ i?2 mbm�H BM}MBiv MQ`K QM i?2 `2H2p�Mi 7mM+iBQM bT�+2 �M/-
#v �M �#mb2 Q7 MQi�iBQM- �HbQ i?2 +Q``2bTQM/BM; BM/m+2/ K�i`Bt MQ`KX Pm` ;Q�H Bb iQ
�M�Hvb2 i?2 +QMp2`;2M+2 T`QT2`iB2b Q7 i?2 SaJ b2[m2M+2 {enj }n∈N rBi? `2bT2+i iQ ∥ · ∥-
r?B+? BMpQHp2b i?2 bim/v Q7 i?2 T`QT2`iB2b Q7 i?2 K�i`Bt T X

Pm` K�BM `2bmHib �`2 bmKK�`Bx2/ BM i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K dXRX G2i N ∈ N #2 i?2 MmK#2` Q7 bm#/QK�BMb BM Ω �M/ 1N ∈ R2N i?2 p2+iQ`
r?Qb2 2H2K2Mib �`2 �HH 2[m�H iQ 1X h?2M ∥Tn∥ = ∥Tn1N∥ ≤ 1 7Q` �Mv n ∈ N �M/
KQ`2Qp2`-

U�V ∥T ⌈N
2 ⌉∥ < 1 �M/ ?2M+2 ρ(T ) < 1- r?2`2 ρ(T ) Bb i?2 bT2+i`�H `�/Bmb Q7 T X

U#V ∥Tn+1∥ < ∥Tn∥ B7 N Bb 2p2M- �M/ ∥Tn+2∥ < ∥Tn∥ B7 N Bb Q//- 7Q` n ≥
⌈
N
2

⌉
X

h?2Q`2K dXR bi�i2b +H2�`Hv i?�i i?2 SaJ +QMp2`;2bX JQ`2Qp2`- Bi B/2MiB}2b 1N �b i?2
mMBi p2+iQ` i?�i K�tBKBb2b i?2 BM}MBiv QT2`�iQ` MQ`K Q7 i?2 Bi2`�iBQM K�i`B+2b Tn, n ∈ NX
h?Bb 7�+i Bb i?2M mb2/ iQ T`Qp2 h?2Q`2K dXR U#V, B7 BMBiB�HBx2/ rBi? 1N - �7i2` ⌈N2 ⌉ Bi2`�iBQMb

Rdy
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i?2 SaJ b2[m2M+2 +QMi`�+ib BM i?2 BM}MBiv MQ`K �i 2p2`v Bi2`�iBQM B7 N Bb 2p2M- Q` 2p2`v
b2+QM/ Bi2`�iBQM B7 N Bb Q//X �Hi?Qm;? T`Qp2M 7Q` � R@. T`Q#H2K- i?Bb `2bmHi Bb Km+?
b?�`T2` i?�M i?2 QM2 7QmM/ BM (d9)- r?B+? bi�i2b i?�i i?2 SaJ b2[m2M+2 +QMi`�+ib BM
i?2 BM}MBiv MQ`K �i KQbi 2p2`v

⌈
N
2

⌉
Bi2`�iBQMbX h?2 T`QQ7 Q7 h?2Q`2K dXR U#V `2[mB`2b

i?2 mb2 Q7 irQ BMi2`K2/B�i2- i2+?MB+�H G2KK�bX h?2b2 i2+?MB+�H `2bmHib rBHH +?�`�+i2`Bx2
T`2+Bb2Hv i?2 b?�T2 Q7 i?2 p2+iQ` en = Tn1N �i 2p2`v Bi2`�iBQM n �M/ rBHH b?Qr ?Qr
i?2 +QMi`�+iBQM BM i?2 BM}MBiv MQ`K T`QT�;�i2b 7`QK i?2 irQ 2M/@TQBMib Q7 ∂Ω iQr�`/b
bm#/QK�BMb i?�i HB2 BM i?2 KB//H2 Q7 ΩX

h?2 T`QQ7 Q7 h?2Q`2K dXR Bb i?2 bm#D2+i Q7 i?2 M2ti b2+iBQMX AM T�`iB+mH�`- BM a2+@
iBQM dXkXR r2 /2KQMbi`�i2 i?�i ∥Tn∥ = ∥Tn1N∥ �M/ T`Qp2 h?2Q`2K dXR U�V- �M/ BM
a2+iBQM dXkXk r2 T`Qp2 h?2Q`2K dXR U#VX LQiB+2 i?�i mbBM; h?2Q`2K dXR- QM2 +QmH/ �HbQ
2biBK�i2 i?2 bT2+i`�H `�/Bmb Q7 T �b

ρ(T ) ≤ ∥T ⌈N
2 ⌉∥1/⌈

N
2 ⌉ =

[
1−

( δ
L

)⌈N
2 ⌉]1/⌈N

2 ⌉
.

h?Bb 2biBK�i2 +�M #2 Q#i�BM2/ mbBM; � /B`2+i +�H+mH�iBQM BMpQHpBM; ;2QK2i`B+ �`;mK2MibX
aBM+2 i?Bb #QmM/ Bb 7�B`Hv +QMb2`p�iBp2 ?Qr2p2`- r2 /Q MQi T`QpB/2 � 7Q`K�H T`QQ7X

dXk S`QQ7b

dXkXR S`QQ7 Q7 h?2Q`2K dXR (a)

AM r?�i 7QHHQrb- r2 /2MQi2 P :=

[
0 1
1 0

]
X JQ`2Qp2`- B7 m ∈ N �M/ v,w ∈ Rm- i?2M

r2 mb2 i?2 MQi�iBQM v < w U`2bTX v > wV iQ K2�M i?�i vi < wi U`2bTX vi > wiV 7Q`
2�+? i ∈ {1, . . . ,m}X �//BiBQM�HHv- B7 m ∈ N �M/ u ∈ R2m- i?2M r2 rBHH 7`2[m2MiHv r`Bi2
u = (u1,u2, . . . ,um)- �M/ 7Q` 2�+? j ∈ {1, . . . , N} r2 rBHH /2MQi2 #v (uj)1 �M/ (uj)2 i?2
+QKTQM2Mib Q7 uj ∈ R2X

G2KK� dXkX 6Q` �HH n ∈ N Bi ?QH/b i?�i ∥Tn∥ = ∥Tn1N∥X

S`QQ7X G2i w = Tn1N X h?2M 7Q` 2�+? i ∈ {1, . . . , 2N} Bi ?QH/b i?�i wi =
∑2N

j=1(T
n)ij X

aBM+2 T Bb MQM@M2;�iBp2- Tn Bb �HbQ MQM@M2;�iBp2 7Q` �Mv n ∈ N �M/ Bi ?QH/b i?�i

∥Tn∥ = max
i=1,...,2N

2N∑

j=1

(Tn)ij = max
i=1,...,2N

∣∣∣∣∣∣

2N∑

j=1

(Tn)ij

∣∣∣∣∣∣
= max

i=1,...,2N
|wi| = ∥Tn1N∥.

L2ti- H2i a, b, c, d ∈ [0, 1) #2 `2�H MmK#2`b bm+? i?�i a < b ≤ c < dX .B`2+i +�H+mH�iBQMb
b?Qr i?�i i?2 K�i`B+2b T1 �M/ T2 b�iBb7v i?2 7QHHQrBM; `2H�iBQMb,

b11 < T1

[
a
b

]
+ T211 =

[
(1− δ

ℓ )b+
δ
ℓ

δ
ℓ b+ 1− δ

ℓ

]
< 11, UdXjV

RdR
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b11 ≤ T1

[
a
b

]
+ T2

[
c
d

]
=

[
(1− δ

ℓ )b+
δ
ℓ c

δ
ℓ b+ (1− δ

ℓ )c

]
≤ c11, UdX9V

T111 + T211 = 11, T1

[
a
b

]
+ T2

[
c
d

]
= P

(
T1

[
d
c

]
+ T2

[
b
a

])
, UdX8V

r?2`2 i?2 2[m�HBiv BM UdX9V ?QH/b B7 �M/ QMHv B7 b = cX

.2}MBiBQM dXjX G2i n ∈
{
1, . . . ,

⌈
N
2

⌉}
#2 � M�im`�H MmK#2`- r2 /2}M2 V n ⊂ R2N �b

V n :=

{
v := (v1, . . . ,vN ) :

{
vj < 11 B7 j ∈ {1, . . . , n} ∪ {N + 1− n, . . . , N}
vj = 11 Qi?2`rBb2

}
.

q2 MQr bi�i2 �M/ T`Qp2 i?2 K�BM `2bmHi i?�i rBHH H2�/ /B`2+iHv iQ h?2Q`2K dXR (a)X

G2KK� dX9X G2i n ∈
{
1, . . . ,

⌈
N
2

⌉}
#2 � M�im`�H MmK#2` �M/ H2i w = Tn1N X h?2M Bi

?QH/b i?�i Tn1N ∈ V n- �M/ 7Q` �HH j ∈ {1, . . . , N} Bi ?QH/b i?�i wj = P wN+1−jX

S`QQ7X q2 T`Q+22/ #v BM/m+iBQM QM i?2 Bi2`�iBQM BM/2t nX G2i n = 1 �M/ w = T1N X
h?2M #v /2}MBiBQM Q7 i?2 Bi2`�iBQM K�i`Bt T �M/ i?2 K�i`B+2b T̃1, T̃2 Bi ?QH/b i?�i

w1 = T̃211 =

[
0

1− δ
ℓ

]
< 11, wN = T̃111 =

[
1− δ

ℓ
0

]
< 11,

bQ i?�i w1 = P wN X 6m`i?2`KQ`2- #v UdX8V Bi ?QH/b i?�i wj = T111 + T211 = 11 7Q` �HH
j ∈ {2, . . . , N − 1}- �M/ i?mb wj = P wN+1−j X >2M+2- G2KK� dX9 ?QH/b 7Q` n = 1X

�bbmK2 MQr i?�i G2KK� dX9 ?QH/b 7Q` bQK2 n ∈
{
1, . . . ,

⌈
N
2

⌉
− 1
}

X q2 Kmbi b?Qr
i?�i G2KK� dX9 �HbQ ?QH/b 7Q` n + 1X G2i u = Tn1N �M/ H2i w = Tn+11N X q2
T`Q+22/ BM i?`22 T�`ibX 6B`bi- r2 T`Qp2 i?�i i?2 `2bmHi ?QH/b BM i?2 +�b2 n ≥ 2 7Q` BM/B+2b
j ∈ {1, . . . , n−1}- i?2M r2 T`Qp2 Bi 7Q` i?2 BM/2t j = n �M/ }M�HHv 7Q` i?2 BM/2t j = n+1X
LQi2 i?�i Bi Bb M2+2bb�`v iQ T`Q+22/ BM i?2b2 i?`22 bi2Tb bBM+2 BM 2�+? Q7 i?2b2 +�b2b wj

/2T2M/b QM uj−1 �M/ uj+1 r?B+? i�F2 /Bz2`2Mi p�Hm2b /2T2M/BM; QM i?2 BM/2t jX

RX n ≥ 2 �M/ j ∈ {1, . . . , n−1}, �bbmK2 }`bi i?�i j = 1X Ai 7QHHQrb 7`QK i?2 BM/m+iBQM
?vTQi?2bBb i?�i u2 = P uN−1 < 11X � /B`2+i +�H+mH�iBQM bBKBH�` iQ i?2 QM2 7Q` i?2
#�b2 +�b2 n = 1 `2p2�Hb i?�i w1 = P wN < 11X LQr �bbmK2 j ̸= 1X Ai 7QHHQrb
#v i?2 BM/m+iBQM ?vTQi?2bBb i?�i uj−1 = P uN+2−j - �M/ P uj+1 = uN−j - �M/
uj−1,uj+1 < 11X q2 i?2`27Q`2 Q#i�BM 7`QK UdX8V i?�i

wj=T1uj−1+T2uj+1=P(T1Puj+1+T2Puj−1)=P(T1uN−j+T2uN−j+2)=PwN−j+1<11.

kX j = n, h?2 BM/m+iBQM ?vTQi?2bBb BKTHB2b i?�i un−1 = P uN+2−n- un−1 < 11 �M/
un+1 = 11X >2M+2 UdX8V BKTHB2b i?�i

wn=T1un−1+T211=P (T111+T2Pun−1 )=P (T111+T2uN+2−n )=PwN+1−n<11 .

Rdk
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jX G2i j = n + 1, "v i?2 BM/m+iBQM ?vTQi?2bBb r2 ?�p2 i?�i un = P uN+1−n-
un+2 = P uN−1−n- un < 11 �M/ un+2 ≤ 11X lbBM; UdX9V �M/ UdX8V r2 ;2i

wn+1=T1un+T2un+2=P(T1Pun+2+T2Pun)=P(T1uN−1−n+T2uN+1−n)=PwN−n<11.

Ai `2K�BMb iQ b?Qr i?�i wk = 11 7Q` �HH k ∈ {n+2, . . . ,
⌈
N
2

⌉
}∪{

⌈
N
2

⌉
, . . . , N−1−n}X

h?2 BM/m+iBQM ?vTQi?2bBb vB2H/b i?�i u = Tn1N ∈ V nX >2M+2- uk = 11 7Q` �HH
k ∈ {n + 1, . . . ,

⌈
N
2

⌉
} ∪ {

⌈
N
2

⌉
, . . . , N − n}X h?2 `2bmHi MQr 7QHHQrb #v �TTHvBM;

1[m�iBQM UdX8VX

G2KK� dX9 BKTHB2b i?�i T ⌈
N
2 ⌉1N ∈ V ⌈N

2 ⌉ bQ i?�i ∥T ⌈
N
2 ⌉∥ = ∥T ⌈

N
2 ⌉1N∥ < 1- r?B+?

Bb T`2+Bb2Hv h?2Q`2K R (a)X

dXkXk S`QQ7 Q7 h?2Q`2K dXR (b)

q2 }`bi T`Qp2 �M BMi2`K2/B�i2 H2KK�X

G2KK� dX8X G2i n ∈
{
2, . . . ,

⌊
N
2

⌋
− 2
}

- H2i u = Tn1N �M/ w = TuX A7 7Q` �HH j ∈
{1, . . . , n} Bi ?QH/b i?�i

(uj)1 ≤ (uj)2, �M/ uj < uj+1, UdXeV

i?2M 7Q` �HH j ∈ {1, . . . , n+ 1} Bi ?QH/b i?�i

(wj)1 ≤ (wj)2, �M/ wj < wj+1. UdXdV

S`QQ7X q2 T`Qp2 i?2 `2bmHi #v BM/m+iBQM Qp2` i?2 bm#/QK�BM BM/2t jX h?2 /2}MBiBQM Q7
i?2 K�i`B+2b T̃1 �M/ T̃2 BKTHB2b i?�i 0 = (w1)1 ≤ (w1)2- �M/ 1[m�iBQM UdX9V vB2H/b i?�i

w1 =

[
0

(1− δ
L)(u2)1

]
<

[
(1− δ

L)(u1)2
(1− δ

L)(u3)1

]
≤
[
(1− δ

L)(u1)2 +
δ
L(u3)1

δ
L(u1)2 + (1− δ

L)(u3)1

]
= w2.

q2 MQr T`Q+22/ iQ i?2 BM/m+iBQM bi2TX �bbmK2 i?�i UdXdV ?QH/b 7Q` bQK2 j ∈
{1, . . . , n}X q2 }`bi b?Qr i?�i (wj+1)1 ≤ (wj+1)2X 1[m�iBQM UdX9V BKTHB2b i?�i Bi Bb
bm{+B2Mi iQ b?Qr i?�i uj ≤ uj+2X h?2`2 �`2 irQ +�b2b, j < n− 1 �M/ j ∈ {n− 1, n}X A7
j < n− 1- i?2M UdXeV vB2H/b i?2 `2[mB`2/ `2bmHiX A7 j ∈ {n− 1, n}- i?2M UdXeV �M/ i?2 7�+i
i?�i u ∈ V n ;Bp2b i?�i uj < uj+2 = 11X

L2ti- r2 b?Qr i?�i wj+1 < wj+2X 1[m�iBQM UdX9V BKTHB2b i?�i Bi Bb bm{+B2Mi iQ b?Qr
i?�i uj < uj+1 �M/ uj+2 ≤ uj+3X h?2`2 �`2 i?`22 +�b2b, j < n− 1- j = n− 1 �M/ j = nX
A7 j < n − 1 i?2M UdXeV vB2H/b i?2 `2[mB`2/ `2bmHiX A7 j = n − 1 i?2M UdXeV vB2H/b i?�i
uj < uj+1 �M/ i?2 7�+i i?�i u ∈ V n ;Bp2b i?�i uj+2 = uj+3 = 11X A7 j = n i?2M UdXeV
vB2H/b i?�i uj < uj+1 �M/ Bi `2K�BMb iQ b?Qr i?�i uj+2 ≤ uj+3X hQ i?Bb 2M/- r2 `2+�HH
i?�i n ≤

⌊
N
2

⌋
− 2X h?2`27Q`2- i?2`2 �`2 i?`22 bm#@+�b2b,

Rdj
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Ç n <
⌊
N
2

⌋
− 2 BM r?B+? +�b2 n+ 1 < j + 2, j + 3 ≤

⌊
N
2

⌋
c

Ç n =
⌊
N
2

⌋
− 2 �M/ N Bb 2p2M BM r?B+? +�b2 uj+2 = Puj+3c

Ç n =
⌊
N
2

⌋
− 2 �M/ N Bb Q// BM r?B+? +�b2 uj+3 = Puj+1X

AM �HH i?`22 bm#@+�b2b- r2 Q#i�BM i?�i uj+2 = uj+3 = 11X

Pm` M2ti H2KK� /2b+`B#2b i?2 ǵb?�T2Ƕ Q7 i?2 p2+iQ` Tn1N 7Q` M�im`�H MmK#2`b n <⌊
N
2

⌋
X

G2KK� dXeX G2i n ∈
{
1, . . . ,

⌊
N
2

⌋
− 1
}

#2 � M�im`�H MmK#2` �M/ H2i w = Tn1N X h?2M
7Q` �HH j ∈ {1, . . . , n} Bi ?QH/b i?�i

(wj)1 ≤ (wj)2, (wN+1−j)2 ≤ (wN+1−j)1, �M/ wj < wj+1, wN+1−j < wN−j .

S`QQ7X "v G2KK� dX9 Bi ?QH/b i?�i wj = P wN+1−j 7Q` 2�+? j ∈ {1, . . . , n} bQ Bi bm{+2b
iQ b?Qr i?�i 7Q` 2�+? n ∈

{
1, . . . ,

⌊
N
2

⌋
− 1
}

�M/ �HH j ∈ {1, . . . , n} Bi ?QH/b i?�i

(wj)1 ≤ (wj)2 �M/ wj < wj+1. UdX3V

q2 T`Qp2 i?2 `2bmHi #v BM/m+iBQM Qp2` i?2 Bi2`�iBQM MmK#2` nX G2i n = 1X h?2 /2}MBiBQM
Q7 i?2 K�i`Bt T̃2 �M/ UdX8V vB2H/ i?�i w1 =

[
0

1− δ
L

]
�M/ w2 = 11X h?mb- UdX3V ?QH/b

7Q` n = 1X L2ti- H2i n = 2 �M/ H2i u = T 1
N X h?2 /2}MBiBQM Q7 i?2 K�i`Bt T̃2 iQ;2i?2`

rBi? 1[m�iBQMb UdXjV �M/ UdX8V vB2H/b w1 =

[
0

1− δ
L

]
- w1 < w2 < 11 �M/ w3 = 11X h?mb-

UdX3V ?QH/b 7Q` n = 2X 6BM�HHv- �bbmK2 i?�i UdX3V ?QH/b 7Q` bQK2 n ∈ {2, . . . ,
⌊
N
2

⌋
− 2}X Ai

7QHHQrb 7`QK G2KK� dX8 i?�i UdX3V �HbQ ?QH/b 7Q` n+ 1X

L2ti- G2KK� dXd /2b+`B#2b i?2 ǵb?�T2Ƕ Q7 i?2 p2+iQ` Tn1N 7Q` M�im`�H MmK#2`b
n ≥

⌊
N
2

⌋
X hQ;2i?2`- G2KK�b dXe �M/ dXd 2bi�#HBb? i?�i i?2 p2+iQ` Tn1N Bb KQMQiQMB+�HHv

BM+`2�bBM; �b QM2 KQp2b 7`QK i?2 2M/@TQBMib Q7 Ω iQr�`/b Bib +2Mi`2X

G2KK� dXdX G2i n ≥
⌊
N
2

⌋
#2 � M�im`�H MmK#2`- �M/ H2i w = Tn1N X h?2M 7Q` �HH

j ∈ {1, . . . ,
⌊
N
2

⌋
− 1} Bi ?QH/b i?�i

(wj)1 ≤ (wj)2, (wN+1−j)2 ≤ (wN+1−j)1, �M/ wj < wj+1, wN+1−j < wN−j .

AM �//BiBQM- B7 N Bb �M Q// MmK#2`- i?2M w⌊N
2 ⌋ ≤ w⌈N

2 ⌉ �M/ w⌊N
2 ⌋+2 < w⌈N

2 ⌉X

S`QQ7X G2KK� dXd +�M #2 T`Qp2M BM � bBKBH�` K�MM2` iQ G2KK� dXe mbBM; � T`QQ7@#v@
BM/m+iBQM QM i?2 Bi2`�iBQM MmK#2` nX q2 QKBi Bi ?2`2 7Q` #`2pBivX

q2 �`2 MQr `2�/v iQ T`Qp2 Qm` b2+QM/ K�BM `2bmHiX

Rd9



dXk S`QQ7b

S`QQ7 Q7 h?2Q`2K dXR (b)X �bbmK2 i?�i N ∈ N Bb 2p2MX AM pB2r Q7 G2KK� dXk- r2 Kmbi
T`Qp2 i?�i ∥Tn+11N∥ < ∥Tn1N∥X G2i w = Tn+11N �M/ u = Tn1N X "v G2KK� dXd- r2
FMQr i?�i ∥Tn+11N∥ = ∥w⌈N

2 ⌉∥ �M/ ∥Tn1N∥ = ∥u⌈N
2 ⌉∥X

aBM+2 w = Tu- r2 ?�p2 i?�i w⌈N
2 ⌉ = T1u⌈N

2 ⌉−1 + T2u⌈N
2 ⌉+1X aBM+2 N Bb 2p2M- r2

Q#i�BM i?�i
⌈
N
2

⌉
+ 1 = N

2 + 1 �M/ i?mb- G2KK� dX9 vB2H/b i?�i u⌈N
2 ⌉+1 = Pu⌈N

2 ⌉X Ai
7QHHQrb i?�i w⌈N

2 ⌉ = T1u⌈N
2 ⌉−1 + T2Pu⌈N

2 ⌉X 6`QK UdX9V r2 �HbQ Q#i�BM i?�i

u⌈N
2 ⌉−1 ≤ w⌈N

2 ⌉ ≤ P u⌈N
2 ⌉, UdXNV

r?2`2 i?2 2[m�HBiv ?QH/b B7 �M/ QMHv B7 (u⌈N
2 ⌉−1)2 = (P u⌈N

2 ⌉)1 = (u⌈N
2 ⌉)2X q2 FMQr

7`QK G2KK� dXd i?�i u⌈N
2 ⌉−1 < u⌈N

2 ⌉- r?B+? vB2H/b i?�i (u⌈N
2 ⌉−1)2 < (u⌈N

2 ⌉)2X >2M+2
i?2 BM2[m�HBiB2b BM UdXNV �`2 bi`B+i, u⌈N

2 ⌉−1 < w⌈N
2 ⌉ < P u⌈N

2 ⌉X q2 i?mb Q#i�BM i?�i
∥Tn+11N∥ = ∥w⌈N

2 ⌉∥ < ∥P u⌈N
2 ⌉∥ = ∥u⌈N

2 ⌉∥ = ∥Tn1N∥X h?Bb +QKTH2i2b i?2 T`QQ7 Q7
i?2 }`bi �bb2`iBQMX

�bbmK2 MQr i?�i N ∈ N Bb Q//- �M/ H2i u = Tn1N - w = Tn+11N �M/ y = Tn+21N X
G2KK� dXd BKTHB2b i?�i

∥Tn+21N∥ = ∥y⌈N
2 ⌉∥, ∥Tn+11N∥ = ∥w⌈N

2 ⌉∥, ∥Tn1N∥ = ∥u⌈N
2 ⌉∥.

aBM+2 ∥T∥ = 1- r2 ?�p2

∥y⌈N
2 ⌉∥ ≤ ∥w⌈N

2 ⌉∥ ≤ ∥u⌈N
2 ⌉∥. UdXRyV

*H2�`Hv B7 ∥w⌈N
2 ⌉∥ < ∥u⌈N

2 ⌉∥ i?2M UdXRyV vB2H/b i?�i

∥Tn+21N∥ ≤ ∥Tn+11N∥ = ∥w⌈N
2 ⌉∥ < ∥u⌈N

2 ⌉∥ = ∥Tn1N∥,

r?B+? Bb Qm` +H�BKX

L2ti- bmTTQb2 i?�i ∥w⌈N
2 ⌉∥ = ∥u⌈N

2 ⌉∥X q2 b?Qr i?�i ∥y⌈N
2 ⌉∥ < ∥w⌈N

2 ⌉∥ r?B+?
BKTHB2b Qm` +H�BKX hQ /Q bQ- bBM+2 N Bb Q//- r2 mb2 G2KK� dX9 iQ;2i?2` rBi? i?2
7�+ib i?�i y = Tw �M/ w = Tu iQ Q#i�BM i?�i y⌈N

2 ⌉ = T1w⌈N
2 ⌉−1 + T2P w⌈N

2 ⌉−1 �M/
w⌈N

2 ⌉ = T1u⌈N
2 ⌉−1 + T2P u⌈N

2 ⌉−1 r?B+? BKTHB2b

y⌈N
2 ⌉ = (w⌈N

2 ⌉−1)211, w⌈N
2 ⌉ = (u⌈N

2 ⌉−1)211. UdXRRV

6`QK G2KK� dX9- r2 FMQr i?�i

u⌈N
2 ⌉

G2KK� dX9
= w⌈N

2 ⌉
UdXRRV
= (u⌈N

2 ⌉−1)211. UdXRkV

lbBM; i?2 7�+i i?�i w = Tu �M/ 1[m�iBQM UdXRkV r2 ?�p2 i?�i

w⌈N
2 ⌉−1

UdX9V
= T1u⌈N

2 ⌉−2 + T2 u⌈N
2 ⌉

UdXRkV
= T1u⌈N

2 ⌉−2 + T2(u⌈N
2 ⌉−1)211.
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lbBM; UdX9V r2 Q#i�BM i?�i

u⌈N
2 ⌉−2 ≤ w⌈N

2 ⌉−1 ≤ (u⌈N
2 ⌉−1)211. UdXRjV

r?2`2 i?2 2[m�HBiv ?QH/b B7 �M/ QMHv B7 (u⌈N
2 ⌉−2)2 = (u⌈N

2 ⌉−1)2X >Qr2p2`- G2KK� dXd
BKTHB2b i?�i u⌈N

2 ⌉−2 < u⌈N
2 ⌉−1 r?B+? BKK2/B�i2Hv vB2H/b i?�i (u⌈N

2 ⌉−2)2 < (u⌈N
2 ⌉−1)2X

>2M+2 i?2 BM2[m�HBiB2b BM UdXRjV �`2 bi`B+i �M/ i?mb

w⌈N
2 ⌉−1

UdXRjV
< (u⌈N

2 ⌉−1)211
UdXRRV
= w⌈N

2 ⌉. UdXR9V

6BM�HHv- `2+�HHBM; UdXRRV r2 Q#i�BM i?�i

y⌈N
2 ⌉

UdXRRV
= (w⌈N

2 ⌉−1)211
UdXR9V
< w⌈N

2 ⌉,

r?B+? +QKTH2i2b i?2 T`QQ7X

h?2 �#Qp2 T`QQ7 +QM+Hm/2b *?�Ti2` dX AM i?2 M2ti +?�Ti2`- r2 rBHH �ii2KTi iQ 2ti2M/
i?Bb �M�HvbBb 7`�K2rQ`F iQ KQ`2 +QKTHB+�i2/ ;2QK2i`B2b BM ?B;?2` /BK2MbBQMbX

Rde



3

h?2 a+�H�#BHBiv Q7 i?2 a+?r�`x
J2i?Q/ BM >B;?2` .BK2MbBQMb

h?2 ;Q�H Q7 *?�Ti2` 3 Bb iQ 2ti2M/ i?2 QM2@/BK2MbBQM�H b+�H�#BHBiv �M�HvbBb +�``B2/ Qmi
BM *?�Ti2` d iQ ?B;?2` /BK2MbBQMbX aBM+2 r2 �`2 bT2+B}+�HHv BMi2`2bi2/ BM i?2 b+�HBM;
T`QT2`iB2b Q7 i?2 //*PaJP �H;Q`Bi?K Ub22 a2+iBQM eX9V- i?2 /QK�BMb r2 +QMbB/2` BM i?Bb
+?�Ti2` rBHH `2T`2b2Mi KQH2+mH�` +�pBiB2b �M/ rBHH i?mb #2 +QKTQb2/ Q7 i?2 mMBQM Q7 BMi2`@
b2+iBM; QT2M #�HHbX h?2 `2KBM/2` Q7 *?�Ti2` 3 Bb Q`;�MBx2/ �b 7QHHQrb, h?2 K�BM B/2�b
�M/ `2bmHib Q7 Qm` �M�HvbBb �`2 bi�i2/ BM a2+iBQM 3XRX q2 }`bi BMi`Q/m+2 i?2 MQi�iBQM �M/
�HH i?2 K�i?2K�iB+�H Q#D2+ib M22/2/ 7Q` � /2i�BH2/ /2b+`BTiBQM Q7 i?2 /QK�BM ;2QK2i`v
BM a2+iBQM 3XRXRX h?2 SaJ Bb 7Q`KmH�i2/ BM a2+iBQM 3XRXk �M/ i?2 +QMp2`;2M+2 �M�HvbBb
Bb T`2b2Mi2/ BM a2+iBQM 3XRXjX Pm` K�BM `2bmHib �`2 bi�i2/ BM a2+iBQM 3XRXjXk �M/ bm#b2@
[m2MiHv /Bb+mbb2/ rBi? bQK2 2t�KTH2b BM a2+iBQM 3XRXjXjX q2 `2K�`F i?�i BM a2+iBQM 3XR
r2 `2bi`B+i Qm`b2Hp2b iQ � irQ@/BK2MbBQM�H 7`�K2rQ`F r?2`2BM �iQKB+ +�pBiB2b �`2 `2T`2@
b2Mi2/ �b /BbFb �M/ �i KQbi QMHv i?`22 /BbFb +�M ?�p2 � +QKKQM Qp2`H�TX h?Bb +?QB+2 Bb
K�/2 BM Q`/2` iQ 2�b2 MQi�iBQM- r?B+? Bb Qi?2`rBb2 p2`v i2+?MB+�H �M/ +QKTHB+�i2/- �M/ iQ
Tmi KQ`2 7Q+mb QM i?2 i2+?MB[m2b mb2/ iQ T`Qp2 Qm` `2bmHibX q2 b?Qr BM a2+iBQM 3Xk ?Qr
iQ 2ti2M/ Qm` �M�HvbBb iQ i?2 +�b2 Q7 �`#Bi`�`v ivT2b �M/ MmK#2`b Q7 BMi2`b2+iBQMb �M/
/Bb+mbb i?2 2ti2MbBQM iQ i?`22 /BK2MbBQMbX a2+iBQM 3Xj +QMi�BMb MmK2`B+�H 2tT2`BK2Mib
i?�i bmTTQ`i Qm` K�BM `2bmHibX AM a2+iBQM 3X9- r2 +QMbB/2` #BQHQ;B+�H KQH2+mH2b i?�i ?�p2
#22M bim/B2/ BM bQHp�iBQM KQ/2Hb BM +QKTmi�iBQM�H +?2KBbi`v Ub22- 2X;X- (Rje)V �M/ mM/2`@
bi�M/ i?2 +QMb2[m2M+2b Q7 Qm` �M�HvbBb �b i?2v T2`i�BM iQ i?2b2 +QKTH2t #BQ@KQH2+mH2bX
6BM�HHv- r2 T`2b2Mi � b?Q`i +QM+HmbBQM BM a2+iBQM 3X8X

3XR h?2 a+?r�`x J2i?Q/ BM hrQ .BK2MbBQMb

3XRXR :2QK2i`B+ b2iiBM;

q2 +QMbB/2` i?2 G�TH�+2 2[m�iBQM BM irQ /BK2MbBQMbX G2i Ω ⊂ R2 #2 �M QT2M- +QMM2+i2/
�M/ #QmM/2/ b2i- H2i g ∈ C0(∂Ω) #2 � ;Bp2M 7mM+iBQMX q2 �`2 BMi2`2bi2/ BM }M/BM;
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6B;m`2 3XR, �M 2t�KTH2 Q7 � +QHH2+iBQM Q7 /BbFb {Ωi}Ni=1 ⊂ R2 QM � i`B�M;mH�` H�iiB+2
+QKTQb2/ Q7 /Qib �M/ /�b?2/ HBM2bX

u ∈
(
C2(Ω) ∩ C0(Ω)

)
⊂ L∞(Ω) rBi? i?2 T`QT2`iv i?�i

∆u = 0 BM Ω,

u = g QM ∂Ω.
U3XRV

h?`Qm;?Qmi i?Bb +?�Ti2`- r2 �bbmK2 i?�i i?2 /QK�BM Ω ?�b i?2 7QHHQrBM; bi`m+im`2,
G2i Ωi, i = 1, . . . , N #2 � +QHH2+iBQM Q7 N BMi2`b2+iBM; /BbFb Q7 `�/BB ri > 0, i = 1, . . . , N X
h?2M Ω = ∪N

i=1ΩiX �M 2t�KTH2 Q7 bm+? � ;2QK2i`v Bb b?QrM BM 6B;m`2 3XRX AM Q`/2` iQ
�pQB/ /Bb+mbbBM; �M 2KTiv i?2Q`v- r2 �bbmK2 i?�i N > 1 �M/ i?2`2 2tBbi �i H2�bi irQ
BM/B+2b i, j ∈ {1, . . . , N} bm+? i?�i Ωi ∩ Ωj ̸= ∅X

q2 BKTQb2 i?2 7QHHQrBM; +QMbi`�BMib QM i?2 bm#/QK�BMb Ωi, i = 1, . . . , N ,

�RV A7 irQ bm#/QK�BMb Ωi �M/ Ωj ?�p2 MQM@2KTiv BMi2`b2+iBQM- i?2M i?2`2 2tBbi bm#b2ib
Q7 i?2 #QmM/�`B2b Γi ⊂ ∂Ωi ∩Ωj �M/ Γj ⊂ ∂Ωj ∩Ωi #Qi? Q7 TQbBiBp2 K2�bm`2 bm+?
i?�i

Γi ∩ Ωk = ∅ ∀k = 1, . . . , N rBi? k ̸= i, j,

Γj ∩ Ωk = ∅ ∀k = 1, . . . , N rBi? k ̸= i, j.

AM Qi?2` rQ`/b- r2 �bbmK2 i?�i B7 irQ bm#/QK�BMb Ωi �M/ Ωj BMi2`b2+i- i?2M i?2v
Kmbi ?�p2 �i H2�bi � bBKTH2 BMi2`b2+iBQMX

�kV 6Q` �Mv +?QB+2 Q7 /BbiBM+i BM/B+2b i1, i2, i3, i4 ∈ {1, . . . , N} Bi ?QH/b i?�i Ωi1 ∩Ωi2 ∩
Ωi3 ∩Ωi4 = ∅- BX2X- �i KQbi QMHv i?`22 /BbiBM+i bm#/QK�BMb BM i?2 +QHH2+iBQM {Ωi}Ni=1
?�p2 MQM@2KTiv BMi2`b2+iBQMX AM Qi?2` rQ`/b- r2 �bbmK2 i?�i Qm` ;2QK2i`v +QMbBbib
Q7 �i KQbi i`BTH2 BMi2`b2+iBQMbX

*QMbi`�BMi �RV Bb BKTQb2/ Tm`2Hv 7Q` MQi�iBQM�H +QMp2MB2M+2- �M/ Bi Bb `2�/BHv b22M
i?�i i?2 bm#b2[m2Mi �M�HvbBb /Q2b MQi `2[mB`2 bm+? �M �bbmKTiBQMX *QMbi`�BMi �kV Bb
Km+? bi`QM;2` #mi M22/b iQ #2 BKTQb2/@�i H2�bi BMBiB�HHv@ BM Q`/2` iQ F22T i?2 7Q+mb QM
i?2 �M�HvbBb `�i?2` i?�M i?2 MQi�iBQM�H +QKTH2tBiB2b i?�i rQmH/ Qi?2`rBb2 #2 BMi`Q/m+2/X
AM a2+iBQM 3Xk- r2 /Bb+mbb ?Qr iQ r2�F2M i?Bb +QMbi`�BMi- �M/ b?Qr i?�i �HH Q7 Qm` `2bmHib
+�M #2 2ti2M/2/ iQ i?2 +�b2 Q7 �`#Bi`�`v ivT2b Q7 BMi2`b2+iBQMbX

q2 MQr /2p2HQT i?2 M2+2bb�`v MQi�iBQMX

Rd3
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3XRXRXR S�`iBiBQM Q7 i?2 #QmM/�`v

G2i j ∈ {1, . . . , N}X :Bp2M i?2 /BbF Ωj r2 /2}M2 i?2 b2ib

Γ2ti
j := ∂Ωj ∩ ∂Ω, Γint

j := ∂Ωj \ Γ2ti
j .

h?2b2 b2ib `2T`2b2Mi � /2+QKTQbBiBQM Q7 i?2 #QmM/�`v ∂Ωj BMiQ �M ǵ2ti2`M�HǶ T�`i Γ2ti
j

i?�i Bb +QKKQM rBi? i?2 #QmM/�`v ∂Ω Q7 i?2 ;HQ#�H /QK�BM �M/ �M ǵBMi2`M�HǶ T�`i Γint
j

i?�i Bb +QMi�BM2/ BM i?2 ;HQ#�H /QK�BM ΩX LQiB+2 i?�i i?2 b2ib Γ2ti
j �M/ ΓBMi

j �`2 #Qi?
+HQb2/X �M 2t�KTH2 Q7 � /QK�BM Ω = ∪N

j=1Ωj �M/ i?2 /2+QKTQbBiBQM Q7 i?2 bm#/QK�BM
#QmM/�`B2b ∂Ωj Bb b?QrM BM 6B;m`2 3XkX

Ω1

Ω2

Ω3

Γint
1Ω1Γ2ti

1
TB+F Ω1

Γ1,3
2

Γ1,0
2

Γ1,2
3

Γ1,0
3

A

B

P1

P2

6B;m`2 3Xk, �M 2t�KTH2 Q7 i?`22 BMi2`b2+iBM; bm#/QK�BMb Ω1- Ω2 �M/ Ω3 UH27iV- 2ti2`M�H
�M/ BMi2`M�H #QmM/�`B2b Q7 Ω1- �M/ #QmM/�`B2b Q7 Ω2 �M/ Ω3 BMi2`b2+iBM; Ω1 U`B;?iVX

L2ti- � 7m`i?2` /2+QKTQbBiBQM Q7 Γint
j Bb +QMbB/2`2/X hQ i?Bb 2M/- r2 }`bi /2}M2 i?2

b2i Nj �b
Nj := {i ∈ N, i ̸= j : Ωi ∩ Ωj ̸= ∅}.

h?mb- Nj Bb i?2 b2i Q7 BM/B+2b Q7 �HH bm#/QK�BMb {Ωi}Ni=1,i ̸=j i?�i BMi2`b2+i i?2 bm#/Q@
K�BM Ωj X AM7Q`K�HHv- r2 `272` iQ Nj �b i?2 BM/2t b2i Q7 M2B;?#Qm`b Q7 Ωj X 6m`i?2`KQ`2-
;Bp2M i?2 b2i Nj r2 /2}M2 7Q` 2�+? k ∈ Nj i?2 b2i Njk ⊂ N0 �b

Njk := (Nj ∩Nk) ∪ {0}.

L2ti- 7Q` 2�+? j ∈ {1, . . . , N}- 2�+? k ∈ Nj �M/ 2�+? i ∈ Njk r2 /2}M2 i?2 b2i Γk,i
j ⊂ Γint

j
�b

Γk,i
j :=

{
BMi {x ∈ ∂Ωj : x ∈ Ωk ∩ Ωi} B7 i ̸= 0,

BMi
{
x ∈ ∂Ωj : (x ∈ Ωk) ∧

(
x /∈ Ωℓ ∀ℓ ∈ Nj bm+? i?�i ℓ ̸= k

)}
B7 i = 0,

r?2`2 BMi(·) /2MQi2b i?2 BMi2`BQ` Q7 � b2iX AMimBiBp2Hv- 7Q` � }t2/ k ∈ Nj �M/ 0 ̸= i ∈ Njk-
i?2 b2i Γk,i

j /2MQi2b i?2 TQ`iBQM Q7 ∂Ωj i?�i BMi2`b2+ib #Qi? bm#/QK�BM k �M/ bm#/QK�BM
i- r?BH2 Γk,0

j /2MQi2b i?2 TQ`iBQM Q7 ∂Ωj i?�i BMi2`b2+ib QMHv bm#/QK�BM kX q2 `2K�`F
i?�i i?2 b2i Γk,i

j Bb QT2M 7Q` 2p2`v j ∈ {1, . . . , N}, k ∈ Nj �M/ i ∈ NjkX

h?2b2 /2}MBiBQMb �HHQr mb iQ T�`iBiBQM i?2 ǵBMi2`BQ`Ƕ T�`i Q7 i?2 #QmM/�`v Γint
j BM �

M�im`�H K�MM2`X AM/22/ r2 Q#i�BM i?�i

Γint
j = ∪k∈Nj ∪i∈Njk Γ

k,i
j .

RdN
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LQiB+2 i?�i #v /2}MBiBQM- 7Q` � }t2/ j ∈ {1, . . . , N} �M/ i, k ̸= 0 Bi ?QH/b i?�i Γk,i
j =

Γi,k
j X

�b i?2 H�bi bi2T- r2 rBb? iQ BMi`Q/m+2 i?2 MQiBQM Q7 bQ@+�HH2/ bF2H2iQMb �bbQ+B�i2/
rBi? 2�+? bm#/QK�BMX hQ i?Bb 2M/- H2i j ∈ {1, . . . , N} �M/ k ∈ Nj #2 }t2/X h?2M r2
/2}M2 i?2 b2ib Sintj,k �M/ Sj,k �b

Sj,k :=
⋃

i∈Njk

Γj,i
k , Sintj,k := Sj,k \ ∂Ωj ,

Ω7

Ω1

Ω2 Ω6

Ω3 Ω5

Ω4

TB+F Ω7

BMi2`BQ`
bF2H2iQM

bF2H2iQM
S7

Γ7,0
1

Γ7,0
2 Γ7,0

6

Γ7,0
4

Γ7,0
3 Γ7,0

5

Γ7,1
2

Γ7,2
1

Γ7,1
6
Γ7,6
1

Γ7,5
6

Γ7,6
5Γ7,2

3
Γ7,3
2

Γ7,4
3

Γ7,3
4 Γ7,4

5

Γ7,6
4

Sint7

Γ7,0
1

Γ7,0
2 Γ7,0

6

Γ7,0
4

Γ7,0
3 Γ7,0

5

Γ7,1
2

Γ7,2
1

Γ7,1
6
Γ7,6
1

Γ7,5
6

Γ7,6
5Γ7,2

3
Γ7,3
2

Γ7,4
3

Γ7,3
4 Γ7,4

5

Γ7,6
4

6B;m`2 3Xj, h?2 bF2H2iQM �M/ BMi2`BQ` bF2H2iQM +Q``2bTQM/BM; iQ i?2 bm#/QK�BM Ω7 �`2
b?QrMX LQiB+2 i?�i i?2 /Bz2`2M+2 #2ir22M i?2 bF2H2iQM �M/ i?2 BMi2`BQ` bF2H2iQM Q7 Ω7 ;Bp2M
#v i?2 TQBMib Q7 S7 i?�i BMi2`b2+i ∂Ω7, S7 \ Sint7 = S7 ∩ ∂Ω7X

AMimBiBp2Hv- 7Q` � }t2/ bm#/QK�BM Ωj �M/ Bib M2B;?#Qm`BM; bm#/QK�BM Ωk- i?2 b2i Sintj,k
+QMbBbib Q7 i?2 +HQbm`2 Q7 �HH i?2 BMi2`BQ` #QmM/�`B2b Q7 i?2 bm#/QK�BM Ωk i?�i BMi2`b2+i
Ωj 2t+Hm/BM; TQBMib QM i?2 #QmM/�`v ∂Ωj X aBKBH�`Hv- i?2 b2i Sj,k +QMbBbib Q7 i?2 +HQbm`2
Q7 �HH i?2 BMi2`BQ` #QmM/�`B2b Q7 i?2 bm#/QK�BM Ωk i?�i BMi2`b2+i Ωj X Ai Bb MQr 2�bv iQ
b22 i?�i 7Q` � }t2/ bm#/QK�BM Ωj Bi ?QH/b i?�i

⋃

j∈Nk

Sj,k = Γint
k .

6BM�HHv- 7Q` � }t2/ j ∈ {1, . . . , N} r2 /2}M2 i?2 b2ib Sj �M/ Sintj �b

Sj :=
⋃

k∈Nj

Sj,k, Sintj :=
⋃

k∈Nj

Sintj,k,

�M/ r2 b�v i?�i Sj �M/ Sintj �`2 i?2 bF2H2iQM �M/ i?2 BMi2`BQ` bF2H2iQM Q7 i?2 bm#/QK�BM Ωj X
�M 2t�KTH2 Q7 i?2 bF2H2iQM �M/ BMi2`BQ` bF2H2iQM Q7 � bm#/QK�BM Ωj Bb ;Bp2M BM 6B;m`2 3XjX
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LQi�iBQM, G2i uj ∈ L∞(Sj
)

#2 � 7mM+iBQMX h?2M r2 /2}M2 i?2 BM}MBiv MQ`K Q7 uj -
/2MQi2/ ∥uj∥∞- �b

∥uj∥∞ := 2bb sup
Sj

|uj |.

�//BiBQM�HHv- H2i uj ∈ L∞(Sj
)

7Q` 2�+? j = 1, . . . , N #2 � 7�KBHv Q7 7mM+iBQMb �M/ /2}M2
u := (u1, u2, . . . , uN )X h?2M r2 /2}M2 i?2 BM}MBiv MQ`K Q7 u- /2MQi2/ ∥u∥∞ �b

∥u∥∞ := max
j=1,...,N

2bb sup
Sj

|uj |.

6BM�HHv- r2 `2K�`F i?�i B7 u = (u1, u2, . . . , uN ) Bb � +QMiBMmQmb 7mM+iBQM- BX2X- 2�+?
uj , j = 1, . . . , N Bb +QMiBMmQmb QM Sj i?2M r2 r`Bi2 u ∈ ΠN

j=1C
0(Sj)X aBKBH�`Hv- B7

2�+? uj , j = 1, . . . , N Bb +QMiBMmQmb QM SBMi
j i?2M r2 r`Bi2 u ∈ ΠN

j=1C
0(SBMi

j )X

3XRXRXk :`�T? �M/ H�v2`b Q7 � /QK�BM

.2}MBiBQM 3XR U:`�T? Q7 � /QK�BM Ω = ∪N
j=1ΩjVX *QMbB/2` � /QK�BM Ω = ∪N

j=1Ωj X
q2 /2}M2 i?2 mM/B`2+i2/ ;`�T? G �bbQ+B�i2/ rBi? i?2 /QK�BM Ω �b i?2 b2i Q7 p2`iB+2b V

;Bp2M #v V := {1, . . . , N}- �M/ i?2 b2i Q7 2/;2b E ;Bp2M #v E := {(i, j) ∈ V× V : j ∈ Ni}X
6m`i?2`KQ`2- r2 b�v i?�i i?2 MQ/2 i ∈ V Bb � #QmM/�`v MQ/2 B7 ∂Ωi ∩ ∂Ω Bb � b2i Q7
K2�bm`2 ;`2�i2` i?�M x2`QX

h?2 ;`�T? G �bbQ+B�i2/ rBi? � /QK�BM Ω T`QpB/2b �M 2�bv �M/ BMimBiBp2 pBbm�HBx�iBQM
Q7 i?2 +QMM2+iBpBiv Q7 i?2 /QK�BMX �b r2 b?�HH b22- i?2 +QMp2`;2M+2 T`QT2`iB2b Q7 i?2
a+?r�`x K2i?Q/ /2T2M/ QM i?2 +QMM2+iBpBiv Q7 i?2 /QK�BM ΩX
.2}MBiBQM 3Xk UG�v2`b Q7 � ;`�T?VX :Bp2M � /QK�BM Ω = ∪N

j=1Ωj - +QMbB/2` i?2 ;`�T? G

�bbQ+B�i2/ rBi? i?Bb /QK�BMX h?2M r2 /2}M2 i?2 H�v2`b Q7 i?2 ;`�T? G BM �M BM/m+iBp2
K�MM2` �b 7QHHQrb,

RX G�v2` 1 Bb i?2 b2i Q7 �HH #QmM/�`v MQ/2b Q7 GX h?Bb b2i Bb /2MQi2/ #v L1X

kX 6Q` �Mv j > 1 r2 /2}M2 i?2 ;`�T? Gj Bi2`�iBp2Hv �b i?2 b2i Wj := V − ∪j−1
k=1Lk

iQ;2i?2` rBi? i?2 �bbQ+B�i2/ b2i Q7 2/;2bX A7 Wj Bb MQM@2KTiv- i?2M G�v2` j Bb i?2
b2i Lj Q7 �HH #QmM/�`v MQ/2b Q7 Gj X

JQ`2Qp2`- Nmax /2MQi2b i?2 iQi�H MmK#2` Q7 H�v2`b BM i?2 ;`�T?- �M/ r2 b�v i?�i i?2
/QK�BM Ω ?�b Nmax H�v2`bX

�M 2t�KTH2 Q7 � /QK�BM �M/ Bib /2+QKTQbBiBQM BMiQ H�v2`b Bb b?QrM BM 6B;m`2 3X9X
.2}MBiBQM 3XjX G2i Ω = ∪N

j=1Ωj #2 � /QK�BM rBi? Nmax H�v2`bX h?2M 7Q` �Mv M�im`�H
MmK#2` n ≤ Nmax r2 /2}M2 i?2 b2ib Vn �M/ Cn �b 7QHHQrb,

Vn :=

{
v ∈ ΠN

j=1C
0(Sintj ) : ∥v∥∞ ≤ 1 �M/

{
vj(x) < 1 ∀x ∈ Sintj , ∀j ∈ ∪n

k=1Lk,

vj = 1 QM Sj , ∀j ∈ ∪Nmax
k=n+1Lk.

}
,

Cn :=
{
v ∈ ΠN

j=1C
0(Sintj ) : ∥v∥∞ ≤ 1 �M/ 2bb sup

Sj

vj < 1, ∀j ∈ ∪n
k=1Lk

}
.
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T2M/BM;
bm#/QK�BM

T2M/BM;
bm#/QK�BM � ǳ?QH2Ǵ

6B;m`2 3X9, G27i, �M 2t�KTH2 Q7 � /QK�BM Ω = ∪N
j=1Ωj U�b � +QHH2+iBQM Q7 /BbFbV �M/

Bib +Q``2bTQM/BM; ;`�T? U#H�+F MQ/2b �M/ 2/;2bVX LQiB+2 i?2 T`2b2M+2 Q7 irQ ǳT2M/BM;
bm#/QK�BMbǴ �M/ � ǳ?QH2ǴX _B;?i, G�v2`b +Q``2bTQM/BM; iQ i?2 H27i };m`2X AM T�`iB+mH�`- i?2
#Hm2 MQ/2b `2T`2b2Mi L1 UG�v2` RV- i?2 `2/ MQ/2b L2 UG�v2` kV- �M/ i?2 #H�+F MQ/2 L3 UG�v2`
jVX

AMimBiBp2Hv- � MQM@M2;�iBp2 7mM+iBQM v ∈ ΠN
j=1C

0(Sj) Bb BM i?2 b2i Vn B7 vj(x) < 1 7Q`
�HH TQBMib x QM i?2 BMi2`BQ` bF2H2iQM Q7 �HH bm#/QK�BMb Ωj i?�i #2HQM; iQ i?2 }`bi n H�v2`b
Q7 i?2 /QK�BMX LQiB+2 i?�i i?2`2 Bb MQ +QMbi`�BMi QM i?2 #2?�pBQm` Q7 i?2 7mM+iBQM vj

�i i?2 2M/TQBMib Q7 i?2 bF2H2iQM Sj X h?2`27Q`2- BM bQK2 b2Mb2- i?2 7mM+iBQM v ?�b #2;mM
iQ 2tT2`B2M+2 � +QMi`�+iBQM QM �HH bm#/QK�BMb BM i?2 }`bi n H�v2`b- #mi Bi +�MMQi v2i #2
+H�BK2/ i?�i i?2 7mM+iBQM v ?�b BM}MBiv MQ`K bi`B+iHv bK�HH2` i?�M QM2 QM i?2 }`bi n
H�v2`bX

PM i?2 Qi?2` ?�M/- � MQM@M2;�iBp2 7mM+iBQM w BM ΠN
j=1C

0(Sintj ) Bb BM i?2 b2i Cn B7
2bb supSj wj < 1 QM �HH bm#/QK�BMb Ωj i?�i #2HQM; iQ i?2 }`bi n H�v2`b Q7 i?2 /QK�BMX
h?2`27Q`2- i?2 7mM+iBQM w ?�b �H`2�/v +QMi`�+i2/ QM �HH bm#/QK�BMb BM i?2 }`bi n H�v2`b
�M/ i?mb ?�b BM}MBiv MQ`K H2bb i?�M QM2 QM i?2b2 bm#/QK�BMbX

3XRXRXj S�`iBiBQM Q7 mMBiv- 2ti2MbBQM �M/ `2bi`B+iBQM QT2`�iQ`b

G2i j ∈ {1, . . . , N}- r2 /2}M2 7Q` 2�+? k ∈ Nj � 7mM+iBQM χk
j : ∂Ωj → R- +QMiBMmQmb QM

BMi
(
Γint
j

)
- rBi? i?2 T`QT2`iv i?�i

χk
j :=

⎧
⎪⎪⎨

⎪⎪⎩

1 QM Γk,0
j \ Γext

j ,

∈ [0, 1] QM Γk,i
j \ Γext

j 7Q` i ∈ Nj,k rBi? i ̸= 0,

0 Qi?2`rBb2,
U3XkV

�M/ bm+? i?�i ∑

k∈Nj

χk
j (x) = 1 7Q` �HH x ∈ BMi

(
Γint
j

)
. U3XjV

q2 b�v i?�i {χk
j }k∈Nj �`2 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb QM Γint

j X
_2K�`F 3X9X G2i mb +QMbB/2` � ;2M2`�H /QK�BM Ω = ∪N

i=1Ωj X A7 7Q` �HH j = 1, . . . , N - MQ b2i
Γext
j ?�b �M BbQH�i2/ TQBMi- i?2M r2 +�M `2�/BHv mb2 1[m�iBQM U3XkV iQ /2}M2 i?2 T�`iBiBQM

Q7 mMBiv 7mM+iBQMbX AM i?2 T�i?QHQ;B+�H +�b2 r?2`2 bQK2 b2i Γext
j ?�b �M BbQH�i2/ TQBMi
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Ub22 6B;m`2 3X8V- 1[m�iBQM U3XkV /Q2b MQi T`QpB/2 � +Q``2+i 7mM+iBQM /2}MBiBQMX AM i?Bb
T�i?QHQ;B+�H bBim�iBQM- r2 +�M KQ/B7v .2}MBiBQM U3XkV #v b2iiBM; �i H2�bi QM2 T�`iBiBQM
Q7 mMBiv 7mM+iBQM iQ #2 MQM@x2`Q �i i?Bb BbQH�i2/ TQBMiX h?Bb KQ/B}+�iBQM T`2b2`p2b i?2
+QMiBMmBiv `2[mB`2K2Mi QM i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMbX

P

Ω1

Ω2Ω3

6B;m`2 3X8, �M 2t�KTH2 Q7 � T�i?QHQ;B+�H ;2QK2i`v r?2`2 i?2 TQBMi P Bb �M BbQH�i2/ TQBMi
Q7 Γext

1 X AM i?Bb +�b2- QM2 Kmbi bHB;?iHv KQ/B7v i?2 /2}MBiBQMb Q7 i?2 T�`iBiBQM Q7 mMBiv
7mM+iBQMb χ2

1 �M/ χ3
1 �i i?2 TQBMi P BM Q`/2` iQ 2Mbm`2 i?�i #Qi? 7mM+iBQMb �`2 r2HH@/2}M2/

�M/ +QMiBMmQmb QM BMi
(
Γint
1

)
X

_2K�`F 3X8X *QMbB/2` � bm#/QK�BM Ωj �M/ i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb {χk
j }k∈Nj X Ai

7QHHQrb 7`QK i?2 /2}MBiBQM Q7 i?2b2 7mM+iBQMb i?�i
∑

k∈Nj

χk
j (x) = 0 7Q` �HH x ∈ Γ2ti

j .

*QMb2[m2MiHv- i?2`2 Bb � bm#b2i Q7 i?2 #QmM/�`v ∂Ωj rBi? MQM@x2`Q G2#2b;m2 K2�bm`2
QM r?B+? �HH T�`iBiBQM Q7 mMBiv 7mM+iBQMb �`2 x2`Q B7 �M/ QMHv B7 ∂Ωj∩∂Ω Bb � b2i Q7 K2�bm`2
;`2�i2` i?�M x2`QX
_2K�`F 3XeX *QMbB/2` i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb /2}M2/ i?`Qm;? 1[m�iBQM U3XkVX
hrQ M�im`�H [m2biBQMb �`Bb2, RV Ab i?2 �bbmKTiBQM Q7 +QMiBMmBiv i?�i r2 ?�p2 BKTQb2/
QM i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb i`mHv M2+2bb�`v\ kV .Q2b i?2 +?QB+2 Q7 i?2 T�`iBiBQM
Q7 mMBiv 7mM+iBQMb �z2+i i?2 Bi2`�i2b Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ �M/ i?2 �bvKTiQiB+
+QMi`�+iBQM 7�+iQ`\ Ai +�M BM/22/ #2 p2`B}2/ i?�i i?2 T`QQ7b Q7 �HH H2KK�b BM i?2 bm#@
b2[m2Mi a2+iBQM 3XRXjXR biBHH ?QH/ B7 r2 /`QT i?2 +QMiBMmBiv �bbmKTiBQM QM i?2 T�`iBiBQM
Q7 mMBiv 7mM+iBQMbX PM i?2 Qi?2` ?�M/- MmK2`B+�H 2tT2`BK2Mib BM a2+iBQM 3Xj `2p2�H i?�i
/Bz2`2Mi +?QB+2b Q7 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb +�M H2�/ iQ [m�MiBi�iBp2Hv bHB;?iHv
/Bz2`2Mi a+?r�`x Bi2`�i2bX

L2ti- r2 /2}M2 Qm` ?�`KQMB+ 2ti2MbBQM QT2`�iQ`bX hQ i?Bb 2M/- H2i Γj ⊆ ∂Ωj #2 �
MQM@2KTiv QT2M b2iX h?2M r2 /2}M2 i?2 K�TTBM; Ej : L2(Γj) → C0(Ωj) �b i?2 QT2`�@
iQ` rBi? i?2 T`QT2`iv i?�i ;Bp2M �Mv BMTmi 7mM+iBQM uj ∈ L2(Γj)- i?2 QmiTmi 7mM+iBQM
wj := Ej(uj) ∈ C0(Ωj) Bb i?2 mMB[m2 bQHmiBQM iQ i?2 .B`B+?H2i T`Q#H2K,

∆wj = 0 BM Ωj ,

wj = uj QM Γj ,

wj = 0 QM ∂Ωj \ Γj .

6BM�HHv- r2 /2}M2 Qm` `2bi`B+iBQM QT2`�iQ`bX G2i C0,T+(Ωj) /2MQi2 i?2 b2i Q7 7mM+iBQMb
QM Ωj i?�i �`2 +QMiBMmQmb QM Ωj �M/ TB2+2rBb2 +QMiBMmQmb QM i?2 #QmM/�`v ∂Ωj X h?2M-
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r2 /2}M2 i?2 K�TTBM; Rj : C0,T+(Ωj) → C0(SBMi
j ) ∩ L∞(Sj) �b

Rj : u 6→ Rj(u) = u|Sj ,

�M/ r2 b�v i?�i Rj Bb i?2 `2bi`B+iBQM QT2`�iQ` QM Ωj X

AMimBiBp2Hv- i?2 K�T Rj i�F2b �b BMTmi � +QMiBMmQmb 7mM+iBQM vj /2}M2/ QM Ωj rBi?
TB2+2rBb2 +QMiBMmQmb p�Hm2b QM i?2 #QmM/�`v ∂Ωj �M/ ;Bp2b �b QmiTmi i?2 `2bi`B+iBQM Q7
i?Bb 7mM+iBQM QM i?2 bF2H2iQM Sj X LQiB+2 i?�i r2 +�MMQi +H�BK � T`BQ`B i?�i i?2 QmiTmi
7mM+iBQM Rj(vj) Bb +QMiBMmQmb QM i?2 2MiB`2 bF2H2iQM Sj bBM+2 Bi Bb TQbbB#H2 i?�i i?2`2 Bb �
DmKT /Bb+QMiBMmBiv �i i?2 2M/TQBMib Q7 i?2 bF2H2iQM Sj r?B+? HB2 QM i?2 #QmM/�`v ∂Ωj X

Ej Rj

∂Ωj Ωj Sj

uj

Γj

wj := Ej(uj) Rj(wj)

6B;m`2 3Xe, _2T`2b2Mi�iBQM Q7 i?2 K�Tb Ej �M/ Rj , � 7mM+iBQM uj : Γj → R Bb 2ti2M/2/
?�`KQMB+�HHv BM Ωj #v Ej X h?2 ?�`KQMB+ 2ti2MbBQM wj := Ej(uj) Bb i?2M `2bi`B+i2/ iQ i?2
bF2H2iQM Sj #v i?2 K�T Rj X

AM r?�i 7QHHQrb- r2 rBHH Q7i2M +QMbB/2` i?2 +QKTQbBiBQM Rj
(
Ej(λ)

)
r?2`2 λ ∈ L2(Γj)

�M/ Γj ⊂ ∂Ωj X q2 `2K�`F i?�i i?Bb +QKTQbBiBQM Bb r2HH /2}M2/ B7 λ Bb � TB2+2rBb2
+QMiBMmQmb 7mM+iBQMX � b+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 K�TTBM;b Ej �M/ Rj Bb ;Bp2M BM
6B;m`2 3XeX

3XRXk h?2 a+?r�`x K2i?Q/ �M/ i?2 QT2`�iQ` 7Q`KmH�iBQM

q2 rBb? iQ �TTHv i?2 T�`�HH2H a+?r�`x K2i?Q/ USaJV BM Q`/2` iQ Q#i�BM i?2 bQHmiBQM
iQ 1[m�iBQM U3XRVX hQ i?Bb 2M/- r2 +QMbB/2` i?2 M�im`�H /2+QKTQbBiBQM Q7 i?2 /QK�BM Ω
BMiQ i?2 N bm#/QK�BMb {Ωi}Ni=1X h?2M 7Q` 2�+? j ∈ {1, . . . , N} r2 }M/ i?2 7mM+iBQM uj ∈
L∞(Ωj) bm+? i?�i

∆uj = 0 BM Ωj ,

uj = g QM Γ2ti
j , U3X9V

uj =
∑

i∈Nj

uiχ
i
j BM ∂Ωj \ Γext

j .

AMimBiBp2Hv �M/ �++Q`/BM; iQ U3X9V- r2 HQQF 7Q` ?�`KQMB+ 7mM+iBQMb uj QM 2�+? bm#/QK�BM
Ωj i?�i b�iBb7v �TT`QT`B�i2 #QmM/�`v +QM/BiBQMbX PM i?2 2ti2`BQ` #QmM/�`v r2 BKTQb2
i?2 i`m2 /�i� g- r?BH2 QM i?2 BMi2`BQ` #QmM/�`v r2 BKTQb2 .B`B+?H2i /�i�- r?B+? Bb i`�+2/
7`QK i?2 M2B;?#Qm`BM; bm#/QK�BM bQHmiBQMb �M/ KmHiBTHB2/ #v Qm` T�`iBiBQM Q7 mMBiv
7mM+iBQMbX

h?2 2[mBp�H2M+2 #2ir22M i?2 ;HQ#�H G�TH�+2 T`Q#H2K U3XRV �M/ i?2 /QK�BM /2+QK@
TQbBiBQM T`Q#H2K U3X9V rBHH #2 T`Qp2/ H�i2` BM h?2Q`2K 3XR3 BM a2+iBQM 3XRXjXkX
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lbBM; U3X9V- r2 Q#i�BM i?2 7QHHQrBM; BKTH2K2Mi�iBQM Q7 i?2 SaJ, G2i u0 : Ω → R
#2 bQK2 +QMiBMmQmb BMBiB�HBx�iBQMX 6Q` 2�+? j ∈ {1, . . . , N} }M/ � b2[m2M+2 Q7 7mM+@
iBQMb {unj }n∈N ∈ L∞(Ωj) bm+? i?�i u0j = u0|Ωj �M/ 7Q` 2�+? n ∈ N Bi ?QH/b i?�i

∆un+1
j = 0 BM Ωj ,

un+1
j = g QM Γ2ti

j , U3X8V

un+1
j =

∑

i∈Nj

uni χ
i
j BM ∂Ωj \ Γext

j .

AM Q`/2` iQ �M�Hvb2 i?2 b2[m2M+2 Q7 7mM+iBQMb {unj }n∈N r2 +QMbB/2` i?2 2``Q` 2[m�iBQM
�bbQ+B�i2/ rBi? U3X8VX hQ i?Bb 2M/- r2 /2}M2 7Q` 2�+? j ∈ {1, . . . , N} �M/ 2�+? n ∈ N i?2
2``Q` 7mM+iBQMb enj := uj − unj X Ai 7QHHQrb i?�i 7Q` 2�+? j ∈ {1, . . . , N} i?2 b2[m2M+2 Q7
2``Q` 7mM+iBQMb {enj }n∈N b�iBb}2b i?2 2[m�iBQM

∆en+1
j = 0 BM Ωj ,

en+1
j = 0 QM Γ2ti

j , U3XeV

en+1
j =

∑

i∈Nj

eni χ
i
j BM ∂Ωj \ Γext

j .

h?2 F2v bi2T Bb MQr iQ `2+Q;MBx2 i?�i � +QMp2`;2M+2 �M�HvbBb Q7 U3XeV Bb 2�bB2` iQ
T2`7Q`K mbBM; i?2 MQiBQM Q7 i?2 bF2H2iQM i?�i r2 BMi`Q/m+2/ 2�`HB2`X hQ /Q bQ- 7Q` 2�+? n ∈
N r2 /2}M2 �M N @/BK2MbBQM�H p2+iQ` en Q7 2``Q` 7mM+iBQMb �b

en :=

⎡

⎢⎢⎢⎣

en1
en2
XXX
enN

⎤

⎥⎥⎥⎦
. U3XdV

>2`2- 2�+? 2H2K2Mi enj Bb /2}M2/ �b
enj := enj |Sj .

AM Qi?2` rQ`/b- i?2 2Mi`v enj Q7 i?2 p2+iQ` en Bb i?2 `2bi`B+iBQM Q7 i?2 2``Q` 7mM+iBQM enj
QM i?2 bF2H2iQM Sj Q7 i?2 bm#/QK�BM Ωj X

L2ti- r2 BMi`Q/m+2 i?2 Bi2`�iBQM QT2`�iQ` +Q``2bTQM/BM; iQ i?2 �#Qp2 +?QB+2 Q7 i?2
2``Q` p2+iQ` enX hQ /Q bQ- r2 /2}M2 i?2 N ×N K�i`Bt T #v b2iiBM;

Tij :=

{
Pij B7 j ∈ Ni,

0 Qi?2`rBb2X
U3X3V

h?2 2Mi`B2b Pij Q7 i?2 Bi2`�iBQM QT2`�iQ` T �`2 QT2`�iQ`b /2}M2/ �b 7QHHQrb, 6Q` 2�+?
}t2/ i ∈ {1, . . . , N} �M/ j ∈ Ni i?2 K�TTBM; Pij : C0(Sj,i) → C0(Sinti ) ∩ L∞(Si) Bb �
HBM2�` QT2`�iQ` bm+? i?�i 7Q` �HH vj,i ∈ C0(Sj,i) Bi ?QH/b i?�i

Pijv = Ri

(
Ei

(
vj,iχ

j
i |Sj,i

))
.

AM Qi?2` rQ`/b- 7Q` � ;Bp2M bm#/QK�BM Ωi �M/ � ;Bp2M M2B;?#Qm` Ωj - i?2 K�TTBM; Pij
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RX i�F2b �b BMTmi bQK2 7mM+iBQM vj,i /2}M2/ QM i?2 bF2H2iQM Sj,i- BX2X- i?2 T�`i Q7 i?2
BMi2`BQ` #QmM/�`v Q7 bm#/QK�BM Ωi i?�i Bb +QMi�BM2/ BM Ωj - �M/ KmHiBTHB2b Bi rBi?
i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQM χj

i -

kX 2ti2M/b i?2 7mM+iBQM vχj
i |Sj,i ?�`KQMB+�HHv BMbB/2 i?2 /QK�BM Ωi-

jX �M/ i?2M vB2H/b �b QmiTmi i?2 `2bi`B+iBQM Q7 i?Bb ?�`KQMB+ 2ti2MbBQM QM i?2 bF2H2@
iQM SiX

q2 `2K�`F i?�i i?2 /2}MBiBQM Q7 i?2 Bi2`�iBQM QT2`�iQ` T BKTHB2b i?�i Bi Bb #HQ+F@
bT�`b2X AM/22/- i?2 ii? `Qr Q7 T +QMi�BMb MQM@x2`Q 2Mi`B2b 2t�+iHv �i +QHmKMb j ∈ NiX

1t�KTH2 3XdX G2i mb +QMbB/2` i?2 bBim�iBQM Q7 � /QK�BM Ω +QMbBbiBM; Q7 b2p2M bm#/Q@
K�BMb- BX2X- Ω = ∪7

j=1Ωj �b b?QrM BM 6B;m`2 3XjX AM i?Bb b2iiBM; i?2 Bi2`�iBQM QT2`�iQ` T
Bb � 7× 7 K�i`Bt ;Bp2M #v

T =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 P12 0 0 0 P16 P17

P21 0 P23 0 0 0 P27

0 P32 0 P34 0 0 P37

0 0 P43 0 P45 0 P47

0 0 0 P54 0 P56 P57

P61 0 0 0 P65 0 P67

P71 P72 P73 P74 P75 P76 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

h?2 M2ti bi2T BM Qm` �M�HvbBb Bb iQ Q#b2`p2 i?�i mbBM; U3XdV �M/ U3X3V- r2 +�M
`2r`Bi2 U3XeV �b

en+1 = Ten 7Q` 2�+? n ∈ N. U3XNV

G2KK� 3X3X 1[m�iBQM U3XeV Bb 2[mBp�H2Mi iQ 1[m�iBQM U3XNVX

S`QQ7X q2 b?Qr i?�i U3XNV +�M 2[mBp�H2MiHv #2 `2r`Bii2M �b U3XeVX hQ i?Bb 2M/- H2i n ∈ NX
h?2M 1[m�iBQM U3XNV +�M #2 r`Bii2M �b

enj =
N∑

k=1

Tjke
n−1
k ∀j ∈ {1, . . . , N},

r?B+? Bb 2[mBp�H2Mi iQ

enj =
∑

k∈Nj

Pjke
n−1
k ∀j ∈ {1, . . . , N}.

lbBM; i?2 /2}MBiBQM Q7 i?2 QT2`�iQ`b Pik r2 Q#i�BM 7Q` �HH j ∈ {1, . . . , N}

enj =
∑

k∈Nj

Rj

(
Ej

(
en−1
k |Sk,j χ

k
j |Sk,j

))
= Rj

(
Ej

( ∑

k∈Nj

en−1
k |Sk,j χ

k
j |Sk,j

))
. U3XRyV

� /B`2+i BMbT2+iBQM MQr b?Qrb i?�i 1[m�iBQM U3XRyV Bb 2[mBp�H2Mi iQ 1[m�iBQM U3XeVX
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∂Ωj

Ωk

Rj ◦ Ej Sj

6B;m`2 3Xd, 1t�KTH2 Q7 i?2 �TTHB+�iBQM Q7 G2KK� 3XNX � 7mM+iBQM v : ∂Ωj → R bm+? i?�i
v(x) ∈ [0, 1] 7Q` �HH x ∈ ∂Ωj rBi? v(x) < 1 7Q` x ∈ Γk,0

j 7Q` bQK2 k Ui?B+F ;`�v �`+ BM i?2 H27i
TB+im`2V Bb K�TT2/ #v i?2 QT2`�iQ` Rj ◦ Ej QM iQ � 7mM+iBQM w := Rj(Ej(v)) /2}M2/ QM Sj
�M/ b�iBb7vBM; w(x) ∈ [0, 1] 7Q` �HH x ∈ Sj - w(x) < 1 7Q` �HH x ∈ Sintj X

Ai i?2`27Q`2 7QHHQrb i?�i BM Q`/2` iQ �M�Hvb2 i?2 +QMp2`;2M+2 Q7 i?2 b2[m2M+2 Q7 2``Q`
7mM+iBQMb {enj }n∈N, j ∈ {1, . . . , N} /2}M2/ i?`Qm;? 1[m�iBQM U3XeV- r2 Kmbi bim/v i?2
+QMp2`;2M+2 Q7 i?2 2``Q` p2+iQ`b {en}n∈N /2}M2/ i?`Qm;? i?2 K�i`Bt 2[m�iBQM U3XNVX
JQ`2 bT2+B}+�HHv- r2 Kmbi �M�Hvb2 i?2 bi`m+im`2 Q7 i?2 a+?r�`x Bi2`�iBQM QT2`�iQ` T X
h?Bb Bb i?2 bm#D2+i Q7 i?2 M2ti a2+iBQM 3XRXjX

3XRXj *QMp2`;2M+2 �M�HvbBb

3XRXjXR h2+?MB+�H H2KK�b

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ BMi`Q/m+2 bQK2 i2+?MB+�H `2bmHib i?�i r2 mb2 iQ T`Qp2 Qm`
K�BM i?2Q`2KbX q2 #2;BM rBi? i?2 7QHHQrBM; }`bi `2bmHiX

G2KK� 3XNX G2i j ∈ {1, . . . , N} �M/ +QMbB/2` i?2 bm#/QK�BM Ωj- H2i ũ ∈ L∞(∂Ωj)
#2 � MQM@M2;�iBp2- TB2+2rBb2 +QMiBMmQmb 7mM+iBQM bm+? i?�i 2bb sup∂Ωj

ũ ≤ 1X �bbmK2
i?�i i?2`2 2tBbib �i H2�bi QM2 M2B;?#Qm`BM; BM/2t k ∈ Nj Q7 i?2 bm#/QK�BM Ωj bm+? i?�i
ũ < 1 BM Sintk,j- �M/ /2}M2 i?2 7mM+iBQM unew ∈ L∞(Sj) �b unew := Rj (Ej(ũ))X h?2M Bi
?QH/b i?�i

0 ≤ 2bb sup
Sj

unew ≤ 1, unew(x) < 1 ∀x ∈ Sintj .

�M 2t�KTH2 Q7 i?2 �TTHB+�iBQM Q7 G2KK� 3XN Bb ;Bp2M BM 6B;m`2 3XdX

S`QQ7X h?2 T`QQ7 7QHHQrb 7`QK i?2 K�tBKmK T`BM+BTH2 7Q` ?�`KQMB+ 7mM+iBQMb Ub22-
2X;X- (kN)V +QK#BM2/ rBi? i?2 /2}MBiBQM Q7 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb BMi`Q/m+2/
�#Qp2X

L2ti- r2 T`Qp2 � 7mM/�K2Mi�H H2KK� +QM+2`MBM; i?2 MQ`K Q7 i?2 Bi2`�iBQM QT2`�iQ` T X

G2KK� 3XRyX G2i 1 ∈ ΠN
j=1C

0 (Sj) /2MQi2 �M N @/BK2MbBQM�H p2+iQ` rBi? i?2 T`QT2`iv
i?�i 2p2`v ji? 2Mi`v Q7 i?2 p2+iQ` Bb � 7mM+iBQM B/2MiB+�HHv 2[m�H iQ R QM i?2 bF2H2iQM SjX
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h?2M 7Q` �Mv M�im`�H MmK#2` n ∈ N Bi ?QH/b i?�i

∥Tn∥OP,∞ := sup
v∈ΠN

j=1C
0(Sintj )

∥v∥∞=1

∥Tnv∥∞ = ∥Tn1∥∞.

S`QQ7X q2 }`bi T`Qp2 �M BMi2`K2/B�i2 `2bmHiX G2i v,u ∈ ΠN
j=1C

0(Sintj ) #2 irQ 7mM+iBQMb
bm+? i?�i

v ≤ u QM ∪N
j=1 Sj .

q2 T`Qp2 i?�i
(Tv) ≤ (Tu) QM ∪N

j=1 Sj . U3XRRV

.2}M2 w := T (u−v)X h?2M #v /2}MBiBQM Q7 T r2 Q#i�BM i?�i 7Q` 2�+? j ∈ {1, . . . , N}
Bi ?QH/b i?�i

wj =
∑

i∈Nj

Pji(ui − vi) =
∑

i∈Nj

Rj

(
Ej

((
ui − vi

)
|Sj,i χ

i
j |Sj,i

))

= Rj

(
Ej

( ∑

i∈Nj

(
ui − vi

)
|Sj,i χ

i
j |Sj,i

))
.

AM Qi?2` rQ`/b- i?2 7mM+iBQM wj Bb bBKTHv i?2 `2bi`B+iBQM QMiQ i?2 bF2H2iQM Sj Q7 i?2
?�`KQMB+ bQHmiBQM iQ � .B`B+?H2i T`Q#H2K rBi? #QmM/�`v /�i� 7`QK u− vX

_2+�HH i?�i r2 ?�p2 #v ?vTQi?2bBb i?�i 7Q` 2�+? j ∈ {1, . . . , N} Bi ?QH/b i?�i uj−vj ≥
0 QM Sj X Ai 7QHHQrb 7`QK i?2 K�tBKmK T`BM+BTH2 i?�i 7Q` 2�+? j ∈ {1, . . . , N} r2 ?�p2

wj ≥ 0 QM Sj .

h?2`27Q`2- r2 Q#i�BM i?�i

w = (T (u− v)) ≥ 0 QM ∪N
j=1 Sj .

h?Bb +QKTH2i2b i?2 T`QQ7 7Q` 1[m�iBQM U3XRRVX

q2 MQr T`Q+22/ iQ i?2 T`QQ7 Q7 G2KK� 3XRyX LQi2 i?�i Bi bm{+2b iQ T`Qp2 i?�i 7Q`
�HH M�im`�H MmK#2`b n ∈ N �M/ �HH 7mM+iBQMb v ∈ ΠN

j=1C
0(Sintj ) bm+? i?�i ∥v∥∞ = 1 Bi

?QH/b i?�i
(Tnv) ≤ (Tn1) QM ∪N

j=1 Sj . U3XRkV

h?2 T`QQ7 7QHHQrb 2�bBHv #v BM/m+iBQM 7`QK 1[m�iBQM U3XRRVX AM/22/- i?2 #�b2 +�b2
7QHHQrb BKK2/B�i2Hv #v TB+FBM; u = 1X L2ti- �bbmK2 i?�i U3XRkV ?QH/b 7Q` bQK2 k ∈ NX
q2 /2}M2 7mM+iBQMb ṽ := T kv �M/ ũ := T k1 �M/ `2+Q;MBx2 i?�i i?2 BM/m+iBQM ?vTQi?2bBb
BKTHB2b i?�i

ṽ ≤ ũ QM ∪N
j=1 Sj .

h?2`27Q`2- �TTHvBM; QM+2 �;�BM 1[m�iBQM U3XRRV iQ i?2 7mM+iBQMb ṽ �M/ ũ vB2H/b i?2
`2[mB`2/ `2bmHiX h?Bb +QKTH2i2b i?2 T`QQ7X

R33
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q2 �`2 MQr `2�/v iQ bi�i2 Qm` b2+QM/ 7mM/�K2Mi�H `2bmHiX

G2KK� 3XRRX G2i Ω = ∪N
j=1Ωj #2 � /QK�BM rBi? Nmax H�v2`bX h?2M 7Q` �HH M�im`�H

MmK#2`b n ≤ Nmax Bi ?QH/b i?�i Tn1 ∈ VnX

S`QQ7X h?2 T`QQ7 T`Q+22/b #v BM/m+iBQMX q2 +QMbB/2` i?2 #�b2 +�b2 n = 1 �M/ b?Qr i?�i
T1 ∈ V1X hQ i?Bb 2M/- H2i v = T1X q2 }`bi +QMbB/2` � bm#/QK�BM Ωj bm+? i?�i i?2 MQ/2
j Bb BM L1X *H2�`Hv- r2 ?�p2 i?�i ∂Ωj ∩ ∂Ω ̸= ∅X h?2`27Q`2 �TTHvBM; G2KK� 3XN vB2H/b
i?�i vj(x) < 1 7Q` �HH x ∈ Sintj X L2ti- +QMbB/2` � bm#/QK�BM Ωj bm+? i?�i MQ/2 j Bb BM L2

Q` ?B;?2`X Ai 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 i?2 H�v2`b i?�i Ωj /Q2b MQi +Q``2bTQM/ iQ �
#QmM/�`v MQ/2- �M/ i?mb ∂Ωj ∩ ∂Ω = ∅X lbBM; i?2 /2}MBiBQM Q7 i?2 Bi2`�iBQM QT2`�iQ`
T - 1[m�iBQM U3XjV- �M/ _2K�`F 3X8 r2 ?�p2 i?�i

vj =
∑

i∈Nj

Pji(1)i =
∑

i∈Nj

Rj

(
Ej

(
(1)i|Sj,i χ

i
j |Sj,i

))

=
∑

i∈Nj

Rj

(
Ej

(
χi
j |Sj,i

))
= Rj

(
Ej

( ∑

i∈Nj

χi
j |Sj,i

))

= Rj
(
Ej(1)

)
= (1)j .

U3XRjV

q2 i?2`27Q`2 Q#i�BM i?�i vj = (1)j X h?Bb +QKTH2i2b i?2 T`QQ7 7Q` i?2 #�b2 +�b2X

�bbmK2 MQr i?�i i?2 `2bmHi ?QH/b 7Q` bQK2 M�im`�H MmK#2` n = k < Nmax- BX2X- i?�i
T k1 ∈ VkX q2 Kmbi T`Qp2 i?�i T k+11 ∈ Vk+1X

G2i v := T k1- H2i w := T k+11 �M/ +QMbB/2` �M �`#Bi`�`v bm#/QK�BM Ωj X A7 MQ/2 j
Bb BM L1- i?2M G2KK� 3XN vB2H/b i?�i vj(x) < 1 7Q` �HH x ∈ Sintj X PM i?2 Qi?2` ?�M/- B7
MQ/2 j Bb BM Lm r?2`2 m ∈ {2, . . . , k+1}- i?2M Bi 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 i?2 H�v2`b
i?�i i?2`2 Kmbi 2tBbi � M2B;?#Qm`BM; MQ/2 i′ ∈ Nj bm+? i?�i MQ/2 i′ Bb BM Lm−1X h?2
/2}MBiBQM Q7 i?2 Bi2`�iBQM QT2`�iQ` T i?2`27Q`2 vB2H/b

wj =
∑

i∈Nj

Pjivi = Rj

(
Ej

(
vi′ |Sj,i′ χ

i′
j |Sj,i′

))
+
∑

i∈Nj

i ̸=i′

Rj

(
Ej

(
vi|Sj,i χ

i
j |Sj,i

))

= Rj

(
Ej

(
vi′ |Sj,i′ χ

i′
j |Sj,i′ +

∑

i∈Nj

i ̸=i′

vi|Sj,i χ
i
j |Sj,i

))
.

h?2 BM/m+iBQM ?vTQi?2bBb BKTHB2b i?�i vi′(x) < 1 7Q` �HH x ∈ Sinti′ X h?Bb BKTHB2b BM
T�`iB+mH�` i?�i vi′(x) < 1 7Q` �HH x ∈ Sintj,i′ X aBM+2 i?2 7mM+iBQM wj Bb bBKTHv i?2 `2bi`B+iBQM
QM iQ i?2 bF2H2iQM Sj Q7 i?2 ?�`KQMB+ 2ti2MbBQM Q7 #QmM/�`v /�i� 7`QK i?2 7mM+iBQM v-
r2 +�M �TTHv G2KK� 3XN iQ Q#i�BM i?�i wj(x) < 1 7Q` �HH x ∈ Sintj X

A7 k + 1 = Nmax i?2M r2 �`2 /QM2X A7 MQi- i?2M +QMbB/2` � bm#/QK�BM Ωj bm+? i?�i
i?2 MQ/2 j Bb BM Lm̃ r?2`2 m̃ ∈ {k + 2, . . . , Nmax}X q2 Kmbi b?Qr i?�i wj = 1 QM Sj X

R3N
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Ai 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 i?2 H�v2`b i?�i �HH M2B;?#Qm`BM; MQ/2b ℓ ∈ Nj Kmbi
#2HQM; iQ Lm′ r?2`2 m′ ∈ {k+1, . . . , Nmax}X h?2`27Q`2- i?2 BM/m+iBQM ?vTQi?2bBb BKTHB2b
i?�i 7Q` 2�+? ℓ ∈ Nj Bi ?QH/b i?�i vℓ = 1 QM Sj,ℓX

lbBM; i?2 /2}MBiBQM Q7 i?2 Bi2`�iBQM QT2`�iQ` T �M/ _2K�`F 3X8- �M/ T`Q+22/BM; BM
i?2 b�K2 K�MM2` �b BM 1[m�iBQM U3XRjV r2 Q#i�BM i?�i wj = (1)j - �M/ r2 ?�p2 i?mb
b?QrM i?�i T k+11 = w ∈ Vk+1X h?Bb +QKTH2i2b i?2 T`QQ7 #v BM/m+iBQMX

Pm` M2ti ;Q�H Bb iQ Q#i�BM �M �M�HQ;Qmb `2bmHi 7Q` i?2 b2i CnX hQ i?Bb 2M/- r2 `2[mB`2
i?2 mb2 Q7 i?2 7QHHQrBM; F2v H2KK�X

G2KK� 3XRkX G2i Ω = ∪N
i=1Ωi #2 � /QK�BM rBi? Nmax H�v2`b- H2i v ∈ ΠN

j=1C
0
(
Sintj

)

#2 bm+? i?�i ∥vj∥∞ ≤ 1- �M/ H2i w = TvX *QMbB/2` � bm#/QK�BM Ωj bm+? i?�i 7Q` �HH
M2B;?#Qm`BM; BM/B+2b i ∈ Nj Bi ?QH/b i?�i vi(x) < 1 7Q` �HH x ∈ Sinti X h?2M Bi ?QH/b i?�i

∥wj∥L∞(Sj) := 2bb sup
Sj

wj < 1.

S`QQ7X "v i?2 /2}MBiBQM Q7 i?2 Bi2`�iBQM QT2`�iQ` r2 ?�p2 i?�i

wj =
∑

i∈Nj

Pjivi =
∑

i∈Nj

Rj

(
Ej

(
vi|Sj,i χ

i
j |Sj,i

))
= Rj

(
Ej

( ∑

i∈Nj

vi|Sj,i χ
i
j |Sj,i

))
.

h?2`27Q`2- r2 /2}M2 i?2 7mM+iBQM h : ∂Ωj → R �b

h(x) :=

{∑
i∈Nj

vi|Sj,i(x)χi
j |Sj,i(x) B7 x ∈ BMi(ΓBMi

j ),

0 Qi?2`rBb2.

L2ti- r2 Q#b2`p2 i?�i i?2 /2}MBiBQM Q7 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb �M/ i?2 �b@
bmKTiBQMb Q7 G2KK� 3XRk BKTHv irQ F2v T`QT2`iB2b Q7 i?2 7mM+iBQM hX

UBV Ai ?QH/b i?�i

h(x) = 0 7Q` �HH x ∈ Γext
j , h(x) ≤ 1 7Q` �HH x ∈ Γint

j .

UBBV Ai ?QH/b i?�i h Bb � +QMiBMmQmb 7mM+iBQM QM BMi
(
Γint
j

)
X

�b � }`bi bi2T- r2 T`Qp2 � i?B`/ F2v T`QT2`iv Q7 i?2 7mM+iBQM h,

UBBBV Ai ?QH/b i?�i h(x) < 1 7Q` �HH x ∈ BMi
(
Γint
j

)
X

hQ i?Bb 2M/- H2i x ∈ BMi(Γint
j ) = BMi

(
∪k∈Nj ∪i∈Njk Γ

k,i
j

)
X q2 /BbiBM;mBb? irQ +�b2b,

RX x ∈ Γk,0
j 7Q` bQK2 M2B;?#Qm`BM; BM/2t k ∈ Nj X q2 �;�BM ?�p2 irQ +�b2b,

RNy
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Ç x ∈ Γk,0
j X _2+�HHBM; i?2 /2}MBiBQM Q7 i?2 BMi2`BQ` bF2H2iQM- r2 Q#i�BM �HbQ i?�i

x ∈ Sintk,j ⊂ Sintk X h?mb Bi ?QH/b i?�i h(x) = vk(x)χk
j (x)X q2 `2+�HH i?�i #v i?2

/2}MBiBQM Q7 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb- Bi ?QH/b i?�i χk
j (x) = 1 7Q` x ∈

Γk,0
j X 6m`i?2`KQ`2- r2 ?�p2 #v �bbmKTiBQM i?�i vk(x) < 1 7Q` x ∈ Sintk,j ⊂ Sintk X

q2 i?2`27Q`2 +QM+Hm/2 i?�i h(x) < 1X

Ç x /∈ Γk,0
j - BX2X- x Bb � #QmM/�`v TQBMi Q7 i?2 +HQb2/ b2i Γk,0

j X LQr- 2Bi?2` x ∈ Γext
j

Q` i?2`2 2tBbib bQK2 M2B;?#Qm`BM; BM/2t ℓ ∈ Njk bm+? i?�i x ∈ Γk,ℓ
j X AM Qi?2`

rQ`/b- i?2`2 �`2 2t�+iHv irQ TQbbB#BHBiB2b, 2Bi?2` x Bb � #QmM/�`v TQBMi Q7 i?2
2ti2`BQ` #QmM/�`v Q7 Ωj Q` x Bb � #QmM/�`v TQBMi Q7 bQK2 i`BTH2 BMi2`b2+iBQMX
aBM+2 x ∈ BMi(Γint

j )- r2 ?�p2 2t+Hm/2/ i?2 }`bi +�b2X h?2 b2+QM/ +�b2 x ∈ Γk,ℓ
j

Bb +Qp2`2/ #2HQrX

kX x ∈ Γk,ℓ
j 7Q` bQK2 M2B;?#Qm`BM; BM/B+2b k, ℓ ∈ Nj X _2+�HHBM; QM+2 �;�BM i?2 /2}MBiBQM

Q7 i?2 bF2H2iQMb- r2 Q#i�BM i?�i x ∈ Sk,j ⊂ Sk �M/ x ∈ Sℓ,j ⊂ SℓX Ai i?2`27Q`2 7QHHQrb
i?�i

h(x) = vk(x)χ
k
j (x) + vℓ(x)χ

ℓ
j(x). U3XR9V

q2 �;�BM ?�p2 irQ +�b2b,

Ç x ∈ Sintk X q2 ?�p2 #v �bbmKTiBQM i?�i vk(x) < 1 7Q` x ∈ Sintk X PM i?2 Qi?2`
?�M/- r2 �HbQ FMQr i?�i vℓ(x) ≤ 1 7Q` x ∈ SℓX h?2`27Q`2- 1[m�iBQM U3XR9V
BKTHB2b i?�i h(x) < 1X

Ç x /∈ Sintk X aBM+2 x ∈ Sk- r2 Kmbi ?�p2 i?�i x ∈ ∂ΩkX Ai Bb `2�/BHv b22M i?�i
i?Bb BM im`M BKTHB2b i?�i x ∈ Sintℓ X h?2`27Q`2- r2 Q#i�BM i?�i vℓ(x) < 1- �M/
vk(x) ≤ 1X >2M+2- 1[m�iBQM U3XR9V �;�BM BKTHB2b i?�i h(x) < 1X

q2 +QM+Hm/2 i?�i h(x) < 1 7Q` �HH x ∈ BMi(Γint
j ) �M/ i?2`27Q`2 S`QT2`iv UBBBV Q7 i?2

7mM+iBQM h �HbQ ?QH/bX

*QMbB/2` MQr i?2 bF2H2iQM Sj �M/ H2i Sj,k, k ∈ Nj #2 �M �`#Bi`�`v �`+ Q7 i?2 bF2H2iQMX
q2 Kmbi b?Qr i?�i 2bb supSj,k wj < 1X h?Bb Bb � bHB;?iHv /2HB+�i2 �`;mK2Mi bBM+2 i?2 7mM+@
iBQM wj M22/ MQi #2 +QMiBMmQmb QM i?2 +HQb2/ b2i Sj,k /m2 iQ TQbbB#H2 DmKT /Bb+QMiBMmBiB2b
�i i?2 2M/TQBMibX q2 i?2`27Q`2 T`Q+22/ BM irQ bi2Tb,

RX 6B`bi r2 b?Qr i?�i wj(x) < 1 7Q` �HH x ∈ Sintj,k- BX2X- i?�i i?2 7mM+iBQM wj Bb bi`B+iHv
bK�HH2` i?�M QM2 BM i?2 BMi2`BQ` Q7 i?2 bF2H2iQM �`+ Sj,kX S`QT2`iv UBBBV Q7 i?2
7mM+iBQM h vB2H/b i?�i h(x) < 1 ∀x ∈ Γint

j ⊃ Sk,j X h?2`27Q`2 G2KK� 3XN vB2H/b i?�i
wj(x) < 1 7Q` �HH x ∈ Sintj ⊃ Sintj,kX

kX L2ti r2 b?Qr i?�i lim x∈Sj,k
x→∂Ωj

wj(x) < 1X AM Qi?2` rQ`/b r2 Kmbi b?Qr i?�i i?2

HBKBi Q7 i?2 7mM+iBQM wj �HQM; i?2 bF2H2iQM �`+ Sj,k- �b QM2 �TT`Q�+?2b i?2 2M/TQBMib
Bb bi`B+iHv bK�HH2` i?�M QM2X q2 2KT?�bBb2 i?�i i?Bb bi2T Bb M2+2bb�`v bBM+2 i?2

RNR
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7mM+iBQM wj - � T`BQ`B- K�v +QMi�BM � DmKT /Bb+QMiBMmBiv �i i?2 2M/TQBMib Q7 i?2
bF2H2iQM »X
hQ i?Bb 2M/- H2i x̂ ∈ ∂Ωj /2MQi2 �Mv 2M/TQBMi Q7 i?2 bF2H2iQM �`+ Sj,kX PM+2 �;�BM
r2 ?�p2 irQ +�b2b,

Ç amTTQb2 x̂ ∈ Γext
j X _2+�HH i?�i h = 0 QM Γext

j 7`QK S`QT2`iv UBV �M/ h(x) < 1

7Q` �HH x ∈ BMi(Γint
j ) 7`QK S`QT2`iv UBBBVX h?mb- i?2 a+?r�`x H2KK� Ub22- 2X;X-

(RRR- S�;2b ejk@ej8)- (kN) �M/ (Rjj- a2+iBQM j)V BKTHB2b i?�i

lim
x∈Sj,k
x→x̂

wj(x) = α < 1,

r?2`2 α Bb � +QMbi�Mi i?�i /2T2M/b QM i?2 �M;H2 �i r?B+? i?2 bF2H2iQM �`+ Sj,k
BMi2`b2+ib i?2 #QmM/�`v ∂Ωj �i i?2 TQBMi x̂X

Ç amTTQb2 x̂ /∈ Γext
j X h?2M x̂ ∈ BMi

(
Γint
j

)
X S`QT2`iv UBBV Q7 i?2 7mM+iBQM h BKTHB2b

i?�i h Bb � +QMiBMmQmb 7mM+iBQM QM BMi
(
Γint
j

)
X h?Bb BM im`M BKTHB2b i?�i i?2

?�`KQMB+ 2ti2MbBQM Ej(h) Bb +QMiBMmQmb BM � M2B;?#Qm`?QQ/ Q7 i?2 TQBMi x̂X
h?Bb vB2H/b BM T�`iB+mH�` i?�i

lim
x∈Sj,k
x→x̂

wj(x) = wj(x̂) = h(x̂) < 1.

>2M+2- i?2 +H�BK ?QH/b BM #Qi? +�b2bX

Ai i?2`27Q`2 7QHHQrb i?�i 2bb supSj,k wj < 1X aBM+2 i?2 bF2H2iQM �`+ Sj,k r�b �`#Bi`�`v-
r2 Q#i�BM i?�i

2bb sup
Sj

wj < 1,

r?B+? +QKTH2i2b i?2 T`QQ7X

*QMbB/2` i?2 b2iiBM; Q7 G2KK� 3XRkX h?2 +�`27mH `2�/2` rBHH Q#b2`p2 i?�i i?2 T`QQ7 Q7
G2KK� 3XRk `2[mB`2/ i?2 mb2 Q7 �HH i?`22 F2v T`QT2`iB2b Q7 i?2 #QmM/�`v /�i� hX AM T�`iB+@
mH�`- r2 2tTHB+BiHv mb2/ i?2 7�+i i?�i h Bb � +QMiBMmQmb 7mM+iBQM QM i?2 BMi2`BQ` #QmM/�`v
ΓBMi
j X h?2 +QMiBMmBiv Q7 i?2 7mM+iBQM h Bb Bib2H7 � +QMb2[m2M+2 Q7 Qm` 2�`HB2` �bbmKTiBQM

i?�i i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb �`2 +QMiBMmQmb QM i?2 BMi2`BQ` #QmM/�`v ΓBMi
j X PM2

KB;?i i?2`27Q`2 rQM/2` B7 i?2 T`QQ7 Q7 G2KK� 3XRk biBHH ?QH/b B7 i?2 +QMiBMmBiv Q7 i?2
T�`iBiBQM Q7 mMBiv 7mM+iBQMb Bb MQi BKTQb2/X Ai im`Mb Qmi i?�i i?Bb +QMiBMmBiv �bbmKTiBQM
Bb MQi M2+2bb�`v iQ T`Qp2 G2KK� 3XRk- �M/ r2 K�v BMbi2�/ mb2 i?2 a+?r�`x H2KK�X
>Qr2p2`- �b r2 /2KQMbi`�i2 BM a2+iBQM 3Xj mbBM; bQK2 MmK2`B+�H 2t�KTH2b- � +?QB+2 Q7
/Bb+QMiBMmQmb T�`iBiBQM Q7 mMBiv 7mM+iBQMb K�v H2�/ iQ � [m�MiBi�iBp2Hv bHB;?iHv rQ`b2 +QM@
i`�+iBQM Q7 i?2 2``Q` �i 2�+? Bi2`�iBQMX q2 `2K�`F i?�i i?2 //*PaJP BKTH2K2Mi�iBQM
mb2b +QMiBMmQmb T�`iBiBQM Q7 mMBiv 7mM+iBQMb BM T`�+iB+2X

q2 +QM+Hm/2 i?Bb bm#b2+iBQM #v Q#b2`pBM; i?�i G2KK� 3XRk ?�b i?2 7QHHQrBM; +QMb2@
[m2M+2X

»h?Bb bBim�iBQM +�M �`Bb2 T`2+Bb2Hv r?2M i?2 bm#/QK�BMb r2�FHv Qp2`H�T Ub22 (Rjj)V

RNk
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G2KK� 3XRjX G2i Ω = ∪N
j=1Ωj #2 � /QK�BM rBi? Nmax H�v2`b- H2i n ≤ Nmax − 2 #2 �

M�im`�H MmK#2`- �M/ H2i u ∈ VnX h?2M Bi ?QH/b i?�i

T 2u ∈ Cn. U3XR8V

S`QQ7X G2i v = Tu �M/ H2i w = T 2uX aBM+2 u ∈ Vn �M/ ∥T∥OP,∞ ≤ 1- r2 Q#i�BM
i?�i ∥w∥∞ ≤ ∥u∥∞ ≤ 1X h?2`27Q`2- r2 M22/ QMHv b?Qr i?�i 2bb supSj wj < 1 7Q`
�HH j ∈ ∪n

k=1LkX

G2i j ∈ ∪n
k=1Lk �M/ H2i ℓ ∈ Nj #2 �Mv M2B;?#Qm`BM; BM/2tX "v i?2 /2}MBiBQM Q7 i?2

H�v2`b- r2 FMQr i?�i ℓ ∈ ∪n+1
k=1LkX PM i?2 Qi?2` ?�M/- bBM+2 v ∈ Vn+1- r2 FMQr i?�i

vℓ(x) < 1 7Q` �HH x ∈ Sintℓ X �TTHvBM; G2KK� 3XRk BKK2/B�i2Hv vB2H/b i?�i 2bb supSj wj < 1X
aBM+2 j ∈ ∪n

k=1Lk r�b �`#Bi`�`v- r2 +QM+Hm/2 i?�i w ∈ CnX

3XRXjXk *QMp2`;2M+2 `2bmHib

q2 �`2 MQr `2�/v iQ bi�i2 Qm` K�BM `2bmHibX

h?2Q`2K 3XR9X G2i Ω = ∪N
j=1Ωj #2 � /QK�BM rBi? Nmax H�v2`b �M/ H2i u ∈ VNmaxX

h?2M Bi ?QH/b i?�i
Tu ∈ CNmax . U3XReV

S`QQ7X G2i w = TuX q2 Kmbi b?Qr i?�i 7Q` �HH j ∈ {1, . . . , N} Bi ?QH/b i?�i 2bb supSj wj <
1X

hQ i?Bb 2M/- H2i j ∈ {1, . . . , N}X aBM+2 u ∈ VNmax Bi 7QHHQrb i?�i i?�i 7Q` �HH M2B;?@
#Qm`BM; BM/B+2b i ∈ Nj Bi ?QH/b i?�i ui(x) < 1 7Q` �HH x ∈ Sinti X �TTHvBM; G2KK�
3XRk BKK2/B�i2Hv vB2H/b i?�i 2bb supSj wj < 1X aBM+2 j ∈ {1, . . . , N} r�b �`#Bi`�`v- i?Bb
+QKTH2i2b i?2 T`QQ7X

h?2Q`2K 3XR9 ?�b i?2 7QHHQrBM; BKTQ`i�Mi +QMb2[m2M+2X

*Q`QHH�`v 3XR8X G2i Ω = ∪N
j=1Ωj #2 � /QK�BM rBi? Nmax H�v2`bX h?2M Bi ?QH/b i?�i

∥TNmax+1∥OP,∞ < 1.

S`QQ7X G2KK� 3XRy BKTHB2b i?�i ∥TNmax+1∥OP,∞ = ∥TNmax+11∥∞X h?2Q`2K 3XR9 BKTHB2b
i?�i TNmax+11 ∈ CNmax X "v /2}MBiBQM Q7 i?2 b2i CNmax r2 Q#i�BM i?�i ∥TNmax+1∥OP,∞ =
∥TNmax+11∥∞ < 1X

_2K�`F 3XReX *QMbB/2` i?2 b2iiBM; Q7 h?2Q`2K 3XR9X h?2 `2H�iBQM U3XReV Bb b?�`T
7Q` NK�t > 1X a22 �HbQ 1t�KTH2 3Xky 7Q` i?2 +�b2 Nmax = 1X
_2K�`F 3XRdX *QMbB/2` i?2 2``Q` 2[m�iBQM U3XNVX *Q`QHH�`v 3XR8 BKTHB2b i?�i

lim
n→∞

∥en+1∥∞ = lim
n→∞

∥Ten∥∞ = lim
n→∞

∥Tn+1e0∥∞ ≤ lim
n→∞

∥Tn+1∥OP,∞∥e0∥∞ = 0.
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h?2Q`2K 3XR9 �HbQ �HHQrb mb iQ T`Qp2 i?�i i?2 ;HQ#�H G�TH�+2 T`Q#H2K U3XRV �M/ i?2
/QK�BM /2+QKTQbBiBQM T`Q#H2K U3X9V �`2 BM/22/ 2[mBp�H2MiX

h?2Q`2K 3XR3X 1[m�iBQMb U3XRV �M/ U3X9V �`2 2[mBp�H2MiX h?2`27Q`2- i?2 SaJ +QMp2`;2b
iQ i?2 bQHmiBQM Q7 i?2 ;HQ#�H G�TH�+2 T`Q#H2K U3XRVX

S`QQ7X Ai Bb r2HH FMQrM i?�i i?2`2 2tBbib � mMB[m2 bQHmiBQM u ∈ C0(Ω) iQ 1[m�iBQM U3XRVX
� /B`2+i +�H+mH�iBQM i?2M b?Qrb i?�i i?2 `2bi`B+iBQMb Q7 i?Bb 7mM+iBQM u|Ωj , j ∈ {1, . . . , N}
QM 2�+? bm#/QK�BM Ωj �HbQ b�iBb7v 1[m�iBQM U3X9VX h?2`27Q`2- Bi bm{+2b iQ b?Qr i?�i
1[m�iBQM U3X9V Kmbi ?�p2 � mMB[m2 bQHmiBQMX

q2 �`;m2 #v +QMi`�/B+iBQMX 6Q` 2�+? j ∈ {1, . . . , N}- H2i vj , ṽj ∈ C0(Ωj) #2 irQ
/BbiBM+i bQHmiBQMb iQ U3X9V QM i?2 bm#/QK�BM Ωj �M/ H2i wj := vj − ṽj X Ai 7QHHQrb i?�i

∆wj = 0 BM Ωj ,

wj = 0 QM Γ2ti
j , U3XRdV

wj =
∑

i∈Nj

wiχ
i
j QM Γint

j .

L2ti- r2 /2}M2 i?2 7mM+iBQM w ∈ ΠN
j=1C

0(Sintj ) #v i�FBM;- 7Q` 2�+? j = 1, . . . , N - i?2
`2bi`B+iBQM Q7 i?2 7mM+iBQM wj QM i?2 bF2H2iQM Sj X Ai 7QHHQrb 7`QK 1[m�iBQM U3XRdV �M/
G2KK� 3X3 i?�i w b�iBb}2b i?2 }t2/@TQBMi 2[m�iBQM w = TwX h?Bb BKTHB2b BM T�`iB+mH�`
i?�i

w = TNmax+1w, U3XR3V

r?2`2 Nmax Bb i?2 MmK#2` Q7 H�v2`b BM i?2 /QK�BM ΩX 1[m�iBQM U3XR3V MQr vB2H/b
i?�i ∥TNmax+1∥PS,∞ ≥ 1- r?B+? +QMi`�/B+ib h?2Q`2K 3XR9X h?2`27Q`2- r2 Kmbi ?�p2
i?�i w ≡ 0 r?B+? BKTHB2b i?�i vj = ṽj 7Q` �HH j = 1, . . . , N - �M/ i?mb 1[m�iBQM U3X9V ?�b
� mMB[m2 bQHmiBQMX

3XRXjXj .Bb+mbbBQM QM +QMp2`;2M+2 `2bmHib �M/ `2H�i2/ 2t�KTH2b

AM i?Bb b2+iBQM- r2 /Bb+mbb i?2 +QMp2`;2M+2 `2bmHib Q#i�BM2/ BM a2+iBQM 3XRXj �M/ mb2
irQ 2t�KTH2b iQ 2tTH�BM i?2 ?2m`BbiB+ #2?BM/ i?2K �M/ /2KQMbi`�i2 ?Qr i?2v +�M #2
+QMbB/2`2/ �M 2ti2MbBQM Q7 2tBbiBM; `2bmHib ;Bp2M BM i?2 HBi2`�im`2 (k3- kN)X AM T�`iB+mH�`- BM
1t�KTH2 3XRN r2 b?Qr ?Qr Qm` `2bmHib �`2 +�T�#H2 Q7 T`2+Bb2Hv i`�+FBM; i?2 T`QT�;�iBQM
Q7 i?2 +QMi`�+iBQM �+`Qbb i?2 /Bz2`2Mi H�v2`b +QKT`BbBM; i?2 /QK�BM Ω BM i?2 +Qm`b2 Q7 i?2
Bi2`�iBQMbX AM 1t�KTH2 3Xky- r2 +QMbB/2` � T`Q#H2K /2}M2/ QM � HBM2�` +?�BM Q7 +QHHBM2�`
bm#/QK�BMb �M/ /2KQMbi`�i2 ?Qr Qm` `2bmHib +�M #2 +QMbB/2`2/ �M 2ti2MbBQM Q7 2tBbiBM;
+QMp2`;2M+2 `2bmHib BM i?2 HBi2`�im`2X

1t�KTH2 3XRNX q2 }`bi +QMbB/2` � /QK�BM Ω +QMbBbiBM; Q7 i?2 mMBQM Q7 8R bm#/QK�BMb
;`QmT2/ BM 9 H�v2`b �b b?QrM BM 6B;m`2 3X3 UH27iVX q2 rBHH /2b+`B#2 pBbm�HHv i?2 `2bmHib
Q#i�BM2/ BM a2+iBQM 3XRXj �b i?2v �TTHv iQ i?Bb T�`iB+mH�` +?QB+2 Q7 /QK�BMX
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6B;m`2 3X3, G27i, .QK�BM Ω �M/ +Q``2bTQM/BM; ;`�T?X AMBiB�H ;m2bb u0 = 1 U;`2vV QM ∂Ωj

7Q` j = 1, . . . , N X _B;?i, _2bmHi �7i2` i?2 }`bi Bi2`�iBQMX h?2 bm#/QK�BMb BM r?Bi2 UH�v2` RV
�`2 i?2 QM2b i?�i ?�p2 #2;mM iQ 2tT2`B2M+2 � +QMi`�+iBQM- i?�i Bb u1 ∈ V1X

hQ /Q bQ- r2 +QMbB/2` �b BMBiB�HBx�iBQM i?2 7mM+iBQM u0 = 1 �M/ 7QHHQr i?2 T`QT�;�iBQM
Q7 i?2 +QMi`�+iBQM Q7 i?2 2``Q` i?`Qm;? i?2 +Qm`b2 Q7 i?2 }`bi }p2 Bi2`�iBQMb Q7 i?2 SaJX
q2 `2T`2b2Mi BM ;`2v i?2 bm#/QK�BMb r?2`2 i?2 +m``2Mi �TT`QtBK�iBQM b�iBb}2b un

j = 1jX
JQ`2Qp2`- r2 /2TB+i BM r?Bi2 �HH i?2 bm#/QK�BMb r?2`2 i?2 +m``2Mi �TT`QtBK�iBQM b�iBb}2b
un
j (x) < 1 7Q` �HH x ∈ Sintj �M/ BM `2/ i?2 bm#/QK�BMb bm+? i?�i 2bb supSj un

j < 1X aBM+2
i?2 BMBiB�HBb�iBQM Bb u0 = 1- �HH i?2 bm#/QK�BMb �`2 ;`2v �i i?2 Bi2`�iBQM 0 Ub22 6B;m`2 3X3
UH27iVVX �7i2` i?2 }`bi Bi2`�iBQM- i?2 +m``2Mi �TT`QtBK�iBQM Bb ;Bp2M #v u1 = Tu0X h?�MFb
iQ x2`Q 2ti2`M�H .B`B+?H2i #QmM/�`v +QM/BiBQMb- i?2 bm#/QK�BMb BM i?2 }`bi H�v2` L1 ?�p2
#2;mM iQ 2tT2`B2M+2 � +QMi`�+iBQMX >2M+2- u1 ∈ V1 �M/ i?2 }`bi H�v2` Bb r?Bi2- r?BH2 �HH
i?2 Qi?2` H�v2`b �`2 biBHH ;`2v Ub22 6B;m`2 3X3 U`B;?iVVX

�7i2` i?2 b2+QM/ Bi2`�iBQM- i?2 +m``2Mi �TT`QtBK�iBQM Bb u2 = Tu1X h?2 +QMi`�+iBQM
T`QT�;�i2b �M/ i?mb i?2 bm#/QK�BMb BM H�v2` k �`2 MQr r?Bi2 r?BH2 i?2 QM2b BM H�v2`b
j �M/ 9 �`2 biBHH ;`2vX >2M+2- u2 ∈ V2 BM �;`22K2Mi rBi? G2KK� 3XRR Ub22 6B;m`2 3XN
UH27iVVX

h?2 i?B`/ Bi2`�iBQM vB2H/b u3 = Tu2 �M/ `2p2�Hb M2r #2?�pBQm`X PM i?2 QM2 ?�M/- i?2
+QMi`�+iBQM Bb biBHH T`QT�;�iBM; iQr�`/b i?2 BMM2`@KQbi H�v2`X G�v2` j ?�b i?mb #2;mM iQ
2tT2`B2M+2 � +QMi`�+iBQM �M/ Bb /BbTH�v2/ BM r?Bi2 BM/B+�iBM; i?�i u3 ∈ V3X PM i?2 Qi?2`
?�M/- bBM+2 �HH i?2 bm#/QK�BMb BM G�v2` R r2`2 bm``QmM/2/ #v r?Bi2 bm#/QK�BMb- G�v2` R
Bb MQr /BbTH�v2/ BM `2/ BM �++Q`/�M+2 rBi? G2KK� 3XRkX >2M+2 u3 ∈ C1X PMHv i?2 i?`22
bm#/QK�BMb BM H�v2` 9 �`2 biBHH ;`2v Ub22 6B;m`2 3XN U`B;?iVVX

h?2 7Qm`i? Bi2`�iBQM vB2H/b u4 = Tu3X h?2 +QMi`�+iBQM ?�b T`QT�;�i2/ iQ G�v2` 9-
r?B+? Bb /BbTH�v2/ BM r?Bi2- �M/ u4 ∈ V4 BM �++Q`/�M+2 rBi? G2KK� 3XRRX 6m`i?2`KQ`2-
�HH i?2 bm#/QK�BMb BM G�v2` k r?B+? r2`2 T`2pBQmbHv bm``QmM/2/ #v r?Bi2 Q` `2/ bm#/Q@
K�BMb �i Bi2`�iBQM j �`2 MQr `2/ BM �++Q`/�M+2 rBi? G2KK� 3XRkX h?mb- u4 ∈ C2 Ub22
6B;m`2 3XRy UH27iVVX

6BM�HHv- r2 +QMbB/2` i?2 }7i? Bi2`�iBQM- r?B+? vB2H/b u5 = Tu4X aBM+2 �HH i?2 bm#@
/QK�BMb BM G�v2`b j �M/ 9 r2`2 r?Bi2 �i i?2 T`2pBQmb Bi2`�iBQM- i?2v �`2 MQr /BbTH�v2/
BM `2/ Ub22 6B;m`2 3XRy U`B;?iVV BM/B+�iBM; i?�i u5 ∈ C5X AM Qi?2` rQ`/b- r2 Q#b2`p2 �
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6B;m`2 3XN, G27i, _2bmHi �7i2` i?2 b2+QM/ Bi2`�iBQMX h?2 bm#/QK�BMb BM G�v2` k ?�p2 #2;mM
iQ 2tT2`B2M+2 � +QMi`�+iBQM �M/ ?2M+2 �`2 `2T`2b2Mi2/ BM r?Bi2 bQ i?�i u2 ∈ V2X _B;?i,
_2bmHi �7i2` i?2 i?B`/ Bi2`�iBQMX h?2 +QMi`�+iBQM ?�b MQr T`QT�;�i2/ iQ i?2 i?B`/ H�v2`-
r?B+? Bb /BbTH�v2/ BM r?Bi2 bQ i?�i u3 ∈ V3X 6m`i?2`KQ`2- i?2 bm#/QK�BMb BM G�v2` R �`2
`2T`2b2Mi2/ BM `2/ bBM+2 i?2v �`2 +QMi`�+iBM; 2p2`vr?2`2 QM i?2 bF2H2iQM- BX2X- 2bb supSj

u3
j < 1

7Q` �HH j ∈ L1X

6B;m`2 3XRy, G27i, _2bmHi �7i2` i?2 7Qm`i? Bi2`�iBQMX h?2 +QMi`�+iBQM ?�b T`QT�;�i2/ iQ
i?2 7Qm`i? H�v2`- r?B+? Bb /BbTH�v2/ BM r?Bi2X aBM+2 �HH bm#/QK�BMb ?�p2 #2;mM iQ 2tT2`B2M+2
� +QMi`�+iBQM- r2 ?�p2 u4 ∈ V4X JQ`2Qp2`- i?2 bm#/QK�BMb BM G�v2` R �M/ G�v2` k �`2
+QMi`�+iBM; 2p2`vr?2`2 QM i?2 bF2H2iQM- BX2Xǲ 2bb supSj

u4
j < 1 7Q` �HH j ∈ L1∩L2X h?mb- G�v2`b

R �M/ k �`2 /BbTH�v2/ BM `2/X _B;?i, _2bmHi �7i2` i?2 }7i? Bi2`�iBQMX �HH i?2 bm#/QK�BMb
�`2 +QMi`�+iBM; 2p2`vr?2`2 BM i?2B` bF2H2iQMb �M/ �`2 i?2`27Q`2 /BbTH�v2/ BM `2/X Ai i?2`27Q`2
?QH/b i?�i u5 ∈ C4 �M/ �7i2` Nmax + 1 = 5 Bi2`�iBQMb r2 }M�HHv Q#b2`p2 � +QMi`�+iBQM BM i?2
BM}MBiv MQ`KX

+QMi`�+iBQM BM i?2 BM}MBiv MQ`K �7i2` T`2+Bb2Hv Nmax + 1 = 4 + 1 = 5 Bi2`�iBQMbX h?Bb Bb
BM �;`22K2Mi rBi? h?2Q`2K 3XR9X

1t�KTH2 3XkyX L2ti- r2 +QMbB/2` � /QK�BM Ω +QMbBbiBM; Q7 � HBM2�` +?�BM Q7 +QHHBM2�`
bm#/QK�BMb UmMBi /BbFbV �b b?QrM BM 6B;m`2 3XRRX

h?2 a+?r�`x QT2`�iQ` T +Q``2bTQM/BM; iQ i?Bb ;2QK2i`v Bb i?2 #HQ+F@i`B/B�;QM�H QT2`�iQ`

RNe
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Ω1 · · · · · · Ωj · · · · · · ΩN

6B;m`2 3XRR, 1t�KTH2 Q7 � HBM2�` +?�BM Q7 N +QHHBM2�` bm#/QK�BMb UmMBi /BbFbVX

T =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 P12

P21 0 P23

P32 0 P34
X X X X X X X X X

PN−1N−2 0 PN−1N

PNN−1 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

.

LQiB+2 ?Qr i?Bb QT2`�iQ` `2b2K#H2b i?2 a+?r�`x Bi2`�iBQM QT2`�iQ` +QMbi`m+i2/ BM 6Qm`B2`
bT�+2 BM i?2 HBi2`�im`2 (k8- a2+iBQM jXR) Ub22 �HbQ (k3)VX AM (k8)- i?2 a+?r�`x QT2`�iQ` Bb
/2MQi2/ #v TR . �M/ Bi ?�b #22M b?QrM i?�i ∥T1D∥PS,∞ = 1- r?2`2 ∥ · ∥PS∞ Bb i?2 mbm�H
BM}MBiv K�i`Bt MQ`KX h?Bb Bb BM �;`22K2Mi rBi? G2KK�b 3XRy �M/ 3XRRX

Ai Bb +H2�` 7`QK 6B;m`2 3Xky i?�i i?2 +QMbB/2`2/ +?�BM Bb +QKTQb2/ Q7 � bBM;H2 H�v2` bBM+2
∂Ωj ∩ ∂Ω ̸= ∅ 7Q` �HH j = 1, . . . , N X G2KK� 3XRR BKTHB2b i?�i T1 ∈ V1 �M/ h?2Q`2K 3XR9
;m�`�Mi22b i?�i T 21 ∈ C1- r?B+? BKTHB2b i?�i QM2 Q#b2`p2b � +QMi`�+iBQM BM i?2 BM}MBiv
MQ`K �7i2` irQ Bi2`�iBQMbX h?Bb `2bmHi Bb +QMb2`p�iBp2 7Q` +?�BMb Q7 bm#/QK�BMb +QKTQb2/
Q7 QMHv QM2 H�v2`X AM 7�+i- Bi ?�b #22M T`Qp2/ BM (kN) i?�i i?2 SaJ 7Q` i?2 bQHmiBQM Q7
QM2@H�v2` +?�BMb Q7 bm#/QK�BMb +QMi`�+ib �i 2�+? Bi2`�iBQM Ub22 �HbQ (jy)VX h?Bb `2bmHi
+�M #2 Q#i�BM2/ �HbQ mbBM; Qm` 7`�K2rQ`FX AM/22/- mbBM; G2KK� 3XRy- r2 +�M +QKTmi2

∥T∥OP,∞=∥T1∥∞= max
j=1,...,N

2bb sup
Sj

|(T1)j |

=max
{

2bb sup
S1

|(P1212)|, max
j=2,...,N−1

2bb sup
Sj

|(Pjj−11j−1+Pjj+11j+1)|,2bb sup
SN

|(PNN−11N−1)|
}
.

U3XRNV

h?2 /2}MBiBQM Q7 i?2 QT2`�iQ`b Pj,k BKTHB2b i?�i i?2 7mM+iBQMb

v1 := (P1212),

vj := (Pjj−11j−1 + Pjj+11j+1), j = 2, . . . , N − 1,

vN := (PN−1N1N ),

bQHp2 i?2 T`Q#H2Kb

∆vj = 0 BM Ωj , vj = 1 QM Γint
j , vj = 0 QM Γext

j ,

7Q` 2�+? j = 1, . . . , N X LQiB+2 i?�i U3XRNV Bb 2t�+iHv ;Bp2M BM (kN- h?2Q`2K d- 7Q`KmH�
Uk9V)X *QMb2[m2MiHv- 7QHHQrBM; i?2 b�K2 �`;mK2Mib �b BM (kN)- r2 b22 i?�i

2bb sup
S1

v1 = 2bb sup
SN

vN ≤ 2bb sup
Sj

vj < 1,
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7Q` �Mv j = 1, . . . , N - r?2`2 i?2 bi`B+i BM2[m�HBiv 7QHHQrb #v i?2 K�tBKmK T`BM+BTH2X h?2
p�Hm2 2bb supSj vj +�M i?2M #2 +QKTmi2/ 2tTHB+BiHv �b BM (kN- a2+iBQMb 9 �M/ 8XR)X q2
i?2`27Q`2 Q#i�BM i?�i ∥T∥PS,∞ = ρ(α) < 1- r?2`2 ρ(α) Bb 2t�+iHv i?2 2biBK�i2 Q7 i?2
+QMi`�+iBQM 7�+iQ` ;Bp2M BM (kN- a2+iBQM 8XR)X

q2 �HbQ `2K�`F i?�i Bi Bb TQbbB#H2 BM i?2 b�K2 r�v iQ �M�Hvb2 Qi?2` +?�BMb Q7 }t2/@bBx2/
bm#/QK�BMb +?�`�+i2`Bx2/ #v QMHv QM2 H�v2` bm+? �b i?2 2t�KTH2b ;Bp2M BM (kN- jy)X

3Xk 1ti2MbBQMb iQ JQ`2 :2M2`�H a2iiBM;b

_2+�HH i?�i r2 #2;�M a2+iBQM 3XRXR #v BKTQbBM; +QMbi`�BMib �RV �M/ �kV QM i?2 ;2QK2i`v
Q7 i?2 /QK�BM ΩX h?2 T`2+2/BM; �M�HvbBb +QM}`Kb Qm` +H�BK i?�i i?2 +QMbi`�BMi �RV Bb
BKTQb2/ Tm`2Hv iQ �bbBbi +H�`Biv Q7 2tTQbBiBQM- �M/ +�M #2 /`QTT2/ #v �/QTiBM; KBMQ`
+?�M;2b BM- 7Q` BMbi�M+2- i?2 /2}MBiBQM Q7 i?2 BM/2t b2i Njk, j = 1, . . . , N, k ∈ Nj X

PM i?2 Qi?2` ?�M/- i?2 +QMbi`�BMi �kV r?B+? HBKBib i?2 MmK#2` Q7 bBKmHi�M2QmbHv
BMi2`b2+iBM; /BbFb iQ i?`22- bB;MB}+�MiHv `2bi`B+ib i?2 ;2M2`�HBiv Q7 Qm` �M�HvbBbX � b2+QM/
BKTQ`i�Mi HBKBi�iBQM Q7 Qm` �M�HvbBb Bb i?2 7�+i i?�i Bi Bb- � T`BQ`B- `2bi`B+i2/ iQ /BbFb BM
irQ /BK2MbBQMb �M/ Bi Bb MQi v2i +H2�` B7 Qm` `2bmHib +�M #2 2ti2M/2/ iQ /QK�BMb BM i?`22
/BK2MbBQMb +QMbBbiBM; Q7 i?2 mMBQM Q7 BMi2`b2+iBM; #�HHbX h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ
�//`2bb i?2b2 b?Q`i+QKBM;b �M/ 2ti2M/ i?2 T`2+2/BM; �M�HvbBbX

3XkXR 1ti2MbBQM iQ �`#Bi`�`v MmK#2` Q7 BMi2`b2+iBQMb

q2 �bbmK2 i?2 ;2QK2i`B+ b2iiBM; BMi`Q/m+2/ BM a2+iBQM 3XRXR �M/ `2KQp2 i?2 +QMbi`�BMib
�RV �M/ �kVX AM Qi?2` rQ`/b- r2 ?�p2 �bbmK2/ i?�i i?2 /BbFb Ωi, i = 1, . . . , N K�v
?�p2 �Mv ivT2 �M/ �Mv MmK#2` Q7 bBKmHi�M2Qmb BMi2`b2+iBQMbX Pm` ;Q�H Bb MQr iQ QmiHBM2
bi2T@#v@bi2T i?2 +?�M;2b i?�i Kmbi #2 K�/2 iQ i?2 �M�HvbBb Q7 a2+iBQM 3XR bQ i?�i i?2
+QMp2`;2M+2 `2bmHib biBHH ?QH/X

3XkXRXR LQi�iBQM

G2i j ∈ {1, . . . , N}X :Bp2M i?2 /BbF Ωj r2 /2}M2 �b #27Q`2 i?2 b2ib

Γ2ti
j := ∂Ωj ∩ ∂Ω, Γint

j := ∂Ωj \ Γ2ti
j .

h?2 }`bi +QKTHB+�iBQM �`Bb2b r?2M r2 �ii2KTi iQ /2}M2 BM/2t b2ib +?�`�+i2`BbBM; i?2
MmK#2` �M/ ivT2b Q7 BMi2`b2+iBQMbX AM a2+iBQM 3XRXR- Qm` i�bF r�b bi`�B;?i7Q`r�`/ #2+�mb2
r2 �bbmK2/ i?�i i?2 /QK�BM Ω +QMbBbi2/ Q7 �i KQbi i`BTH2 BMi2`b2+iBM; bm#/QK�BMb #mi
r2 ?�p2 MQ HQM;2` BKTQb2/ i?Bb +QMbi`�BMiX AM Q`/2` iQ /2�H rBi? i?2 +m``2Mi KQ`2 ;2M2`�H
b2iiBM;- r2 /2}M2 i?2b2 BM/2t b2ib BM �M BM/m+iBp2 K�MM2`X

ai2T RV 6Q` 2�+? j0 = 1, . . . , N - r2 /2}M2 i?2 BM/2t b2i Q7 M2B;?#Qm`b Nj0 �b
Nj0 := {j1 ∈ N : (j1 ̸= j0) ∧ (Ωj1 ∩ Ωj0 ̸= ∅)}.

RN3



3Xk 1ti2MbBQMb iQ JQ`2 :2M2`�H a2iiBM;b

ai2T kV 6Q` 2�+? j0 = 1, . . . , N �M/ 2�+? j1 ∈ Nj0 - r2 /2}M2 i?2 BM/2t b2i Q7 i`BTH2 BMi2`@
b2+iBQMb �b

Nj0j1 :=
{
j2 ∈ {1, . . . , N} :

(j2 ̸= j1, j0) ∧ (Ωj2 ∩ Ωj1 ∩ Ωj0 Bb � b2i Q7 MQM@x2`Q K2�bm`2)
}
.

A7 Nj0j1 Bb �M 2KTiv b2i 7Q` 2p2`v j1 ∈ Nj0 i?2M r2 biQT i?2 T`Q+2/m`2 7Q` i?Bb
bT2+B}+ +?QB+2 Q7 j0- �M/ r2 b2i i?2 M�im`�H MmK#2` Mj0 = 1X

ai2T KV 6Q` 2�+?
(
j0, j1, . . . , jm−1

)
∈ {1, . . . , N}×Nj0 ×Nj0j1 × . . .×Nj0j1...jm−2 r2 /2}M2

i?2 BM/2t b2i Q7 m + 1@TH2 BMi2`b2+iBQMb- BX2X- i?2 b2i Q7 �HH BMi2`b2+iBQMb ;2M2`�i2/
#v m+ 1 bBKmHi�M2QmbHv BMi2`b2+iBM; bm#/QK�BMb �b

Nj0j1...jm−1 :=
{
jm ∈ {1, . . . , N} :

(jm ̸= jm−1, . . . , j1, j0) ∧
( i=m⋂

i=0

Ωji Bb � b2i Q7 MQM@x2`Q K2�bm`2
)}

.

A7 Nj0j1...jm−1 Bb �M 2KTiv b2i 7Q` 2p2`v jm−1 ∈ Nj0j1...jm−2 - i?2M r2 biQT i?2 T`Q@
+2/m`2 7Q` i?Bb bT2+B}+ +?QB+2 Q7 j0- �M/ r2 b2i i?2 M�im`�H MmK#2` Mj0 = m− 1X

AM �//BiBQM- r2 /2}M2 i?2 +QMbi�Mi M = maxj0 Mj0 X AMimBiBp2Hv- i?2 M�im`�H MmK#2`
Mj0 + 1 /2MQi2b i?2 K�tBKmK MmK#2` Q7 bm#/QK�BMb i?�i bBKmHi�M2QmbHv BMi2`b2+i i?2
#QmM/�`v Q7 bm#/QK�BM Ωj0 X JQ`2Qp2`- i?2 M�im`�H MmK#2` M+1 /2MQi2b i?2 K�tBKmK
MmK#2` Q7 bBKmHi�M2QmbHv BMi2`b2+iBM; bm#/QK�BMb BM i?2 2MiB`2 /QK�BM ΩX q2 b�v i?�i
Qm` /QK�BM +QMbBbib Q7 �i KQbi M + 1@TH2 BMi2`b2+iBQMb- BX2X- i?2 BMi2`b2+iBQMb BM Qm`
/QK�BM �`2 ;2M2`�i2/ #v �i KQbi M + 1 bBKmHi�M2QmbHv BMi2`b2+iBM; bm#/QK�BMbX

h?2 M2ti +QKTHB+�iBQM �`Bb2b MQr i?�i r2 �ii2KTi iQ /2}M2 /2+QKTQbBiBQMb Q7 i?2
BMi2`BQ` #QmM/�`v Γint

j0 , j0 = 1, . . . , N X G2i j0 ∈ {1, . . . , N}X h?2M r2 /2}M2 7Q` 2p2`v
M�im`�H MmK#2` n ∈ {1, . . . ,Mj0} i?2 b2i Xn

j0 Q7 M−imTH2b �b

Xn
j0 =

{
α ∈ NM : α ∈

(
Πn−1

i=0 Nj0...ji

)
× {0}M−n

}
.

AMimBiBp2Hv- i?2 b2i X1
j0 +?�`�+i2`Bb2b i?2 bBKTH2 BMi2`b2+iBQMb Q7 bm#/QK�BM Ωj0 - i?2

b2i X2
j0 +?�`�+i2`Bb2b i?2 i`BTH2 BMi2`b2+iBQMb Q7 bm#/QK�BM Ωj0 �M/ bQ QMX AM T�`iB+mH�`-

i?2 b2i X
Mj0
j0

+?�`�+i2`Bb2b i?2 BMi2`b2+iBQMb Q7 i?2 ?B;?2bi Q`/2`- BX2X- i?2 Mj0 + 1@TH2
BMi2`b2+iBQMb Q7 i?2 bm#/QK�BM Ωj0 X Ai Bb M�im`�H iQ /2}M2 �HbQ 7Q` 2p2`v j0 ∈ {1, . . . , N}
i?2 b2i Zj0 :=

⋃Mj0
i=1 Xi

j0 X

G2i j ∈ {1, . . . , N}X 6Q` �Mv KmHiB@BM/2t α ∈ Zj - r2 /2}M2 i?2 M�im`�H MmK#2` Mα

�b

Mα = +�`/ {αi ̸= 0} .

RNN
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AM Qi?2` rQ`/b- Mα /2MQi2b i?2 MmK#2` Q7 MQM@x2`Q 2Mi`B2b BM � ;Bp2M KmHiB@BM/2t
α ∈ Zj X q2 +�M MQr /2}M2 7Q` �HH KmHiB@BM/B+2b α ∈ Zj i?2 b2i Γαj ⊂ ∂Ωj �b

Γαj := BMi
{
x ∈ ∂Ωj :

(
x ∈ Ωαj∀j = 1, . . . ,Mα

)
∧
(
x /∈ Ωℓ∀ℓ ∈ Nj rBi? ℓ /∈ α

)}
,

r?2`2 r2 mb2 �M �#mb2 Q7 MQi�iBQM iQ r`Bi2 ℓ /∈ α- r?B+? bBKTHv K2�Mb i?�i ℓ ̸= αi

7Q` �HH BM/B+2b i = 1, . . . ,M X

h?2b2 /2}MBiBQMb MQr BKTHv i?�i

Γint
j =

⋃

α∈Zj

Γαj .

Ai Bb MQr bi`�B;?i7Q`r�`/ iQ /2}M2 �HbQ i?2 bF2H2iQMb �bbQ+B�i2/ rBi? i?2 bm#/QK�BM
Ωj X AM/22/- H2i j ∈ {1, . . . , N} �M/ k ∈ Nj #2 }t2/X h?2M r2 /2}M2 i?2 b2ib Sintj,k �M/
Sj,k �b

Sj,k :=
⋃

α∈Zj ,
α1=j

Γαk , Sintj,k := Sj,k \ ∂Ωj .

aBKBH�`Hv- r2 /2}M2 i?2 bF2H2iQM Sj �M/ i?2 BMi2`BQ` bF2H2iQM SBMi
j �b

Sj :=
⋃

k∈Nj

Sj,k, Sintj :=
⋃

k∈Nj

Sintj,k.

Ai +�M #2 Q#b2`p2/ i?�i rBi? i?Bb MQi�iBQM

Ç h?2 /2}MBiBQM Q7 i?2 ;`�T? �M/ H�v2`b Q7 � /QK�BM `2K�BM mM+?�M;2/X

Ç h?2 /2}MBiBQM Q7 i?2 b2ib Vn �M/ Cn `2K�BMb mM+?�M;2/X

P7 +Qm`b2- Bi #2+QK2b M2+2bb�`v iQ KQ/B7v i?2 /2}MBiBQM Q7 i?2 T�`iBiBQM Q7 mMBiv
7mM+iBQMbX AM/22/- H2i j ∈ {1, . . . , N}X h?2M r2 /2}M2 7Q` 2�+? k ∈ Nj � 7mM+iBQM
χk
j : ∂Ωj → R- +QMiBMmQmb QM BMi

(
Γint
j

)
- rBi? i?2 T`QT2`iv i?�i

χk
j :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 QM Γαj \ Γext
j 7Q` α ∈ Zj bm+? i?�i α = (k, 0, . . . , 0),

∈ [0, 1] QM Γαj \ Γext
j 7Q` α ∈ Zj bm+? i?�i (α1 = k) ∧

(
α ̸= (k, 0, . . . , 0)

)
,

0 Qi?2`rBb2,
U3XkyV

�M/ bm+? i?�i ∑

k∈Nj

χk
j (x) = 1 7Q` �HH x ∈ BMi

(
Γint
j

)
.

h?2 ?�`KQMB+ 2ti2MbBQM QT2`�iQ` Ej �M/ i?2 `2bi`B+iBQM QT2`�iQ` Rj +�M MQr #2
/2}M2/ �M�HQ;QmbHv iQ a2+iBQM 3XR- F22TBM; BM KBM/ i?2 MQi�iBQM r2 ?�p2 Dmbi BMi`Q/m+2/X

kyy



3Xk 1ti2MbBQMb iQ JQ`2 :2M2`�H a2iiBM;b

3XkXRXk PT2`�iQ` 7Q`KmH�iBQM �M/ +QMp2`;2M+2 �M�HvbBb

G2i mb }`bi +QMbB/2` i?2 /2p2HQTK2Mib Q7 a2+iBQM 3XRXkX h?2 /2}MBiBQM Q7 i?2 2``Q`
7mM+iBQMb en, n ∈ N BM 1[m�iBQM 3Xd `2K�BMb mM+?�M;2/X AM/22/- 2�+? 2H2K2Mi enj , j =
1, . . . , N, n ∈ N Bb /2}M2/ �b

enj := enj |Sj .

6BM�HHv- r2 +QMbB/2` i?2 H2KK�b �M/ i?2Q`2Kb r2 ?�p2 bi�i2/ BM a2+iBQMb 3XRXj �M/
3XRXjXkX PM+2 �;�BM- r2 Q#b2`p2 i?�i i?2 K�DQ`Biv Q7 i?2 i2+?MB+�H H2KK�b biBHH ?QH/
mM/2` i?2 +m``2Mi b2iiBM;X AM 7�+i QMHv i?2 T`QQ7 Q7 G2KK� 3XRk M22/b iQ #2 KQ/B}2/
#mi i?2 +?�M;2b �`2 KBMQ` �M/ Q++m` �i QMHv QM2 TQBMiX

AM/22/- +QMbB/2` i?2 b2iiBM; �M/ T`QQ7 Q7 G2KK� 3XRkX q2 Kmbi KQ/B7v i?2 T`QQ7
Q7 S`QT2`iv UBBBV Q7 i?2 #QmM/�`v 7mM+iBQM h, BX2X- i?2 T`QQ7 i?�i h(x) < 1 7Q` �HH x ∈
BMi
(
Γint
j

)
X

G2i x ∈ BMi(Γint
j )X �b #27Q`2- r2 /BbiBM;mBb? irQ +�b2bX

RX amTTQb2 x ∈ Γαj r?2`2 α ∈ Zj b�iBb}2b α2 = α3, . . . ,= αM = 0 �M/ α1 = k 7Q`
bQK2 k ∈ Nj X AM Qi?2` rQ`/b- r2 +QMbB/2` i?2 +�b2 r?2`2 x #2HQM;b iQ i?2 T�`i Q7
i?2 #QmM/�`v ∂Ωj i?�i Bb � bBKTH2 BMi2`b2+iBQMX q2 /BbiBM;mBb? irQ +�b2bX

Ç x ∈ Γαj X _2+�HHBM; i?2 /2}MBiBQM Q7 i?2 BMi2`BQ` bF2H2iQM- r2 Q#i�BM �HbQ i?�i
x ∈ Sintk,j ⊂ Sintk X h?mb Bi ?QH/b i?�i h(x) = vk(x)χk

j (x)X lbBM; i?2 7�+i i?�i
i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb �`2 �HH #QmM/2/ #v QM2- �M/ i?2 7�+i i?�i r2
?�p2 #v �bbmKTiBQM vk(x) < 1 7Q` x ∈ Sintk,j ⊂ Sintk - r2 +QM+Hm/2 i?�i h(x) < 1X

Ç x /∈ Γαj - BX2X- x Bb � #QmM/�`v TQBMi Q7 i?2 +HQb2/ b2i Γα
j

j X LQr- 2Bi?2` x ∈ Γext
j

Q` i?2`2 2tBbib bQK2 M2B;?#Qm`BM; BM/2t ℓ ∈ Njk bm+? i?�i x ∈ Γβj r?2`2
β ∈ Zj b�iBb}2b β1 = k �M/ β2 = ℓX aBM+2 x ∈ BMi(Γint

j )- r2 ?�p2 2t+Hm/2/ i?2
}`bi +�b2X h?2 b2+QM/ +�b2 Bb +Qp2`2/ #2HQrX

kX amTTQb2 x ∈ Γαj r?2`2 α ∈ Zj b�iBb}2b α1 = k,α2 = ℓ 7Q` bQK2 k ∈ Nj �M/ bQK2
ℓ ∈ NjkX AM Qi?2` rQ`/b- r2 +QMbB/2` i?2 +�b2 r?2`2 x #2HQM;b iQ i?2 T�`i Q7 i?2
#QmM/�`v ∂Ωj i?�i Bb � i`BTH2 BMi2`b2+iBQM Q` ?B;?2`X Ai MQr ?QH/b i?�i

h(x) = vkχ
k
j (x) + vℓ(x)χ

ℓ
j(x) +

Mα∑

i=3

vαi(x)χ
αi
j (x). U3XkRV

LQiB+2 MQr i?�i 7Q` �HH x ∈ Γαj i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb b�iBb7v
∑Mα

i=1 χ
αi
j (x) = 1- �M/ r2 ?�p2 #v i?2 �bbmKTiBQMb Q7 G2KK� 3XRk i?�i vαi(x) ≤ 1

7Q` �HH i = 1, . . . ,MαX AM 7�+i- 2p2M KQ`2 Bb i`m2X aBM+2 x ∈ Γα
j

j ∩ BMi
(
Γint
j

)
Bi Bb MQi

/B{+mHi iQ b22 i?�i 2Bi?2` x ∈ Ωk Q` x ∈ Ωℓ- BX2X- x #2HQM;b iQ i?2 BMi2`BQ` Q7 QM2 Q7
i?2 irQ M2B;?#Qm`BM; bm#/QK�BMb Ωk �M/ ΩℓX h?Bb #2BM; i?2 +�b2- r2 Q#i�BM 7`QK
G2KK� 3XN i?�i 2Bi?2` vk(x) < 1 Q` vℓ(x) < 1X 1[m�iBQM U3XkRV i?2M BKTHB2b i?�i
h(x) < 1X h?Bb +QKTH2i2b i?2 +H�BKX

kyR
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q2 i?2`27Q`2 +QM+Hm/2 i?�i h(x) < 1 7Q` �HH x ∈ BMi(Γint
j ) �M/ i?2`27Q`2 S`QT2`iv UBBBV

Q7 i?2 7mM+iBQM h ?QH/b �HbQ BM i?2 +m``2Mi KQ`2 ;2M2`�H b2iiBM;X h?2 `2K�BM/2` Q7 i?2
T`QQ7 Bb B/2MiB+�HX

Ai +�M MQr #2 `2�/BHv +?2+F2/ i?�i i?2 T`QQ7b Q7 i?2 `2K�BMBM; H2KK� �M/ i?2Q`2Kb BM
a2+iBQM 3XRXj `2K�BM 2bb2MiB�HHv mM+?�M;2/X q2 +QM+Hm/2 i?Bb bm#b2+iBQM #v `2K�`FBM;
i?�i i?2 `2�/2` +�M MQr mM/2`bi�M/ r?v r2 +?Qb2 iQ #2;BM Qm` �M�HvbBb rBi? +2`i�BM
bBKTHB7vBM; �bbmKTiBQMb, mM7Q`imM�i2Hv- BM � +QKTH2i2Hv ;2M2`�H b2iiBM;- i?2 MQi�iBQM
im`Mb BM+`2�bBM;Hv +QKTH2t �M/ Bi #2+QK2b 2�bv iQ HQb2 7Q+mb QM i?2 K�BM B/2�b Q7 Qm`
�M�HvbBbX

3XkXk 1ti2MbBQMb iQ i?`22 /BK2MbBQMb

q2 ?�p2 i?mb 7�` �bbmK2/ i?�i i?2 /QK�BM Ω Bb � bm#b2i Q7 R2 �M/ Bb /2+QKTQb2/
BMiQ bm#/QK�BMb {Ωi}Ni=1 +QMbBbiBM; Q7 /BbFbX q2 `2+�HH 7`QK a2+iBQM eX9 ?Qr2p2` i?�i
i?2 //*PaJP �H;Q`Bi?K BMpQHp2b bQHpBM; i?2 G�TH�+2 2[m�iBQM QM p�M /2` q��Hb@ivT2
KQH2+mH�` +�pBiB2b BM i?`22 bT�iB�H /BK2MbBQMbX �b � +QMb2[m2M+2- r2 MQr /Bb+mbb i?2
2ti2MbBQM Q7 i?2 T`2+2/BM; �M�HvbBb iQ +QKTmi�iBQM�H /QK�BMb i?�i �`2 i?2 mMBQMb Q7
BMi2`b2+iBM; QT2M #�HHb BM R3X

hQ i?Bb 2M/- H2i mb }`bi �bbmK2 i?�i i?2 /QK�BM Ω ⊂ R3 +�M #2 /2+QKTQb2/ �b
i?2 mMBQM Q7 BMi2`b2+iBM; #�HHb Ω = ∪N

i=1ΩiX �b BM a2+iBQM 3XkXR- r2 �bbmK2 i?�i MQ
irQ bm#/QK�BMb BMi2`b2+i �i � bBM;H2 TQBMiX � +�`27mH bim/v Q7 a2+iBQM 3XR �M/ 3XkXR
MQr `2p2�Hb i?�i i?Bb i?`22@/BK2MbBQM�H ;2QK2i`B+ b2iiBM; /Q2b MQi `2[mB`2 �Mv +?�M;2 BM
MQi�iBQMX AM 7�+i- i?2 QMHv H2KK� i?�i mb2b i?2 7�+i i?�i 2�+? Ωi, i = 1, . . . , N ⊂ R2 Bb
G2KK� 3XRkX

hQ #2 KQ`2 +QM+`2i2- �bbmK2 i?2 b2iiBM; Q7 G2KK� 3XRkX h?2 }M�H bi2T Q7 i?2 T`QQ7
+QMbBbib Q7 b?QrBM; i?�i

lim
x∈Sj,k
x→∂Ωj

wj(x) < 1.

AM Q`/2` iQ T`Qp2 i?Bb `2bmHi- r2 mb2 i?2 a+?r�`x H2KK�X h?Bb H2KK� Bb `272`2M+2/
#v M�K2 BM (RRR- S�;2b ejk@ej8)- �M/ � /2i�BH2/ T`QQ7 Bb T`QpB/2/ BM i?2 +�b2 Q7 irQ
/BK2MbBQMbX �MQi?2` T`QQ7 Q7 i?Bb H2KK�- r?B+? mb2b +QKTH2t �M�HvbBb �M/ Bb i?2`27Q`2
�HbQ p�HB/ QMHv BM irQ /BK2MbBQMb Bb ;Bp2M BM (kN)X �//BiBQM�HHv- i?2 a+?r�`x H2KK� Bb
�HbQ `272`2M+2/@ i?Bb iBK2 BM ?B;?2` /BK2MbBQMb@ #v GBQMb BM ?Bb +H�bbB+�H T�T2` QM /QK�BM
/2+QKTQbBiBQM BM (Rjj- a2+iBQM j)X GBQMb +H�BKb i?�i ǳXXX i?Bb 7QHHQrb 2�bBHv 7`QK TQi2MiB�H
i?2Q`vǴ #mi QKBib T`QpB/BM; � T`QQ7X lM7Q`imM�i2Hv- �T�`i 7`QK GBQMǶb bBM;H2 +QKK2Mi-
r2 ?�p2 #22M mM�#H2 iQ }M/ �Mv T`QQ7 7Q` i?2 a+?r�`x H2KK� BM i?`22 /BK2MbBQMbX
JQ`2Qp2`- i?2 7�+i i?�i i?2 T`QQ7 BM (kN) mb2b iQQHb 7`QK +QKTH2t �M�HvbBb T`2p2Mib �
bi`�B;?i7Q`r�`/ 2ti2MbBQM iQ i?`22 /BK2MbBQMbX

q2 i?2`27Q`2 2KT?�bBb2 i?�i i?2 QMHv #QiiH2M2+F BM 2ti2M/BM; i?2 �M�HvbBb Q7 a2+iBQM
3XR �M/ 3XkXR iQ i?2 +�b2 Q7 � /QK�BM Ω ⊂ R3 +QKTQb2/ Q7 BMi2`b2+iBM; #�HHb Bb i?2 H�+F
Q7 � T`QQ7 Q7 i?2 a+?r�`x H2KK� BM i?`22 /BK2MbBQMbX

kyk



3Xk 1ti2MbBQMb iQ JQ`2 :2M2`�H a2iiBM;b

3XkXj 1ti2MbBQMb iQ Qi?2` ivT2b Q7 bm#/QK�BMb

h?2 �M�HvbBb r2 ?�p2 T`2b2Mi2/ i?mb 7�` �bbmK2b i?�i i?2 /QK�BM Ω +QMbBbib 2Bi?2` Q7 �
mMBQM Q7 BMi2`b2+iBM; /BbFb BM R2 Q` � mMBQM Q7 BMi2`b2+iBM; #�HHb BM R3 Ub22 a2+iBQM 3XkXkVX
AM i?Bb bm#b2+iBQM- r2 #`B2~v /Bb+mbb i?2 TQbbB#BHBiv Q7 2ti2M/BM; Qm` �M�HvbBb iQ /QK�BMb
+QKTQb2/ Q7 KQ`2 ;2M2`�H ivT2b Q7 bm#/QK�BMbX

AM/22/- i?2 `2bmHib r2 ?�p2 T`2b2Mi2/ BM a2+iBQM 3XR �M/ 3Xk rBHH ?QH/ 7Q` � /Bz2`2Mi
+?QB+2 Q7 bm#/QK�BMb B7

U"RV 6Q` i?Bb M2r +?QB+2 Q7 bm#/QK�BMb- Bi Bb TQbbB#H2 iQ BMi`Q/m+2 /2}MBiBQMb �M/ MQ@
i�iBQMb �M�HQ;Qmb iQ i?2 QM2b BMi`Q/m+2/ BM a2+iBQM 3XR bm+? i?�i i?2 QT2`�iQ`
7Q`KmH�iBQM Q7 i?2 a+?r�`x K2i?Q/ �b bi�i2/ BM a2+iBQM 3XRXk Bb r2HH@TQb2/X

U"kV 6Q` i?Bb M2r +?QB+2 Q7 bm#/QK�BMb- i?2 i2+?MB+�H `2bmHib T`2b2Mi2/ BM a2+iBQM 3XRXj
biBHH ?QH/X

*H2�`Hv- i?2 r2HH@TQb2/M2bb Q7 i?2 QT2`�iQ` 7Q`KmH�iBQM Q7 i?2 a+?r�`x K2i?Q/ �b
;Bp2M BM a2+iBQM 3XRXk `2[mB`2b i?�i i?2 #QmM/�`v p�Hm2 T`Q#H2K U3X8V #2 r2HH@TQb2/ QM
2�+? bm#/QK�BM Ωj , j = 1, . . . , N X h?Bb +QM/BiBQM Bb b�iBb}2/ B7 i?2 bm#/QK�BMb {Ωj}Nj=1
�`2- 7Q` BMbi�M+2- �bbmK2/ iQ #2 GBTb+?BixX JQ`2Qp2`- Bi Bb MQi /B{+mHi iQ b22 i?�i i?2
/2}MBiBQMb �M/ MQi�iBQMb BMi`Q/m+2/ BM a2+iBQM 3XR BMpQHpBM;- 7Q` BMbi�M+2- BMi2`BQ` �M/
2ti2`BQ` #QmM/�`v b2ib- bF2H2iQMb �M/ T�`iBiBQM Q7 mMBiv 7mM+iBQMb- +�M 2�bBHv #2 2ti2M/2/
iQ GBTb+?Bix bm#/QK�BMb {Ωj}Nj=1X *QMb2[m2MiHv- +QM/BiBQM U"RV ?QH/b 7Q` i?2 +�b2 Q7
GBTb+?Bix bm#/QK�BMbX

lM7Q`imM�i2Hv- i?2 �M�HvbBb r2 ?�p2 T`2b2Mi2/ BM a2+iBQM 3XRXj /Q2b MQi ?QH/ 7Q` ;2M@
2`�H GBTb+?Bix bm#/QK�BMbX AM Q`/2` iQ BHHmbi`�i2 i?Bb TQBMi- H2i mb +QMbB/2` i?2 ;2QK2i`v
/BbTH�v2/ BM 6B;m`2 3XRkX

Ω2

Ω1

P

D

6B;m`2 3XRk, � /QK�BM Ω +QMbBbiBM; Q7 i?2 mMBQM Q7 irQ bm#/QK�BMb Ω1 UH27iV �M/ Ω2 U`B;?iVX
LQiB+2 i?�i �Hi?Qm;? Ω1 �M/ Ω2 �`2 #Qi? GBTb+?Bix- i?2 Qp2`H�T Ω1 ∩ Ω2 Bb MQM@GBTb+?BixX
G2KK� 3XRk 7�BHb 7Q` i?Bb +?QB+2 Q7 bm#/QK�BMbX

q2 /2}M2 i?2 b2ib Ω1 ⊂ R2 �M/ Ω2 ⊂ R2 �b

Ω1 := (−1, 0]× (0, 1) ∪
{
(x, y) ∈ R2 : x ∈ (0, 1), y ∈ (

√
x, 1)

}
,

Ω2 := (0, 1)× (0, 1),

kyj
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�M/ r2 /2}M2 i?2 /QK�BM Ω := Ω1 ∪ Ω2X �//BiBQM�HHv- r2 /2MQi2 #v

D =
{
(x, y) ∈ R2 : x ∈ (0, 1), y =

√
x
}
,

i?2 +m`p2 i?�i +QMbiBimi2b i?2 `B;?i@bB/2 #QmM/�`v Q7 i?2 /QK�BM Ω1X G2i mb MQr +QMbB/2`
G2KK� 3XRk 7Q` i?Bb +?QB+2 Q7 ;2QK2i`v �M/ /QK�BM /2+QKTQbBiBQMX 1bb2MiB�HHv- G2KK�
3XRk +H�BKb i?2 7QHHQrBM;, G2i i?2 7mM+iBQM h : ∂Ω2 → R #2 /2}M2/ �b

h(x) =

{
1 B7 x ∈ BMi

(
Γint
2

)
,

0 Qi?2`rBb2.

G2i w2 ∈ L2(Ω2) #2 i?2 ?�`KQMB+ 2ti2MbBQM BM Ω1 Q7 h �M/ H2i i?2 7mM+iBQM w1 ∈ L2(Ω1)
#2 i?2 bQHmiBQM iQ i?2 "oS

−∆w1 = 0 BM Ω1,

w1 = w2 QM BMi Γint
1 ,

w1 = 0 QM ∂Ω1 \ BMi Γint
1 .

h?2M �++Q`/BM; iQ G2KK� 3XRk r2 b?QmH/ ?�p2 i?�i

2bb sup
Ω1

w1 < 1. U3XkkV

*QMbB/2` MQr i?2 T`QQ7 Q7 G2KK� 3XRk �M/ H2i P ∈ ∂Ω1 #2 i?2 TQBMi (0, 0)- BX2X- i?2
HQr2` 2M/TQBMi Q7 i?2 +m`p2 DX h?2 }`bi +�b2 BM ai2T UjV Q7 i?2 T`QQ7 Q7 G2KK� 3XRk
b?Qrb i?�i

lim
x∈D
x→P

w1(x) < 1.

h?Bb #QmM/ QM i?2 HBKBi Bb 2bi�#HBb?2/ mbBM; i?2 a+?r�`x H2KK� Ub22- 2X;X- (RRR- S�;2b
ejk@ej8)V- r?B+? bi�i2b i?�i

lim
x∈D
x→P

w1(x) = α,

r?2`2 α ∈ [0, 1] Bb � +QMbi�Mi i?�i /2T2M/b QM i?2 �M;H2 �i r?B+? i?2 +m`p2 D BMi2`b2+ib
i?2 #QmM/�`v Γint

2 �i i?2 TQBMi P X q2 MQr Q#b2`p2 i?�i i?2 /2}MBiBQM Q7 i?2 +m`p2
D BKTHB2b i?�i Bi BMi2`b2+ib Γint

2 rBi? �M;H2 x2`Q �i i?2 TQBMi P r?B+? vB2H/b α = 1X
h?mb- i?2 #QmM/ U3XkkV 7�BHb- BX2X- G2KK� 3XRk MQ HQM;2` ?QH/bX q2 2KT?�bBb2 i?�i i?Bb
bBim�iBQM /Q2b MQi �`Bb2 BM i?2 +�b2 Q7 � /QK�BM Ω ⊂ R2 i?�i Bb +QKTQb2/ Q7 i?2 mMBQM
Q7 BMi2`b2+iBM; /BbFb bBM+2 i?2 #QmM/�`B2b Q7 M2B;?#Qm`BM; /BbFb /Q MQi BMi2`b2+i �i x2`Q
�M;H2bX

LQi2 i?�i i?2 ;2QK2i`v /BbTH�v2/ BM 6B;m`2 3XRk Bb FMQrM BM i?2 /QK�BM /2+QKTQ@
bBiBQM HBi2`�im`2 �b �M 2t�KTH2 Q7 � /QK�BM Ω = Ω1 ∪ Ω2 r?2`2BM i?2 bi�M/�`/ T`QQ7
Q7 ;2QK2i`B+ +QMp2`;2M+2 Q7 i?2 SaJ pB� � +QMi`�+iBQM �`;mK2Mi 7�BHb Ub22- 2X;X- (jR)VX
h?2`27Q`2- Bi Bb MQi bm`T`BbBM; i?�i Qm` �M�HvbBb �HbQ /Q2b MQi ?QH/ BM i?Bb +�b2X q2 `2@
K�`F i?�i +QMp2`;2M+2 Q7 i?2 SaJ BM i?Bb +�b2 +�M biBHH #2 T`Qp2M #mi `2[mB`2b /Bz2`2Mi
iQQHb Ub22- 2X;X- (Rjj- a2+iBQM 9)VX

q2 +QM+Hm/2 i?�i i?2 �M�HvbBb r2 ?�p2 T`2b2Mi2/ BM a2+iBQM 3XR �M/ 3Xk /Q2b MQi ?QH/
7Q` ;2M2`�H MQM@+QMp2t GBTb+?Bix bm#/QK�BMbX

ky9
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3Xj LmK2`B+�H 1tT2`BK2Mib

h?2 ;Q�H Q7 i?Bb b2+iBQM Bb irQ@7QH/, 6B`bi- r2 T`QpB/2 MmK2`B+�H 2pB/2M+2 bmTTQ`iBM;
Qm` K�BM +QMp2`;2M+2 `2bmHi h?2Q`2K 3XR9- �M/ Bib �M�HQ;m2 7Q` i?2 +�b2 Q7 [m�/`mTH2
BMi2`b2+iBM; /BbFbX a2+QM/- r2 b?Qr i?2 2z2+i Q7 �/QTiBM; � /Bz2`2Mi +?QB+2 Q7 i?2
T�`iBiBQM Q7 mMBiv 7mM+iBQMb QM i?2 +QMp2`;2M+2 `�i2bX

U�V Nmax = 2 G�v2`bX U#V Nmax = 3 G�v2`bX U+V Nmax = 4 G�v2`bX

6B;m`2 3XRj, h?2 /Bz2`2Mi ;2QK2i`B2b mb2/ 7Q` i?2 }`bi b2i Q7 MmK2`B+�H +QKTmi�iBQMbX h?2
+QHQm` b+?2K2 Bb Tm`2Hv +QbK2iB+X LQi2 i?�i #Qi? i?2 `�/BB �M/ i?2 /Bbi�M+2 #2ir22M i?2
+2Mi`2b Q7 i?2 bm#/QK�BMb BM i?2 i?`22 ;2QK2i`B2b �`2 i?2 b�K2X

6B;m`2b 3XR9� �M/ 3XR9# /BbTH�v i?2 BM}MBiv MQ`K Q7 i?2 a+?r�`x Bi2`�i2b ;2M2`�i2/
i?`Qm;? i?2 1``Q` 1[m�iBQM U3XNV mbBM; i?2 BMBiB�HBb�iBQM e0 ≡ 1 QM Πj=N

j=1 Sj 7Q` ;2QK2i`B2b
rBi? � /Bz2`2Mi MmK#2` Q7 K�tBKmK H�v2`bX h?2 /Bz2`2Mi ;2QK2i`B2b �`2 /BbTH�v2/ BM
6B;m`2 3XRjX q2 2KT?�bBb2 i?�i +QMiBMmQmb T�`iBiBQM Q7 mMBiv 7mM+iBQMb r2`2 +?Qb2M 7Q`
i?Bb �M/ �HH bm#b2[m2Mi +QKTmi�iBQMbX

�Hi?Qm;? Bi Bb bHB;?iHv /B{+mHi iQ b22 i?Bb �i � ;H�M+2- i?2 MmK2`B+�H `2bmHib /BbTH�v2/
BM 6B;m`2 3XR9# 7QHHQr i?2 i?2Q`2iB+�H `2bmHib 2t�+iHvX AM/22/- i?2 2``Q` 7mM+iBQM �Hr�vb
/BbTH�vb � }`bi +QMi`�+iBQM �i Bi2`�iBQM MmK#2` Nmax+1X 6m`i?2`KQ`2- Bi Bb `2�/BHv b22M
i?�i i?2 +QMp2`;2M+2 `�i2 Q7 i?2 2``Q` �HbQ /2T2M/b QM i?2 iQi�H MmK#2` Q7 H�v2`b BM i?2
/QK�BM �M/ /2;`�/2b �b Nmax BM+`2�b2b �b b?QrM BM i?2 HQ;@HBM THQi /BbTH�v2/ BM 6B;m`2
3XR9�X AM/22/- r2 Q#b2`p2 i?�i i?2 bHQT2 Q7 i?2 THQib �M/ +QMb2[m2MiHv i?2 �bvKTiQiB+
+QMi`�+iBQM 7�+iQ` /2;`�/2b �b Nmax BM+`2�b2bX

PM2 +QKTHB+�i2/ [m2biBQM i?�i r2 /B/ MQi �//`2bb BM i?2 i?2Q`2iB+�H �M�HvbBb Q7 a2+@
iBQM 3XR Bb ?Qr iQ Q#i�BM � [m�MiBiBp2 2biBK�i2 Q7 i?2 +QMi`�+iBQM 7�+iQ`X hvTB+�HHv- QM2
Q#i�BMb �M mTT2` #QmM/ 7Q` i?2 BMBiB�H +QMi`�+iBQM 7�+iQ`- BX2X- i?2 BMBiB�H /2+`2�b2 BM i?2
BM}MBiv MQ`K Q7 i?2 a+?r�`x Bi2`�i2b Ub22- 2X;X- (k3- kN- jy)V- r?B+? i?2M BKT`Qp2b +QMbB/@
2`�#Hv BM i?2 �bvKTiQiB+ HBKBiX 6B;m`2b 3XR8� �M/ 3XR8# /BbTH�v i?2 2t�+i BM}MBiv MQ`K
Q7 i?2 a+?r�`x Bi2`�i2b iQ;2i?2` rBi? i?2 UMmK2`B+�HHv Q#i�BM2/V BMBiB�H �M/ �bvKTiQiB+
+QMi`�+iBQM 7�+iQ` 7Q` ;2QK2i`B2b rBi? Nmax = 3 �M/ Nmax = 4 H�v2`bX q2 Q#b2`p2 BKK2@
/B�i2Hv i?�i i?2 }`bi +QMi`�+iBQM BM #Qi? +�b2b Bb M2�`Hv irQ Q`/2`b Q7 K�;MBim/2 bK�HH2`
i?�M i?2 �bvKTiQiB+ +QMi`�+iBQM 7�+iQ`X h?2 MmK2`B+b i?2`27Q`2 bm;;2bi i?�i 2p2M B7 r2
r2`2 �#H2 iQ Q#i�BM �M mTT2` #QmM/ 7Q` i?2 BMBiB�H +QMi`�+iBQM 7�+iQ`- i?�i Bb- �M 2biBK�i2
Q7 ∥TNmax+1∥OP,∞- Bi rQmH/ #2 2ti`2K2Hv +QMb2`p�iBp2 �M/ MQi mb27mH 7`QK � T`�+iB+�H

ky8
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U�V GQ;@GBM THQi Q7 i?2 AM}MBiv MQ`K Q7 i?2
a+?r�`x Bi2`�i2b 7Q` Ryy Bi2`�iBQMbX

U#V AM}MBiv MQ`K Q7 i?2 a+?r�`x Bi2`�i2b 7Q`
i?2 }`bi e Bi2`�iBQMbX

6B;m`2 3XR9, LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? i`BTH2 BMi2`@
b2+iBQMbX

U�V *QMi`�+iBQM 6�+iQ`b 7Q` Nmax = 3 H�v2`bX U#V *QMi`�+iBQM 6�+iQ`b 7Q` Nmax = 4 H�v2`bX

6B;m`2 3XR8, LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? i`BTH2 BMi2`@
b2+iBQMbX

TQBMi Q7 pB2rX

AM Q`/2` iQ bmTTQ`i Qm` +H�BK `2;�`/BM; i?2 2ti2MbBQM Q7 h?2Q`2K 3XR9 iQ KQ`2 +QKTHB@
+�i2/ ;2QK2i`B2b- r2 M2ti `2T2�i i?2 �#Qp2 MmK2`B+�H +QKTmi�iBQMb 7Q` � +QKTmi�iBQM�H
/QK�BM +QMbBbiBM; Q7 [m�/`mTH2 BMi2`b2+iBM; bm#/QK�BMbX h?2 /Bz2`2Mi ;2QK2i`B2b �`2
/BbTH�v2/ BM 6B;m`2 3XReX

kye



3Xj LmK2`B+�H 1tT2`BK2Mib

U�V Nmax = 2 G�v2`bX U#V Nmax = 3 G�v2`bX U+V Nmax = 4 G�v2`bX

6B;m`2 3XRe, h?2 /Bz2`2Mi ;2QK2i`B2b mb2/ 7Q` i?2 b2+QM/ b2i Q7 MmK2`B+�H +QKTmi�iBQMbX
h?2 +QHQm` b+?2K2 Bb Tm`2Hv +QbK2iB+X LQi2 i?�i #Qi? i?2 `�/BB �M/ i?2 /Bbi�M+2 #2ir22M
i?2 +2Mi`2b Q7 i?2 bm#/QK�BMb BM i?2 i?`22 ;2QK2i`B2b Bb i?2 b�K2X

6B;m`2b 3XRd# /BbTH�vb i?2 BM}MBiv MQ`Kb Q7 i?2 a+?r�`x Bi2`�i2b ;2M2`�i2/ i?`Qm;?
i?2 1``Q` 1[m�iBQM U3XNV mbBM; i?2 BMBiB�HBb�iBQM e0 ≡ 1 QM Πj=N

j=1 Sj 7Q` [m�/`mTH2 BMi2`@
b2+iBM; ;2QK2i`B2b rBi? � /Bz2`2Mi MmK#2` Q7 K�tBKmK H�v2`bX PM+2 �;�BM- �Hi?Qm;? Bi
KB;?i #2 /B{+mHi iQ i2HH �i � ;H�M+2- i?2 MmK2`B+�H `2bmHib 7QHHQrb i?2 i?2Q`2iB+�H `2bmHib
2t�+iHv �M/ r2 b22 � }`bi +QMi`�+iBQM Q7 i?2 BM}MBiv MQ`K �i Bi2`�iBQM MmK#2` Nmax +1X

6B;m`2 3XRd� /BbTH�vb i?2 BM}MBiv MQ`Kb Q7 i?2 a+?r�`x Bi2`�i2b �b i?2 MmK#2` Q7
Bi2`�iBQMb BM+`2�b2b 7Q` i?2 i?`22 ;2QK2i`B2b BM � HQ;@HBM THQiX PM+2 �;�BM r2 Q#b2`p2 i?�i
i?2 �bvKTiQiB+ +QMi`�+iBQM 7�+iQ` /2;`�/2b �b Nmax BM+`2�b2bX AM �//BiBQM- r2 THQi BM
6B;m`2b 3XR3� �M/ 3XR3# i?2 2t�+i BM}MBiv MQ`Kb Q7 i?2 a+?r�`x Bi2`�i2b iQ;2i?2` rBi?
i?2 UMmK2`B+�HHv Q#i�BM2/V BMBiB�H �M/ �bvKTiQiB+ +QMi`�+iBQM 7�+iQ` 7Q` ;2QK2i`B2b rBi?
Nmax = 3 �M/ Nmax = 4 H�v2`bX �b #27Q`2- i?2 BMBiB�H +QMi`�+iBQM 7�+iQ` +�M #2 b22M iQ
#2 �i H2�bi �M Q`/2` Q7 K�;MBim/2 bK�HH2` i?�M i?2 �bvKTiQiB+ +QMp2`;2M+2 7�+iQ`X

q2 +QM+Hm/2 i?Bb b2+iBQM #v `2im`MBM; iQ � [m2biBQM TQb2/ BM _2K�`F 3Xe, .Q2b i?2
+?QB+2 Q7 T�`iBiBQM Q7 mMBiv 7mM+iBQMb �z2+i i?2 Bi2`�i2b Q7 i?2 S�`�HH2H a+?r�`x K2i?Q/
�M/ i?2 �bvKTiQiB+ +QMi`�+iBQM 7�+iQ`\ q2 /2+B/2/ iQ +QKTmi2 i?2 BM}MBiv MQ`K Q7
i?2 a+?r�`x Bi2`�i2b ;2M2`�i2/ i?`Qm;? i?2 1``Q` 1[m�iBQM U3XNV mbBM; i?2 BMBiB�HBb�iBQM
e0 ≡ 1 QM Πj=N

j=1 Sj 7Q` i?2 ;2QK2i`B2b /BbTH�v2/ BM 6B;m`2 3XRj mbBM; #Qi? i?2 +QMiBMmQmb
T�`iBiBQM Q7 mMBiv 7mM+iBQMb 2KTHQv2/ T`2pBQmbHv �b r2HH �b /Bb+QMiBMmQmb T�`iBiBQM Q7
mMBiv 7mM+iBQMb �b +?Qb2M BM (dk- a2+iBQM k- S�;2 9)X h?2 /Bb+QMiBMmQmb T�`iBiBQM Q7 mMBiv
7mM+iBQMb �`2 /2}M2/ �b 7QHHQrb, :Bp2M i?`22 BMi2`b2+iBM; bm#/QK�BMb Ω1,Ω2,Ω3

Ç q2 b2i i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb χ2
1,χ

3
1 QM ∂Ω1 �b χ2

1 = 1 QM Γ2,3
1 ∪ Γ2,0

1 �M/
χ2
1 = 0 Qi?2`rBb2- �M/ χ3

1 = 1 QM Γ3,0
1 �M/ χ3

1 = 0 Qi?2`rBb2X

Ç q2 b2i i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb χ3
2,χ

1
2 QM ∂Ω2 �b χ3

2 = 1 QM Γ1,3
2 ∪ Γ3,0

2 �M/
χ3
2 = 0 Qi?2`rBb2- �M/ χ1

2 = 1 QM Γ1,0
2 �M/ χ1

2 = 0 Qi?2`rBb2X

kyd
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U�V GQ;@GBM THQi Q7 i?2 AM}MBiv MQ`K Q7 i?2
a+?r�`x Bi2`�i2b 7Q` Ryy Bi2`�iBQMbX

U#V AM}MBiv MQ`K Q7 i?2 a+?r�`x Bi2`�i2b 7Q`
i?2 }`bi e Bi2`�iBQMbX

6B;m`2 3XRd, LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? [m�/`mTH2
BMi2`b2+iBQMbX

U�V *QMi`�+iBQM 6�+iQ`b 7Q` Nmax = 3 H�v2`bX U#V *QMi`�+iBQM 6�+iQ`b 7Q` Nmax = 4 H�v2`bX

6B;m`2 3XR3, LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? [m�/`mTH2
BMi2`b2+iBQMbX

Ç q2 b2i i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb χ1
3,χ

2
3 QM ∂Ω3 �b χ1

3 = 1 QM Γ1,2
3 ∪ Γ1,0

3 �M/
χ1
3 = 0 Qi?2`rBb2- �M/ χ2

3 = 1 QM Γ2,0
3 �M/ χ2

3 = 0 Qi?2`rBb2X

AM Qi?2` rQ`/b ;Bp2M �Mv bm#/QK�BM Ωj - QM i?2 TQ`iBQM Q7 i?2 #QmM/�`v Γk,i
j ⊂ ∂Ωj

i?�i BMi2`b2+ib bBKmHi�M2QmbHv rBi? irQ Qi?2` bm#/QK�BMb Ωk �M/ Ωi- r2 i�F2 #QmM/�`v
/�i� 7`QK QMHv QM2 M2B;?#Qm`X Pm` `2bmHib �`2 /BbTH�v2/ BM 6B;m`2b 3XRN- �M/ i?2v bm;;2bi

ky3
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i?�i

U�V GQ;@GBM THQi Q7 i?2 AM}MBiv MQ`K Q7 i?2
a+?r�`x Bi2`�i2b 7Q` 9y Bi2`�iBQMbX

U#V AM}MBiv MQ`K Q7 i?2 a+?r�`x Bi2`�i2b 7Q`
i?2 }`bi e Bi2`�iBQMbX

6B;m`2 3XRN, LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; #Qi? +QMiBMmQmb �M/ /Bb+QMiBMmQmb T�`iB@
iBQM Q7 mMBiv 7mM+iBQMbX h?2 +QKTmi�iBQM�H /QK�BM +QMbBbib Q7 i`BTH2 BMi2`b2+iBQM bm#/QK�BMb
�b /BbTH�v2/ BM 6B;m`2 3XRjX

Ç q?BH2 i?2 +?QB+2 Q7 /Bz2`2Mi T�`iBiBQM Q7 mMBiv 7mM+iBQMb +�M H2�/ iQ [m�MiBi�iBp2Hv
bHB;?iHv /Bz2`2Mi BM}MBiv MQ`Kb Q7 i?2 a+?r�`x Bi2`�i2b- i?2 �bvKTiQiB+ +QMi`�+iBQM
7�+iQ` `2K�BMb mM+?�M;2/c

Ç h?2 }`bi +QMi`�+iBQM BM i?2 BM}MBiv MQ`K Bb �Hr�vb Q#b2`p2/ �i Bi2`�iBQM MmK#2`
Nmax + 1 `2;�`/H2bb Q7 i?2 +?QB+2 Q7 i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMbX

6Q` KQ`2 BM7Q`K�iBQM �M/ /2i�BHb QM i?2 2z2+i Q7 i?2 +?QB+2 Q7 T�`iBiBQM Q7 mMBiv
7mM+iBQMb QM i?2 +QMp2`;2M+2 Q7 a+?r�`x K2i?Q/b- b22 �HbQ (dj)X

3X9 �TTHB+�iBQM iQ "BQ@JQH2+mH2b, p�M /2` q��Hb �M/ a�a
*�pBiB2b

h?2 2t�KTH2b +QMbB/2`2/ i?mb 7�` BM a2+iBQM 3Xj ?�p2 #22M ǵiQvǶ T`Q#H2Kb- r?B+? �`2
BMi2`2biBM; 7`QK � K�i?2K�iB+�H TQBMi Q7 pB2r #mi /Q MQi ?�p2 � T?vbB+�H Q`B;BMX h?2
;Q�H Q7 i?Bb b2+iBQM Bb iQ +QMbB/2` �+im�H #BQHQ;B+�H KQH2+mH2b i?�i ?�p2 #22M bim/B2/ BM
bQHp�iBQM KQ/2Hb BM +QKTmi�iBQM�H +?2KBbi`v Ub22- 2X;X- (Rje)V �M/ iQ mM/2`bi�M/ i?2
+QMb2[m2M+2b Q7 i?2 T`2+2/BM; �M�HvbBb �b Bi T2`i�BMb iQ i?2b2 +QKTH2t #BQ@KQH2+mH2bX

�b � `272`2M+2- r2 +QMbB/2` i?2 #BQHQ;B+�H KQH2+mH2b i?�i r2`2 �M�Hvb2/ BM i?2 //@
*PaJP MmK2`B+�H bim/v T`2b2Mi2/ BM (Rje)X h?2 KQH2+mH�` �`2 `2T`2b2Mi2/ �b p�M /2`

kyN
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U�V �iQKB+ ai`m+im`2 Q7 *�`#QtvH�b2X U#V �iQKB+ ai`m+im`2 Q7 >Bp@R@;T9RX

6B;m`2 3Xky, �iQKB+ ai`m+im`2b Q7 ǵ;HQ#mH�`Ƕ *�`#QtvH�b2 �M/ ǵ+?�BM@HBF2Ƕ >Bp@R@;T9RX h?2
+QHQm` Q7 2�+? �iQKB+ +�pBiv /2MQi2b i?2 ivT2 Q7 �iQK, v2HHQr /2MQi2b *�`#QM- `2/ /2MQi2b
>v/`Q;2M- ;`22M /2MQi2b LBi`Q;2M- #Hm2 /2MQi2b Ptv;2M �M/ K�;2Mi� /2MQi2b amHT?m`X h?2
�iQKB+ +�pBiB2b r2`2 +QMbi`m+i2/ mbBM; RXR iBK2b i?2 `�/BB Q#i�BM2/ 7`QK i?2 lMBp2`b�H 6Q`+2
6B2H/ Ul66V (Rde)X

q��Hb@ivT2 +�pBiB2b- BX2X- �b mMBQMb Q7 BMi2`b2+iBM; #�HHb rBi? 2�+? #�HH +Q``2bTQM/BM; iQ
QM2 �iQK BM i?2 KQH2+mH2X h?2 +QKTmi�iBQM�H /QK�BM i?mb +QMbBbi2/ Q7 � mMBQM Q7 QT2M
#�HHb- �M/ i?2 G�TH�+2 2[m�iBQM rBi? � T`2b+`B#2/- bKQQi? #QmM/�`v +QM/BiBQM r�b bQHp2/
QM i?Bb +QKTmi�iBQM�H /QK�BMX h?2 T`Q#H2K b2iiBM; Bb i?2`27Q`2 2t�+iHv Q7 i?2 7Q`K Q7
1[m�iBQM U3XRV- 2t+2Ti Q7 +Qm`b2 i?�i i?2 T`Q#H2K Bb TQb2/ BM i?`22 /BK2MbBQMbX Ai Bb BK@
TQ`i�Mi iQ MQi2 ?Qr2p2` i?�i r2 Kmbi K�F2 � +?QB+2 7Q` i?2 p�Hm2 Q7 i?2 `�/Bmb Q7 2�+?
�iQKB+ +�pBivX q?BH2 i?Bb Bb � MQM@i`BpB�H [m2biBQM BM ;2M2`�H Ub22- 2X;X- i?2 `272`2M+2b
BM (Rdj)V- i?2 KQbi #�bB+ +QMp2MiBQM Ub22- 2X;X- (kj)V Bb iQ +QMbi`m+i i?2 �iQKB+ +�pBiB2b
mbBM; RXR iBK2b i?2 `�/BB Q#i�BM2/ 7`QK i?2 lMBp2`b�H 6Q`+2 6B2H/ Ul66V (Rde)X h?Bb Bb
i?2 +QMp2MiBQM r2 �/QTi �b � }`bi bi2TX

hrQ `2T`2b2Mi�iBp2 2t�KTH2b Q7 i?2b2 #BQHQ;B+�H KQH2+mH2b- *�`#QtvH�b2 �M/ >Bp@R@
;T9R �`2 /BbTH�v2/ BM 6B;m`2 3XkyX Ai Bb `2�/BHv b22M i?�i i?2 *�`#QtvH�b2 KQH2+mH2
Bb ǵ;HQ#mH�`Ƕ BM bi`m+im`2 �M/ +QMbBbib Q7 i?Qmb�M/b Q7 �iQKb- �M/ i?mb i?Qmb�M/b Q7
bm#/QK�BMb BM i?2 /QK�BM /2+QKTQbBiBQM b2iiBM;X PM i?2 Qi?2` ?�M/- i?2 >Bp@R@;T9R
KQH2+mH2 Bb KQ`2 ǵ+?�BM@HBF2Ƕ BM bi`m+im`2 �M/ +QMbBbib Q7 H2bb i?�M eyy �iQKbX "�b2/ QM
i?2b2 pBbm�HBb�iBQMb- QM2 +QmH/ 2tT2+i i?2 *�`#QtvH�b2 KQH2+mH2 iQ +QMi�BM � H�`;2 MmK#2`
Q7 H�v2`b �M/ i?2 >Bp@R@;T9R KQH2+mH2 iQ +QMi�BM 72r2` H�v2`bX �b Qm` T`2+2/BM; �M�HvbBb
b?Qrb- i?Bb +QmH/ `2bmHi BM p2`v /Bz2`2Mi +QKTmi�iBQM�H 2{+B2M+B2b Q7 i?2 T�`�HH2H a+?r�`x
K2i?Q/ USaJV 7Q` i?2 irQ KQH2+mH2b �b /2b+`B#2/ #v 1[m�iBQM U3X8V �M/ BKTH2K2Mi2/
i?`Qm;? i?2 //*PaJP MmK2`B+�H �H;Q`Bi?KX

h�#H2 3XR /BbTH�vb i?2 r�HH@iBK2 Q7 i?2 //*PaJP �H;Q`Bi?K �b `2TQ`i2/ BM (Rje)-
�M/ r2 +�M Q#b2`p2 i?2 bm`T`BbBM; `2bmHi i?�i i?2 SaJ U�b � T`2+QM/BiBQM2`V b22Kb iQ
rQ`F 2ti`2K2Hv 2{+B2MiHv 7Q` �HH i?2 #BQHQ;B+�H KQH2+mH2b +QMbB/2`2/ ?2`2X AM T�`iB+mH�`-
r2 Q#b2`p2 2t+2HH2Mi b+�HBM; Q7 i?2 K2i?Q/ rBi? `2bT2+i iQ i?2 MmK#2` Q7 �iQKb BM 2�+?
KQH2+mH2X 6m`i?2`KQ`2- Qm` QrM MmK2`B+�H +QKTmi�iBQMb- r?B+? �`2 b?QrM BM i?2 b2+QM/

kRy
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"BQ@JQH2+mH2 o�M+QKv+BM l"*>8" G@TH2+i�bBM >Bp@R@;T9R :Hmi�`2/QtBM *�`#QtvH�b2
q�HH@hBK2b R 9 R R k N
*QMp2`;2M+2 6�+iQ`b yX33yR yXNk3d yX3NNy yXNRy8 yXNkeN yXNjk9
LmK#2` Q7 �iQKb jdd kje9 8ed 8jy Rkdd eeyN

h�#H2 3XR, q�HH@iBK2b UBM b2+QM/bV �M/ �bvKTiQiB+ +QMp2`;2M+2 `�i2b Q7 i?2 //*PaJP
�H;Q`Bi?KX hBK2b H2bb i?�M R b2+QM/ ?�p2 #22M `QmM/2/ iQ QM2X h?2 r�HH@iBK2b r2`2 Q#i�BM2/
#v bQHpBM; i?2 mM/2`HvBM; HBM2�` bvbi2K mbBM; i?2 .AAa �H;Q`Bi?K BMi`Q/m+2/ #v S2i2` SmH�v
BM [m�MimK +QKTmi�iBQM�H +?2KBbi`v (ReN)X LQi2 i?�i i?2 .AAa �H;Q`Bi?K Bb bBKTHv �M/2`bQM
�++2H2`�iBQMX h?2b2 �++2H2`�iBQMb �`2 �TTHB2/ iQ i?2 SaJ �b � bi�iBQM�`v K2i?Q/- r?B+?
Bb 2bb2MiB�HHv 2[mBp�H2Mi iQ :J_1a T`2+QM/BiBQM2/ rBi? i?2 SaJ (kyd)X h?2 �bvKTiQiB+
+QMp2`;2M+2 `�i2b r2`2 +�H+mH�i2/ mbBM; i?2 SaJ �b � bi�iBQM�`v K2i?Q/X

`Qr Q7 h�#H2 3XR �M/ /BbTH�v2/ BM 6B;m`2 3XkR BM/B+�i2 i?�i i?2`2 Bb KBMBK�H /2;`�/�iBQM
Q7 i?2 �bvKTiQiB+ +QMp2`;2M+2 `�i2 Q7 i?2 //*PaJP �H;Q`Bi?K 7Q` i?2b2 #BQ@KQH2+mH2bX
AM Q`/2` iQ 2tTH�BM i?Bb Q#b2`p�iBQM- r2 /2+B/2/ iQ �M�Hvb2 +�`27mHHv i?2 bi`m+im`2 Q7 i?2b2
T`Qi2BM KQH2+mH2bX

h�#H2 3Xk +QMi�BMb BM7Q`K�iBQM �#Qmi ;2QK2i`B+�H �bT2+ib Q7 2�+? Q7 i?2b2 T`Qi2BM
KQH2+mH2b i?�i �z2+i i?2 +QMp2`;2M+2 `�i2 Q7 i?2 SaJX q2 BM/B+�i2 i?2 iQi�H MmK#2` Q7
�iQKb- i?2 MmK#2` Q7 H�v2`b r?B+? Bb i?2 +2Mi`�H +QKTQM2Mi Q7 Qm` �M�HvbBb- i?2 �p2`�;2
MmK#2` Q7 M2B;?#Qm`b- i?2 �p2`�;2 Qp2` /Bz2`2Mi bm#/QK�BMb Q7 i?2 K�tBKmK /2;`22 Q7
BMi2`b2+iBQM- �M/ i?2 �p2`�;2 Qp2` /Bz2`2Mi bm#/QK�BMb Q7 i?2 Qp2`H�T /Bbi�M+2 #2ir22M
M2B;?#Qm`BM; �iQKbX h?2 7QHHQrBM; irQ Q#b2`p�iBQMb �`2 MQr F2v,

Ç h?2`2 �`2 2t�+iHv irQ H�v2`b BM 2�+? #BQ@KQH2+mH2c

Ç h?2 Qi?2` ;2QK2i`B+�H T�`�K2i2`b r?B+? +QmH/ TQi2MiB�HHv �z2+i i?2 +QMp2`;2M+2
`�i2 Q7 i?2 SaJ /Q MQi p�`v rBH/Hv �+`Qbb i?2 /Bz2`2Mi KQH2+mH2bX

"BQ@JQH2+mH2 o�M+QKv+BM l"*>8" G@TH2+i�bBM >Bp@R@;T9R :Hmi�`2/QtBM *�`#QtvH�b2
LmK#2` Q7 �iQKb jdd kje9 8ed 8jy Rkdd eeyN
LmK#2` Q7 G�v2`b k k k k k k
�p2`�;2 LmK#2` Q7 L2B;?#Qm`b R8Xe RNX3 ReXe ReX8 R3XR kyXk
�p2`�;2 J�tBKmK AMi2`b2+iBQM .2;`22 eXRe eXkd eXRR eXRk eX8y eXk9
�p2`�;2 Pp2`H�T kXj kXj kXj kXk kXj kXj

h�#H2 3Xk, o�`BQmb ;2QK2i`B+�H T`QT2`iB2b Q7 2�+? #BQHQ;B+�H KQH2+mH2 +QMbB/2`2/ BM i?2
MmK2`B+�H bBKmH�iBQMbX h?2 �p2`�;2 Qp2`H�T /Bbi�M+2 Bb +�H+mH�i2/ #v +QMbB/2`BM; � T�B` Q7
M2B;?#Qm`BM; �iQKb- +QKTmiBM; i?2 /Bz2`2M+2 #2ir22M i?2 bmK Q7 i?2 irQ `�/BB �M/ i?2
/Bbi�M+2 #2ir22M i?2 +2Mi`2b- �M/ i?2M i�FBM; i?2 �p2`�;2 Qp2` �HH T�B`b Q7 M2B;?#Qm`BM;
�iQKbX

h?2b2 Q#b2`p�iBQMb ?2HT 2tTH�BM Qm` MmK2`B+�H `2bmHib �M/ �HbQ 2tTH�BM r?v i?2 //@
*PaJP MmK2`B+�H �H;Q`Bi?K rQ`Fb bQ r2HH BM T`�+iB+2 2p2M 7Q` �TT�`2MiHv ;HQ#mH�`
#BQHQ;B+�H KQH2+mH2b Ub22 (kj- Rj8- Rjd)VX

kRR
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6B;m`2 3XkR, GQ;@GBM THQi Q7 i?2 AM}MBiv MQ`K Q7 i?2 �TT`QtBK�i2 bQHmiBQM �7i2` 2�+?
Bi2`�iBQM Q7 i?2 SaJX �HH bBKmH�iBQMb r2`2 BMBiB�HBb2/ rBi? � +QMbi�Mi ǶQM2Ƕ p2+iQ` �M/ � x2`Q
`B;?i@?�M/ bB/2 r�b BKTQb2/X

AM i?2 +QKTmi�iBQM�H +?2KBbi`v +QKKmMBiv- Bi Bb Q7i2M �`;m2/ i?�i mbBM; b+�H2/ p�M
/2` q��Hb `�/BB iQ +QMbi`m+i �iQKB+ +�pBiB2b H2�/b iQ � bm#@QTiBK�H /2}MBiBQM Q7 i?2 KQH2+@
mH�` +�pBiv i?�i Bb mM�#H2 iQ �++m`�i2Hv +�Tim`2 i?2 T?vbB+�H #2?�pBQm` Q7 i?2 KQH2+mH2 BM
� TQH�`Bb�#H2 K2/BmKX �M �Hi2`M�iBp2 /2}MBiBQM Q7 i?2 KQH2+mH�` +�pBiv Bb ;Bp2M #v i?2
bQ@+�HH2/ am`7�+2 �++2bbB#H2 am`7�+2 Ua�aV Ub22- 2X;X- (Rdj)VX �++Q`/BM; iQ i?Bb /2}MBiBQM-
2�+? �iQKB+ +�pBiv Bb +QMbi`m+i2/ mbBM; i?2 bmK Q7 irQ `�/BB, i?2 �iQKB+ p�M /2` q��Hb
`�/Bmb �M/ � bQ@+�HH2/ ǵT`Q#2 `�/BmbǶ- r?B+? +�M ;2M2`�HHv #2 i�F2M iQ #2 RX9 �M;bi`QK-
BX2X- i?2 �TT`QtBK�i2 `�/Bmb Q7 � r�i2` KQH2+mH2X �b � b2+QM/ bi2T i?2`27Q`2- r2 �/QTi
i?2 a�a +QMp2MiBQM iQ +QMbi`m+i i?2 KQH2+mH�` +�pBiB2bX 6B;m`2 3Xkk /BbTH�vb i?2 a�a
+�pBiv@#�b2/ �iQKB+ bi`m+im`2 Q7 i?2 #BQHQ;B+�H KQH2+mH2b *�`#QtvH�b2 �M/ >Bp@R@;T9R
U+X7X- 6B;m`2 3XkyVX

q2 +QMbB/2` QM+2 �;�BM i?2 bBt #BQHQ;B+�H KQH2+mH2b �M�Hvb2/ BM (Rje)X h�#H2 3Xj +QM@
i�BMb BM7Q`K�iBQM �#Qmi p�`BQmb ;2QK2i`B+�H �bT2+ib Q7 2�+? Q7 i?2b2 T`Qi2BM KQH2+mH2b
mbBM; i?2 a�a +�pBiv /2}MBiBQMX q2 Q#b2`p2 MQr i?�i i?2 MmK#2` Q7 H�v2`b BM 2�+?
KQH2+mH2 Bb MQr ;`2�i2` i?�M irQ r?BH2 i?2 ;HQ#mH�` KQH2+mH2b l"*>8" �M/ *�`#Qtv@
H�b2 ?�p2 bBt �M/ 2B;?i H�v2`b `2bT2+iBp2HvX PM i?2 Qi?2` ?�M/- i?2 �p2`�;2 Qp2` /Bz2`2Mi
bm#/QK�BMb Q7 i?2 K�tBKmK /2;`22 Q7 BMi2`b2+iBQM �M/ i?2 �p2`�;2 Qp2` /Bz2`2Mi bm#@
/QK�BMb Q7 i?2 Qp2`H�T #2ir22M M2B;?#Qm`BM; �iQKb �`2 #Qi? ?B;?2` i?�M #27Q`2 #mi /Q
MQi /Bz2` bB;MB}+�MiHv #2ir22M i?2 KQH2+mH2bX h?mb- i?2 K�BM /Bz2`2M+2b #2ir22M i?2b2
KQH2+mH2b �`2 MQr i?2 MmK#2` Q7 H�v2`b �M/ i?2 �p2`�;2 MmK#2` Q7 M2B;?#Qm`bX h�F2M
iQ;2i?2`- i?2b2 Q#b2`p�iBQMb bm;;2bi i?�i i?2 //*PaJP �H;Q`Bi?K b?QmH/ /BbTH�v bHQr2`
+QMp2`;2M+2 #2?�pBQm` 7Q` �HH KQH2+mH2b �M/ rQ`b2 #2?�pBQm` 7Q` i?2 ;HQ#mH�` KQH2+mH2bX

�b � i2bi +�b2- r2 +QMbB/2` i?2 KQ`2 ǵ+?�BM@HBF2Ƕ KQH2+mH2b o�M+QKv+BM �M/ >Bp@
R@;T9R �M/ i?2 ǵ;HQ#mH�`Ƕ KQH2+mH2 l"*>8"X LQiB+2 i?�i #Qi? i?2 o�M+QKv+BM �M/
>Bp@R@;T9R KQH2+mH2b +QMbBbi Q7 j H�v2`b r?2M mbBM; i?2 a�a /2}MBiBQM Q7 i?2 +�pBivX
PM i?2 Qi?2` ?�M/- i?2 KQH2+mH2 l"*>8"- /m2 iQ BiǶb ;HQ#mH�` bi`m+im`2- +QMbBbib Q7 e
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3X9 �TTHB+�iBQM iQ "BQ@JQH2+mH2b, p�M /2` q��Hb �M/ a�a *�pBiB2b

U�V �iQKB+ ai`m+im`2 Q7 *�`#QtvH�b2 rBi? a�a
+�pBiB2bX

U#V �iQKB+ ai`m+im`2 Q7 >Bp@R@;T9R rBi? a�a
+�pBiB2bX

6B;m`2 3Xkk, �iQKB+ ai`m+im`2b Q7 ǵ;HQ#mH�`Ƕ *�`#QtvH�b2 �M/ ǵ+?�BM@HBF2Ƕ >Bp@R@;T9RX PM+2
�;�BM- i?2 +QHQm` Q7 2�+? �iQKB+ +�pBiv /2MQi2b i?2 ivT2 Q7 �iQK, v2HHQr /2MQi2b *�`#QM-
`2/ /2MQi2b >v/`Q;2M- ;`22M /2MQi2b LBi`Q;2M- #Hm2 /2MQi2b Ptv;2M �M/ K�;2Mi� /2MQi2b
amHT?m`X

"BQ@JQH2+mH2 o�M+QKv+BM l"*>8" G@TH2+i�bBM >Bp@R@;T9R :Hmi�`2/QtBM *�`#QtvH�b2
LmK#2` Q7 �iQKb jdd kje9 8ed 8jy Rkdd eeyN
LmK#2` Q7 G�v2`b j e 9 j 8 3
�p2`�;2 LmK#2` Q7 L2B;?#Qm`b 8yX8 3yXd 8NX8 8eXj eNXk 3eXj
�p2`�;2 J�tBKmK AMi2`b2+iBQM .2;`22 RdXj RNXy RdXe RdXN R3XN RNXR
�p2`�;2 Pp2`H�T jXe jXd jX3 jXe jXd jX3

h�#H2 3Xj, o�`BQmb ;2QK2i`B+�H T`QT2`iB2b Q7 2�+? #BQHQ;B+�H KQH2+mH2 rBi? i?2 �iQKB+
+�pBiB2b +QMbi`m+i2/ mbBM; i?2 a�a /2}MBiBQMX

H�v2`bX q2 bQHp2 i?2 //*PaJP bvbi2K Q7 2[m�iBQMb mbBM; i?2 SaJX h�#H2 3X9 HBbib i?2
MmK#2` Q7 Bi2`�iBQMb `2[mB`2/ iQ bQHp2 i?2 HBM2�` bvbi2K mT iQ � }t2/ iQH2`�M+2X

"BQ@JQH2+mH2 o�M+QKv+BM >Bp@R@;T9R l"*>8"
Ai2`�iBQMb 7Q` p�M /2` q��Hb *�pBiv RR8 R8k RNk
Ai2`�iBQMb 7Q` a�a *�pBiv R3N Re9 8j3

h�#H2 3X9, h?2 MmK#2` Q7 Bi2`�iBQMb Q7 SaJ `2[mB`2/ iQ bQHp2 i?2 //*PaJP bvbi2K Q7
2[m�iBQMb mT iQ � }t2/ iQH2`�M+2 7Q` 2�+? KQH2+mH2X

�b 2tT2+i2/- mbBM; i?2 a�a /2}MBiBQM Q7 +�pBiB2b `2bmHib BM � H�`;2` MmK#2` Q7 Bi@
2`�iBQMb #2BM; `2[mB`2/ iQ bQHp2 i?2 mM/2`HvBM; HBM2�` bvbi2KX Ai Bb BKTQ`i�Mi iQ MQi2
?Qr2p2`- i?�i 2p2M i?Qm;? i?2 >Bp@R@;T9R KQH2+mH2 +QMi�BMb �#Qmi 40% KQ`2 �iQKb
i?�M o�M+QKv+BM- i?2 �bbQ+B�i2/ HBM2�` bvbi2K 7Q` >Bp@R@;T9R +�M #2 bQHp2/ BM � 72r2`
MmK#2` Q7 Bi2`�iBQMb i?�M i?2 HBM2�` bvbi2K 7Q` o�M+QKv+BMX PM i?2 Qi?2` ?�M/- i?2
HBM2�` bvbi2K �bbQ+B�i2/ rBi? i?2 l"*>8" KQH2+mH2- r?B+? +QMi�BMb e H�v2`b- MQr `2@
[mB`2b � bB;MB}+�MiHv H�`;2` MmK#2` Q7 Bi2`�iBQMb iQ bQHp2X h?2b2 Q#b2`p�iBQMb bm;;2bi
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3X h>1 a*�G�"AGAhu P6 h>1 a*>q�_w J1h>P. AL >A:>1_
.AJ1LaAPLa

i?2 7QHHQrBM; +QM+HmbBQMb,

Ç h?2 F2v ;2QK2i`B+�H [m�MiBiB2b r?B+? /2i2`KBM2 7�bi Q` bHQr +QMp2`;2M+2 Q7 i?2
//*PaJP �H;Q`Bi?K 7Q` � ;Bp2M KQH2+mH2 �`2 i?2 MmK#2` Q7 H�v2`b UMQi i?2 MmK#2`
Q7 �iQKb #v i?2Kb2Hp2bV �M/ i?2 MmK#2` Q7 M2B;?#Qm`BM; �iQKbX

Ç 6Q` +?�BM@HBF2 KQH2+mH2b- Bi Bb TQbbB#H2 iQ mb2 i?2 a�a /2}MBiBQM Q7 i?2 +�pBiv rBi?@
Qmi �z2+iBM; i?2 MmK#2` Q7 H�v2`b iQQ bB;MB}+�MiHv- �M/ ?2M+2 i?2 +QMp2`;2M+2
T`QT2`iB2b Q7 //*PaJP iQQ �/p2`b2HvX PM i?2 Qi?2` ?�M/- 7Q` ;HQ#mH�` KQH2+mH2b-
mbBM; i?2 a�a /2}MBiBQM `2bmHib BM � H�`;2` MmK#2` Q7 H�v2`b �M/ +QMb2[m2MiHv rQ`b2
+QMp2`;2M+2 T`QT2`iB2bX

q2 i?2`27Q`2 +QM+Hm/2 i?�i 2p2M i?Qm;? i?2 a�a /2}MBiBQM KB;?i `2T`2b2Mi � KQ`2
T?vbB+�H `2T`2b2Mi�iBQM Q7 KQH2+mH�` +�pBiB2b- i?2 mb2 Q7 i?Bb /2}MBiBQM 7Q` ;HQ#mH�`
KQH2+mH2b `2bmHib BM � p2`v b2`BQmb /2i2`BQ`�iBQM BM i?2 +QKTmi�iBQM�H 2{+B2M+v Q7 //@
*PaJPX

3X8 *QM+HmbBQMb
AM i?Bb +?�Ti2`- r2 T`2b2Mi2/ � /2i�BH2/ +QMp2`;2M+2 �M/ b+�H�#BHBiv �M�HvbBb Q7 i?2 T�`�HH2H
a+?r�`x K2i?Q/ USaJV 7Q` i?2 bQHmiBQM Q7 i?2 G�TH�+2 2[m�iBQM TQb2/ QM � /QK�BM
+QKTQb2/ Q7 i?2 mMBQM Q7 b2p2`�H BMi2`b2+iBM; bT?2`B+�H bm#/QK�BMbX h?2 SaJ BM i?Bb
;2QK2i`B+ +QMi2ti Bb FMQrM �b i?2 //*PaJP �H;Q`Bi?K �M/ Bb mb2/ iQ bQHp2 7Q` i?2
2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 bQHp�iBQM 2M2`;v Q7 bQHmi2 KQH2+mH2b 2K#2//2/ BM �
+QMiBMmmK K2/BmK Ub22 a2+iBQMb eXk �M/ eX9V bQ i?Bb T`Q#H2K Bb Q7 T`�+iB+�H `2H2p�M+2
BM +QKTmi�iBQM�H +?2KBbi`vX Pm` �M�HvbBb- +?�`�+i2`BxBM; i?2 T`QT2`iB2b Q7 i?2 BM}MBi2@
/BK2MbBQM�H a+?r�`x QT2`�iQ`- �HHQr2/ mb iQ T`Qp2 i?�i � }`bi +QMi`�+iBQM BM i?2 BM}MBiv
MQ`K +�M #2 �+?B2p2/ BM �i KQbi Nmax+1 Bi2`�iBQMbX >2`2 Nmax Bb i?2 MmK#2` Q7 H�v2`b
BM i?2 bQHmi2 KQH2+mH2 �M/ `2T`2b2Mib i?2 K�tBK�H /Bbi�M+2 Q7 i?2 bm#/QK�BMb 7`QK i?2
2ti2`BQ` #QmM/�`vX LmK2`B+�H 2tT2`BK2Mib �M/ �M �TTHB+�iBQM iQ `2�H #BQHQ;B+�H KQH2+mH2b
/2KQMbi`�i2 i?2 2z2+iBp2M2bb Q7 Qm` �M�HvbBbX
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S�`i AAA

"QmM/�`v AMi2;`�H PT2`�iQ`b BM
.QK�BM .2+QKTQbBiBQM
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N

*QMiBMmBiv 1biBK�i2b 7Q` _B2bx
SQi2MiB�Hb QM SQHv;QM�H
"QmM/�`B2b

NXR AMi`Q/m+iBQM

hBK2 ?�`KQMB+ r�p2 T`QT�;�iBQM T?2MQK2M� �`2 m#B[mBiQmb BM � rB/2 p�`B2iv Q7 b+B2M+2
�M/ 2M;BM22`BM; /Bb+BTHBM2b- irQ T`QKBM2Mi 2t�KTH2b #2BM; 2H2+i`QK�;M2iB+ �M/ �+QmbiB+
r�p2 b+�ii2`BM;X am+? r�p2 T?2MQK2M� �`2 Q7i2M /2b+`B#2/ #v >2HK?QHix@ivT2 2[m�iBQMb-
r?B+? ?�p2 � p2`v /BbiBM+iBp2 K�i?2K�iB+�H bi`m+im`2X AM/22/- BM +QMi`�bi iQ bi�M/�`/
2HHBTiB+ 2[m�iBQMb bm+? �b i?2 G�TH�+2 Q` b+`22M2/ SQBbbQM 2[m�iBQM- bQHmiBQMb iQ i?2
>2HK?QHix 2[m�iBQM �`2 ivTB+�HHv ?B;?Hv Qb+BHH�iQ`v r?B+? M2+2bbBi�i2b i?2 mb2 Q7 p2`v }M2
bT�iB�H /Bb+`2iBb�iBQMb BM Q`/2` iQ ;m�`�Mi22 � ?B;? H2p2H Q7 �TT`QtBK�iBQM �++m`�+vX AM �M
2zQ`i iQ `2/m+2 i?2 +QKTmi�iBQM�H +Qbi Q7 bQHpBM; 7Q` � p2`v ?B;? MmK#2` Q7 ;HQ#�H /2;`22b
Q7 7`22/QK- � M�im`�H bQHmiBQM bi`�i2;v Bb iQ bTHBi i?2 ;HQ#�H T`Q#H2K BMiQ � +QHH2+iBQM
Q7 +QmTH2/ HQ+�H T`Q#H2Kb- r?B+? BKK2/B�i2Hv #`BM;b iQ KBM/ i?2 /QK�BM /2+QKTQbBiBQM
T�`�/B;K /2b+`B#2/ BM a2+iBQM eXjX

lM7Q`imM�i2Hv- Bi Bb MQi bi`�B;?i7Q`r�`/ iQ /2pBb2 /QK�BM /2+QKTQbBiBQM K2i?Q/b 7Q`
i?2 >2HK?QHix 2[m�iBQMX AM/22/- bBM+2 i?2 >2HK?QHix /Bz2`2MiB�H QT2`�iQ` Bb BM/2}MBi2 �b
QTTQb2/ iQ +Q2`+Bp2- bQHmiBQMb iQ i?2 >2HK?QHix 2[m�iBQM /Q MQi +Q``2bTQM/ iQ KBMBK�
Q7 � [m�/`�iB+ 7mM+iBQM�H �M/ /Q MQi b�iBb7v � K�tBKmK T`BM+BTH2X �b � +QMb2[m2M+2- i?2
+H�bbB+�H T�`�HH2H a+?r�`x K2i?Q/ Ub22 a2+iBQM eXjV r?B+? BKTQb2b .B`B+?H2i@ivT2 i`�Mb@
KBbbBQM +QM/BiBQMb QM i?2 BMi2`7�+2b Q7 Qp2`H�TTBM; bm#/QK�BMb 2Bi?2` /Q2b MQi +QMp2`;2
Q` +QMp2`;2b p2`v bHQrHv r?2M �TTHB2/ iQ >2HK?QHix T`Q#H2Kb Ub22- 2X;X- (dk- a2+iBQM 9)VX

SBQM22`BM; rQ`F QM /QK�BM /2+QKTQbBiBQM K2i?Q/b 7Q` i?2 >2HK?QHix 2[m�iBQM r�b
mM/2`i�F2M #v "`mMQ .2bT`ûb BM ?Bb S?/ i?2bBb (9N) �M/ H�i2` #v :�M/2` 2i �HX (de)-
*QHHBMQ 2i �HX (9y) �M/ b2p2`�H Qi?2`b Ub22- 2X;X- (ky- RyN)VX h?2 2bb2MiB�H B/2� Q7 bm+?
K2i?Q/b Bb iQ `2TH�+2 i?2 +H�bbB+�H +?QB+2 Q7 .B`B+?H2i@ivT2 i`�MbKBbbBQM +QM/BiBQMb QM
bm#/QK�BM BMi2`7�+2b rBi? BKT2/�M+2@ivT2 i`�MbKBbbBQM +QM/BiBQMbX
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NX *PLhALlAhu 1ahAJ�h1a 6P_ _A1aw SPh1LhA�Ga PL
SPGu:PL�G "PlL.�_A1a

AM Q`/2` iQ BHHmbi`�i2 i?Bb B/2�- r2 +QMbB/2` i?2 7QHHQrBM; KQ/2H T`Q#H2K, G2i Ω ⊂ R2

#2 � TQHv;QM�H /QK�BM rBi? #QmM/�`v /2MQi2/ Γ �M/ Qmir�`/ TQBMiBM; mMBi MQ`K�H
p2+iQ` /2MQi2/ νX :Bp2M ω ∈ R �M/ 7mM+iBQMb f ∈ L2(Ω) �M/ g ∈ L2(Γ)- i?2 i�bF Bb iQ
}M/ � 7mM+iBQM u ∈ H1(Ω) bm+? i?�i

−∆u− ω2u = f BM Ω, UNXRV
∂νu+ ıωu = g QM Γ,

r?2`2 i?2 #QmM/�`v +QM/BiBQMb �`2 mM/2`biQQ/ BM �M �TT`QT`B�i2 i`�+2 b2Mb2X

1[m�iBQM UNXRV Bb �M 2t�KTH2 Q7 i?2 MQM@?QKQ;2M2Qmb >2HK?QHix 2[m�iBQM rBi?
BKT2/�M+2 #QmM/�`v +QM/BiBQMb- �M/ Bi Bb r2HH FMQrM Ub22- 2X;X- (9N)V i?�i B7 (f, g) ∈
L2(Ω) × L2(Γ) i?2M i?2`2 2tBbib � mMB[m2 bQHmiBQM u ∈ H1(Ω) iQ i?2 "oS UNXRV r?B+?
�HbQ b�iBb}2b ∂νu ∈ L2(Γ)X

� /QK�BM /2+QKTQbBiBQM bi`�i2;v 7Q` bQHpBM; i?2 KQ/2H T`Q#H2K UNXRV +�M #2 /2@
pBb2/ �b 7QHHQrbX q2 T�`iBiBQM Ω BMiQ irQ MQM@Qp2`H�TTBM; bm#/QK�BMb Ω1 �M/ Ω2 rBi?
#QmM/�`B2b ∂Ω1 �M/ ∂Ω2 `2bT2+iBp2Hv �b b?QrM BM 6B;m`2 NXRX AM �//BiBQM- r2 /2}M2

Σ12 = ∂Ω1 ∩ ∂Ω2 �b � bm#b2i Q7 ∂Ω1,

Σ21 = ∂Ω2 ∩ ∂Ω1 �b � bm#b2i Q7 ∂Ω2.

JQ`2Qp2` r2 /2}M2 7Q` 2�+? j = 1, 2 i?2 b2i Σjj = ∂Ωj ∩ ∂Ω- �M/ r2 /2MQi2 #v νj
i?2 Qmir�`/ TQBMiBM; mMBi MQ`K�H p2+iQ` QM i?2 #QmM/�`v ∂Ωj X qBi? i?Bb MQi�iBQM- r2
+QMbB/2` i?2 7QHHQrBM; Bi2`�iBp2 T`Q+2/m`2, :Bp2M bQK2 BMBiB�HBb�iBQM u0 ∈ H1(Ω) i?�i
b�iBb}2b ∂νju0+ ıωu0 ∈ L2(∂Ωj)- }M/ irQ b2[m2M+2b Q7 7mM+iBQMb {unj }n∈N ∈ H1(Ωj), j =
1, 2 bm+? i?�i

−∆unj − ω2unj = f BM Ωj ,

∂νju
n
j + ıωunj = g QM Σjj , UNXkV

∂νju
n
j + ıωT (unj ) = −∂νku

n−1
k + ıωT (un−1

k ) QM Σjk, j ̸= k.

>2`2- T Bb �M BMD2+iBp2 QT2`�iQ` �+iBM; QM 7mM+iBQMb /2}M2/ QM Σjk, j ̸= k- �M/ i?2
#QmM/�`v +QM/BiBQMb �`2 QM+2 �;�BM mM/2`biQQ/ BM �M �TT`QT`B�i2 i`�+2 b2Mb2X

AM i?2 Q`B;BM�H rQ`F Q7 .2bT`ûb (9N)- i?2 i`�MbKBbbBQM QT2`�iQ` T r�b +?Qb2M iQ #2
i?2 B/2MiBiv 7mM+iBQM- �M/ Bi r�b b?QrM i?�i i?2 irQ b2[m2M+2b Q7 7mM+iBQMb {un1}n∈N �M/
{un2}n∈N +QMp2`;2- BM � `2H�iBp2Hv r2�F b2Mb2- iQ i?2 `2bi`B+iBQM QM Ω1 �M/ Ω2 `2bT2+iBp2Hv-
Q7 i?2 bQHmiBQM u ∈ H1(Ω) Q7 i?2 ;HQ#�H T`Q#H2K UNXRVX �Hi2`M�iBp2 +?QB+2b Q7 T ?�p2- 7Q`
BMbi�M+2- #22M +QMbB/2`2/ #v :�M/2` 2i �HX (de)- C�T?2i �M/ L�i�7 (RyN)- �M/ "Qm#2M/B`
2i �HX (ky)X

AM �//BiBQM iQ i?2 H�+F Q7 � ;2M2`�H T`QQ7 Q7 +QMp2`;2M+2 BM � bi`QM; b2Mb2- i?2 +?QB+2b
Q7 i?2 i`�MbKBbbBQM QT2`�iQ` T �/QTi2/ BM i?2 `272`2M+2b K2MiBQM2/ �#Qp2 bmz2` 7`QK
� r2HH@FMQrM +QKTmi�iBQM�H /2}+B2M+v- M�K2Hv i?�i i?2 +QMp2`;2M+2 `�i2 Q7 i?2 Bi2`�@
iBp2 T`Q+2/m`2 Bb K2`2Hv �H;2#`�B+ Ub22 (9y)VX h?Bb Bb BM +QMi`�bi iQ i?2 r2HH@2bi�#HBb?2/
+QMp2`;2M+2 i?2Q`v �M/ ;2QK2i`B+ `�i2 Q7 +QMp2`;2M+2 Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/
�TTHB2/ iQ i?2 G�TH�+2 T`Q#H2K Ub22 (Rjk)VX AM �M 2zQ`i iQ T`QTQb2 � #2ii2` +?QB+2 Q7 T
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NXR AMi`Q/m+iBQM

6B;m`2 NXR, h?2 /QK�BM /2+QKTQbBiBQM Ω = Ω1 ∪Ω2 mb2/ BM i?2 Bi2`�iBp2 T`Q+2/m`2 UNXkVX

i?�i +QmH/ H2�/ iQ � `B;Q`Qmb T`QQ7 Q7 ;2QK2i`B+ +QMp2`;2M+2- *QHHBMQ 2i �HX (9y) T`Qp2/
i?2 7QHHQrBM; `2bmHi,

h?2Q`2K NXR U(9y- h?2Q`2K d)VX *QMbB/2` i?2 b2iiBM; Q7 i?2 "oSb UNXRV �M/ UNXkV �M/
�bbmK2 i?�i i?2`2 2tBbib �M BbQKQ`T?BbK Λ : L2(Σ12) → H− 1

2 (Σ12) bm+? i?�i T = ΛΛ∗

r?2`2 Λ∗ : H
1
2 (Σ12) → L2(Σ12) /2MQi2b i?2 �/DQBMi Q7 ΛX h?2M i?2`2 2tBbib C > 0 �M/ �

T�`�K2i2` τ > 0 bm+? i?�i 7Q` �HH n ∈ N Bi ?QH/b i?�i

∥un1 − u∥H1(Ω1) + ∥un2 − u∥H1(Ω2) ≤ Cτn.

h?2Q`2K NXR i?2`27Q`2 bm;;2bib i?�i �M �TT`QT`B�i2 +?QB+2 7Q` i?2 i`�MbKBbbBQM QT2`�@
iQ` T rQmH/ #2 � Tb2m/Q@/Bz2`2MiB�H QT2`�iQ` Q7 Q`/2` 1

2 Ub22 2X;X- (RNR) 7Q` �M 2tTH�M�iBQM
Q7 i?Bb i2`KBMQHQ;vVX am+? QT2`�iQ`b �`2 bi`�B;?i7Q`r�`/ iQ +QMbi`m+i BM i?2 bT2+B�H +�b2
r?2M i?2 BMi2`7�+2 #QmM/�`v Σ12 Bb � ~�i bT�+2 Rd, d ∈ NX AM/22/- B7 r2 +QMbB/2` �
+QKTmi�iBQM�H /QK�BM Ω ⊂ R3 i?�i Bb mM#QmM/2/ �M/ Σ12 = R2 7Q` BMbi�M+2- i?2M r2
+�M /2}M2 Λ : L2(Σ12) → H− 1

2 (Σ12) �b

Λ := I +
1√
ω
∇ · (A ∇) ,

r?2`2 I /2MQi2b i?2 B/2MiBiv K�TTBM; �M/ A Bb � r2�FHv bBM;mH�` BMi2;`�H QT2`�iQ`
#2HQM;BM; iQ i?2 +H�bb Q7 bQ@+�HH2/ _B2bx TQi2MiB�Hb Ub22 (RN9- *?�Ti2` o)VX _B2bx TQi2MiB�Hb
QM ~�i bT�+2b BM+Hm/BM; R2 ?�p2 #22M �M�Hvb2/ BM i?2 +H�bbB+�H i2ti Q7 ai2BM (RN9- *?�Ti2`
o)- �M/ mbBM; i?2 +QMiBMmBiv T`QT2`iB2b 2bi�#HBb?2/ i?2`2BM- Bi Bb TQbbB#H2 iQ T`Qp2 i?�i
i?2 i`�MbKBbbBQM QT2`�iQ` Λ b�iBb}2b i?2 `2[mB`2/ K�TTBM; T`QT2`iv QM Σ12 = R2X q?BH2
i?2 /2}MBiBQM Q7 Λ +�M #2 2ti2M/2/ BM � M�im`�H K�MM2` iQ i?2 +�b2 Q7 KQ`2 ;2M2`�H
bm`7�+2b Σ12- i?2 `2[mB`2/ K�TTBM; T`QT2`iv- BX2X- i?�i Λ Bb � #QmM/2/ QT2`�iQ` 7`QK
L2(Σ12) iQ H− 1

2 (Σ12) +�M QMHv #2 2bi�#HBb?2/ B7 QM2 +�M }`bi T`Qp2 i?2 +Q``2bTQM/BM;
+QMiBMmBiv T`QT2`iv Q7 i?2 _B2bx TQi2MiB�H QM i?2 bm`7�+2 Σ12X _2+2MiHv- bm+? +QMiBMmBiv
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2biBK�i2b QM bKQQi? bm`7�+2b Σ12 ?�p2 #22M Q#i�BM2/ #v *QHHBMQ 2i �HX (9R) Ub22 �HbQ i?2
S?/ i?2bBb Q7 G2+Qmp2x (Rky)VX lM7Q`imM�i2Hv- MQ bm+? `2bmHi 2tBbib BM i?2 HBi2`�im`2 7Q`
�M � T`BQ`B MQM@bKQQi? bm`7�+2 Σ12 Q7 i?2 7Q`K +QMbB/2`2/ BM Qm` KQ/2H T`Q#H2KX h?2
;Q�H Q7 Qm` rQ`F Bb i?2`27Q`2 iQ 2bi�#HBb? bQK2 }`bi +QMiBMmBiv `2bmHib 7Q` _B2bx TQi2MiB�Hb
BM irQ bT�iB�H /BK2MbBQMb �+iBM; QM TQHv;QM�H #QmM/�`B2bX JQ`2 T`2+Bb2Hv- r2 rBHH T`Qp2
i?�i i?2 _B2bx TQi2MiB�H U/2}M2/ T`2+Bb2Hv BM a2+iBQM NXjV �+ib �b � #QmM/2/ HBM2�` K�T
7`QK L2(∂Ω) iQ H

1
2 (∂Ω) QM TQHv;QM�H #QmM/�`B2b ∂ΩX

h?2 `2K�BM/2` Q7 i?Bb +?�Ti2` Bb Q`;�MBb2/ �b 7QHHQrb, AM a2+iBQM NXk r2 2bi�#HBb? bQK2
MQi�iBQM �M/ bi�i2 T`2+Bb2Hv i?2 /2}MBiBQMb Q7 r2B;?i2/ aQ#QH2p bT�+2b i?�i r2 `2[mB`2 7Q`
Qm` �M�HvbBbX L2ti- BM a2+iBQM NXj- r2 /2}M2 i?2 _B2bx TQi2MiB�H QM TQHv;QM�H #QmM/�`B2b
�M/ b?Qr i?�i i?2 �M�HvbBb Q7 i?Bb QT2`�iQ` QM +Q`M2`b +�M #2 +�``B2/ Qmi mbBM; bQ@+�HH2/
J2HHBM i`�Mb7Q`KbX am#b2[m2MiHv- BM a2+iBQM NX9 r2 T`QpB/2 � #`B27 `2+�T Q7 i?2 J2HHBM
i`�Mb7Q`K �M/ `2+�HH Bib mb2 iQ +?�`�+i2`Bb2 MQ`Kb BM +2`i�BM aQ#QH2p bT�+2bX AM a2+iBQM
NX8 r2 T2`7Q`K � /2i�BH2/ bim/v Q7 i?2 J2HHBM bvK#QHb Q7 i?2 _B2bx TQi2MiB�H 7QHHQrBM;
r?B+? r2 /2/m+2- BM a2+iBQM NXe- i?2 `2[mB`2/ +QMiBMmBiv 2biBK�i2b 7Q` i?2 _B2bx TQi2MiB�H
QM #QmM/�`B2b +QMi�BMBM; +Q`M2`bX 6BM�HHv- BM a2+iBQM NXd- r2 T`2b2Mi Qm` +QM+HmbBQMb �M/
�M QmiHQQFX h?2 K�i2`B�H T`2b2Mi2/ BM i?Bb +?�Ti2` Bb DQBMi rQ`F rBi? s�pB2` *H�2vb �M/
"2MD�KBM ai�KK- �M/ rBHH #2 bm#KBii2/ 7Q` Tm#HB+�iBQM BM � T22`@`2pB2r2/ DQm`M�HX

NXk "�bB+ LQiBQMb

h?`Qm;?Qmi i?Bb +?�Ti2`- r2 rBHH K�F2 7`2[m2Mi mb2 Q7 i?2 +H�bbB+�H �M/ bQ@+�HH2/ r2B;?i2/
aQ#QH2p bT�+2b QM i?2 TQbBiBp2 `2�H HBM2X �Hi?Qm;? i?2b2 /2}MBiBQMb �`2 bi�M/�`/ Ub22-
2X;X- (99- R38)V �M/ r2 ?�p2 �H`2�/v BMi`Q/m+2/ i?2 MQiBQM Q7 7`�+iBQM�H aQ#QH2p bT�+2b BM
a2+iBQM RXj- r2 rBHH `2bi�i2 i?2b2 /2}MBiBQMb 7Q` i?2 b�F2 Q7 2KT?�bBbX

G2i Ω ⊂ R #2 �M QT2M b2iX q2 `2+�HH 7`QK a2+iBQM RXj i?�i r2 /2MQi2 #v C∞
0 (Ω)

i?2 bT�+2 Q7 BM}MBi2Hv /Bz2`2MiB�#H2 7mM+iBQMb rBi? +QKT�+i bmTTQ`i BM Ω- �M/ r2 /2}M2
C∞
comp(Ω) := {u|Ω : u ∈ C∞

0 (R)}X L2ti- ;Bp2M � 7mM+iBQM u ∈ L2(Ω)- r2 rBHH /2MQi2 #v
ũ ∈ L2(R)- i?2 2ti2MbBQM Q7 u #v x2`Q QM R- BX2X-

ũ =

{
u QM Ω,

0 QM R \ Ω.

h?2 +Q`2 Q7 Qm` bm#b2[m2Mi �M�HvbBb rBHH BMpQHp2 aQ#QH2p bT�+2b QM i?2 TQbBiBp2 `2�H
HBM2 R+ r?B+? r2 rBHH MQr BMi`Q/m+2X

.2}MBiBQM NXk U6`�+iBQM�H aQ#QH2p bT�+2bVX q2 /2}M2 i?2 aQ#QH2p bT�+2 H
1
2 (R+) �b

i?2 +QKTH2iBQM Q7 C∞
comp(R+) rBi? `2bT2+i iQ i?2 MQ`K

∥u∥2
H

1
2 (R+)

:=

∫

R+

|u(x)|2 dx+

∫

R+

∫

R+

|u(x)− u(y)|2

|x− y|2 dxdy

︸ ︷︷ ︸
:=|u|

H
1
2 (R+)

∀u ∈ L2(R+).
UNXjV

kky



NXj _B2bx SQi2MiB�Hb QM SQHv;QM�H "QmM/�`B2b

�//BiBQM�HHv- r2 /2}M2 i?2 aQ#QH2p bT�+2 H̃
1
2 (R+) �b i?2 +QKTH2iBQM Q7 C∞

0 (R+) rBi?
`2bT2+i iQ i?2 MQ`K

∥u∥2
H̃

1
2 (R+)

:=

∫

R
|ũ(x)|2 dx+

∫

R

∫

R

|ũ(x)− ũ(y)|2

|x− y|2 dxdy

︸ ︷︷ ︸
:=|ũ|

H
1
2 (R)

∀u ∈ L2(R+).
UNX9V

_2K�`F NXjX AM �M �M�HQ;Qmb K�MM2`- QM2 +�M /2}M2 i?2 7`�+iBQM�H aQ#QH2p bT�+2 H 1
2 (R)X

6Q` � /2i�BH2/ 2tTQbBiBQM QM bm+? 7`�+iBQM�H aQ#QH2p bT�+2b b22- 7Q` BMbi�M+2- (Ny- *?�Ti2`
R)X

.2}MBiBQM NX9 U.m�H aQ#QH2p bT�+2bVX q2 /2}M2 i?2 aQ#QH2p bT�+2b H− 1
2 (R+) �M/

H̃− 1
2 (R+) �b i?2 /m�H bT�+2b

H− 1
2 (R+) :=

(
H̃

1
2 (R+)

)∗
, H̃− 1

2 (R+) :=
(
H

1
2 (R+)

)∗
,

2[mBTT2/ rBi? i?2 `2bT2+iBp2 +�MQMB+�H /m�H MQ`KbX

6BM�HHv- r2 BMi`Q/m+2 i?2 r2B;?i2/ aQ#QH2p bT�+2 }`bi BMi`Q/m+2/ #v EQM/`�iB2p 7Q`
i?2 �M�HvbBb Q7 2HHBTiB+ T�`iB�H /Bz2`2MiB�H 2[m�iBQMb QM TQHv;QM�H /QK�BMbX LQi2 i?�i r2
`2Hv QM i?2 /2}MBiBQM ;Bp2M #v *Qbi�#2H �M/ ai2T?�M (99)- r?B+? /Bz2`b bHB;?iHv 7`QK i?2
/2}MBiBQM Q7 EQM/`�iB2p Ub22 (RN- a2+iBQM RXd)VX

.2}MBiBQM NX8 Uq2B;?i2/ aQ#QH2p bT�+2VX q2 /2}M2 i?2 r2B;?i2/ aQ#QH2p bT�+2
W

1
2
0 (R+) �b i?2 +QKTH2iBQM Q7 C∞

0 (R+) rBi? `2bT2+i iQ i?2 MQ`K

∥u∥2
W

1
2
0 (R+)

:= ∥x−
1
2u∥2L2(R+) + |u|

H
1
2 (R+)

.

:Bp2M i?2 MQ`K /2}M2/ QM i?2 r2B;?i2/ aQ#QH2p bT�+2- QM2 K�v bmbT2+i i?�i i?2`2 Bb
� `2H�iBQM #2ir22M i?2 aQ#QH2p bT�+2 H̃

1
2 (R+) �M/ i?2 r2B;?i2/ aQ#QH2p bT�+2b W

1
2
0 (R+)X

AM/22/- r2 ?�p2 i?2 7QHHQrBM; G2KK� /m2 iQ *Qbi�#2H �M/ ai2T?�M (99- G2KK� kXd)X

G2KK� NXeX G2i χ ∈ C∞
comp(R+)X h?2`2 2tBbi +QMbi�Mib Cχ, C ′

χ > 0 bm+? i?�i 7Q` �HH
w ∈ W

1
2
0 (R+) �M/ �HH u ∈ H̃

1
2 (R+) Bi ?QH/b i?�i

∥χw∥
H̃

1
2 (R+)

≤ Cχ∥w∥
W

1
2
0 (R+)

�M/ ∥χu∥
W

1
2
0 (R+)

≤ C ′
χ∥u∥H̃ 1

2 (R+)
.

NXj _B2bx SQi2MiB�Hb QM SQHv;QM�H "QmM/�`B2b

AM i?2 b2[m2H- r2 /2MQi2 #v Ω ⊂ R2 � #QmM/2/ TQHv;QM�H /QK�BM rBi? #QmM/�`v ∂ΩX
h?2 _B2bx TQi2MiB�H QM ∂Ω Bb /2}M2/ �b 7QHHQrbX

kkR
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.2}MBiBQM NXd U_B2bx TQi2MiB�H QM � TQHv;QM�H #QmM/�`vVX q2 /2}M2 i?2 QT2`�iQ`
A : C∞(R2) → C∞(R2)∗ �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH u, v ∈ C∞(R2)
Bi ?QH/b i?�i

⟨A (u), v⟩C∞(R2)∗×C∞(R2) :=

∫

∂Ω

∫

∂Ω

u(y)v(x)√
|x− y|

dxdy, UNX8V

�M/ r2 b�v i?�i A Bb i?2 _B2bx TQi2MiB�H QT2`�iQ` QM i?2 TQHv;QM�H #QmM/�`v ∂ΩX

�b K2MiBQM2/ BM i?2 BMi`Q/m+iBQM- _B2bx TQi2MiB�H QT2`�iQ`b bm+? �b A ?�p2 #22M
bim/B2/ BM /2i�BH QM ~�i bT�+2b BM (RN9- *?�Ti2` o) r?2`2 Bi Bb �HbQ b?QrM i?�i A �+ib �b �
#QmM/2/ QT2`�iQ` #2ir22M �TT`QT`B�i2 Lp bT�+2bX �M�Hvb2b QM i?2 +QMiBMmBiv T`QT2`iB2b
Q7 bm+? QT2`�iQ`b +�M �HbQ #2 7QmM/ BM (N9- N8) 7Q` i?2 +�b2 Q7 bKQQi? bm`7�+2bX "mi r2
�`2 ?2`2 bT2+B}+�HHv BMi2`2bi2/ BM i?2 +�b2 Q7 TQHv;QM�H- � T`BQ`B MQM@bKQQi? bm`7�+2bX AM
T�`iB+mH�`- i?2 ;Q�H Q7 Qm` �M�HvbBb Bb iQ 2bi�#HBb? i?2 7QHHQrBM; `2bmHiX

h?2Q`2K NX3 U*QMiBMmBiv Q7 _B2bx TQi2MiB�Hb QM TQHv;QM�H #QmM/�`B2bVX G2i A /2MQi2
i?2 _B2bx TQi2MiB�H QM i?2 TQHv;QM�H #QmM/�`v ∂Ω �b ;Bp2M #v .2}MBiBQM NXdX h?2M A
+�M #2 b?QrM iQ �+i �b � #QmM/2/ HBM2�` QT2`�iQ` 7`QK L2(∂Ω) BMiQ H

1
2 (∂Ω)- BX2X- i?2`2

2tBbib � +QMbi�Mi C > 0 bm+? i?�i 7Q` �HH u ∈ L2(∂Ω) �M/ �HH v ∈ H− 1
2 (∂Ω) Bi ?QH/b i?�i

⟨A (u), v⟩
H

1
2 (∂Ω)×H− 1

2 (∂Ω)
≤ C∥u∥L2(∂Ω)∥v∥H− 1

2 (∂Ω)
.

AM Q`/2` iQ 2bi�#HBb? h?2Q`2K NX3- r2 T`Q+22/ BM irQ K�BM bi2Tb,

Ç AM i?2 }`bi bi2T- r2 +QMbB/2` � /2+QKTQbBiBQM Q7 i?2 #QmM/�`v ∂Ω �M/ /2}M2 �M
�TT`QT`B�i2 T�`iBiBQM Q7 mMBivX h?Bb �HHQrb mb iQ bim/v HQ+�HBb�iBQMb Q7 i?2 QT2`�iQ`
A X q2 /2KQMbi`�i2 i?�i i?2b2 HQ+�HBb�iBQMb �`2 bBKTH2 iQ �M�Hvb2 BM +�b2b r?2`2
i?2v /Q MQi +QMi�BM � +Q`M2` TQBMi Q7 ∂ΩX

Ç AM i?2 b2+QM/ bi2T- r2 �M�Hvb2 HQ+�HBb�iBQMb Q7 A BM i?2 T`2b2M+2 Q7 +Q`M2` TQBMib Q7
∂ΩX �b r2 rBHH b?Qr- i?2 �TT`QT`B�i2 iQQH 7Q` i?Bb �M�HvbBb Bb i?2 J2HHBM i`�Mb7Q`KX

NXjXR GQ+�HBb�iBQM Q7 i?2 T`Q#H2K

q2 MQr T`QTQb2 � bBKTH2 /2+QKTQbBiBQM Q7 i?2 TQHv;QM�H #QmM/�`v ∂Ω �M/ � T�`iBiBQM
Q7 mMBiv �bbQ+B�i2/ rBi? i?Bb /2+QKTQbBiBQMX

LQi�iBQM NXR U.2+QKTQbBiBQM Q7 ∂Ω �M/ S�`iBiBQM Q7 lMBivVX q2 /2MQi2 #v P � }MBi2
+Qp2` Q7 ∂Ω mbBM; QT2M /BbFb D ⊂ R2 rBi? +2Mi`2b cD ∈ ∂Ω i?�i b�iBb}2b i?2 7QHHQrBM;
+QM/BiBQMb,

RX 1�+? +Q`M2` c Q7 ∂Ω Bb i?2 +2Mi`2 Q7 � /BbF c = cD 7Q` bQK2 D ∈ Pc

kX 1�+? bm+? +Q`M2` #2HQM;b iQ i?2 +HQbm`2 Q7 2t�+iHv QM2 /BbF- BX2X- c = cD /∈ D
′ 7Q`

D′ ∈ P rBi? D′ ̸= DX

kkk
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6B;m`2 NXk, �M 2t�KTH2 Q7 i?2 TQHv;QM�H /QK�BM Ω rBi? � /2+QKTQbBiBQM Q7 i?2 #QmM/�`v
∂Ω mbBM; � }MBi2 +Qp2` P Q7 QT2M /BbFbX

6Q` 2�+? D ∈ P- r2 /2MQi2 ΓD := D∩∂Ω �M/ r2 MQi2 i?�i ∂Ω = ∪D∈PΓDX �//BiBQM�HHv-
r2 /2MQi2 #v {χD}D∈P ∈ C∞(R2) � bKQQi? T�`iBiBQM Q7 mMBiv �ii�+?2/ iQ i?Bb +Qp2`-
BX2X- supp(χD) ⊂ D 7Q` �HH D ∈ P- χD ∈ C∞(D) 7Q` �HH D ∈ P- �M/

∑
D∈P χD(x) = 1

7Q` �HH x ∈ ∂ΩX

LQiB+2 i?�i i?2 }MBi2 +Qp2` P /2b+`B#2/ BM LQi�iBQM NXR Bb MQi mMB[m2Hv /2i2`KBM2/X
L2p2`i?2H2bb- #v �M �#mb2 Q7 MQi�iBQM r2 rBHH `272`- BM i?2 `2K�BM/2` Q7 i?Bb +?�Ti2`- iQ
i?2 }MBi2 +Qp2` P }t2/ #v LQi�iBQM NXRX 1[mBTT2/ rBi? i?Bb +QMp2MiBQM- i?2 HBM2�`Biv Q7
i?2 _B2bx TQi2MiB�H vB2H/b i?�i 7Q` �HH u, v ∈ C∞(R2) Bi ?QH/b i?�i

⟨A (u), v⟩C∞(R2)∗×C∞(R2) =
∑

D,D′∈P

∫

∂Ω
A (χDu)(x)(χD′v)(x) dx. UNXeV

h?Bb Q#b2`p�iBQM bm;;2bib � M�im`�H HQ+�HBb�iBQM Q7 i?2 QT2`�iQ` A +Q``2bTQM/BM; iQ
i?2 +Qp2` PX
LQi�iBQM NXk UGQ+�HBb�iBQMb Q7 A VX G2i i?2 _B2bx TQi2MiB�H A #2 /2}M2/ �b BM
.2}MBiBQM NXd- �M/ H2i i?2 }MBi2 +Qp2` P �M/ T�`iBiBQM Q7 mMBiv 7mM+iBQMb {χD}D∈P

#2 }t2/ �b BM LQi�iBQM NXRX h?2M 7Q` 2�+? D,D′ ∈ P- r2 /2}M2 i?2 K�TTBM;
A χ

D,D′ : C∞(R2) → C∞(R2)∗ �b

⟨A χ
D,D′(u), v⟩C∞(R2)∗×C∞(R2) :=

∫

∂Ω
A (χDu)(x)(χD′v)(x) dx.

_2K�`F NXNX *QMbB/2` LQi�iBQM NXk �M/ 7Q` 2�+? D,D′ ∈ P /2}M2 i?2 F2`M2H

AχD,D′(x,y) := χD(x)|x− y|−
1
2χD′(y) ∀x,y ∈ R2 rBi? x ̸= y.

Ai 7QHHQrb i?�i

⟨A χ
D,D′(u), v⟩C∞(R2)∗×C∞(R2) =

∫

∂Ω

∫

∂Ω
AχD,D′(x,y)u(x)v(y) dxdy.

AM Qi?2` rQ`/b- i?2 BMi2;`�H QT2`�iQ` A χ
D,D′ Bb ;2M2`�i2/ #v i?2 F2`M2H AχD,D′(x,y)X

kkj



NX *PLhALlAhu 1ahAJ�h1a 6P_ _A1aw SPh1LhA�Ga PL
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*QMbB/2` LQi�iBQM NXkX AM pB2r Q7 1[m�iBQM UNXeV- i?2 +QMiBMmBiv T`QT2`iB2b Q7 i?2
K�TTBM; A +�M #2 2bi�#HBb?2/ #v �M�HvbBM; i?2 HQ+�HBb�iBQMb A χ

D,D′ 7Q` 2�+? D,D′ ∈ PX
JQ`2 T`2+Bb2Hv- BM Q`/2` iQ T`Qp2 h?2Q`2K NX3- Bi bm{+2b iQ 2bi�#HBb? i?2 7QHHQrBM; `2bmHiX

S`QTQbBiBQM NXR U*QMiBMmBiv Q7 i?2 GQ+�HBb�iBQMbVX G2i i?2 }MBi2 +Qp2` P �M/ T�`iBiBQM
Q7 mMBiv 7mM+iBQMb {χD}D∈P ∈ C∞(R2) #2 }t2/ �b BM LQi�iBQM NXR- H2i D,D′ ∈ P #2 �Mv
irQ /BbFb �M/ H2i i?2 QT2`�iQ` A χ

D,D′ : C∞(R2) → C∞(R2)∗ #2 /2}M2/ �b BM LQi�iBQM
NXkX h?2M i?2`2 2tBbib � +QMbi�Mi CD,D′ > 0 bm+? i?�i 7Q` �HH u, v ∈ C∞(R2) Bi ?QH/b i?�i

∣∣∣⟨A χ
D,D′(u), v⟩C∞(R2)∗×C∞(R2)

∣∣∣≤ CD,D′∥u∥L2(∂Ω)∥v∥H− 1
2 (∂Ω)

. UNXdV

*H2�`Hv- h?2Q`2K NX3 rBHH 7QHHQr 7`QK � bBKTH2 /2MbBiv �`;mK2Mi QM+2 S`QTQbBiBQM NXR
?�b #22M T`Qp2/X lM7Q`imM�i2Hv- i?2 T`QQ7 Q7 S`QTQbBiBQM NXR Bb MQM@i`BpB�H 7Q` i?2 +�b2
r?2`2 D = D′ �M/ D +QMi�BMb � +Q`M2` Q7 ∂ΩX 6Q` �HH Qi?2` +?QB+2b Q7 i?2 /BbFb D �M/
D′ ?Qr2p2`- i?2 2biBK�i2 UNXdV +�M #2 2�bBHv 2bi�#HBb?2/X

S`QQ7 Q7 S`QTQbBiBQM NXR r?2M D ̸= D′ Q` D Bb rBi?Qmi � +Q`M2`X G2i D,D′ ∈
P #2 �Mv irQ /BbFb �M/ H2i AχD,D′(x,y) /2MQi2 i?2 BMi2;`�H F2`M2H �b /2}M2/ BM _2K�`F
NXNX LQiB+2 i?�i B7 D ∩ D

′
= ∅- i?2 BM2[m�HBiv UNXdV Bb +H2�`Hv b�iBb}2/ bBM+2 AχD,D′ ∈

C∞(R2 × R2)X h?2`27Q`2- Bi bm{+2b iQ +QMbB/2` i?2 +�b2

D ∩D
′ ̸= ∅ �M/ D ∩D

′ /Q2b MQi +QMi�BM �Mv +Q`M2` Q7 ∂ΩX UNX3V

q2 MQr b?Qr i?�i mM/2` i?Bb +QM/BiBQM- i?2 +QMiBMmBiv T`QT2`iv UNXdV 7QHHQrb 7`QK
i?2 +QMiBMmBiv T`QT2`iB2b Q7 _B2bx TQi2MiB�Hb BM ~�i bT�+2b- �b /Bb+mbb2/ BM (RN9- *?�Ti2`
o)X AM/22/- mM/2` *QM/BiBQM UNX3V- i?2`2 2tBbib � bi`�B;?i BM}MBi2 HBM2 Σ ⊂ R2 bm+? i?�i
ΓD ∩ ΓD′ ⊂ ΣX G2i ψ ∈ C∞(R2) #2 � +mi@Qz 7mM+iBQM rBi? i?2 T`QT2`iv i?�i ψ = 1 QM
� M2B;?#Qm`?QQ/ VΓD∩ΓD′ Q7 ΓD ∩ ΓD′ �M/ ψ = 0 QM ∂Ω \ ΣX q2 /2}M2 i?2 7mM+iBQMb
ψD := ψχD �M/ ψD′ := ψχD′ - �M/ r2 /2}M2 i?2 BMi2;`�H F2`M2H

AψD,D′(x,y) := ψD(x)|x− y|−
1
2ψD′(y) ∀x,y ∈ R2 rBi? x ̸= y.

Ai 7QHHQrb i?�i 7Q` �HH u, v ∈ C∞(R2) r2 +�M r`Bi2

⟨A χ
D,D′(u), v⟩C∞(R2)∗×C∞(R2) = ⟨(A χ

D,D′ − A ψ
D,D′)u, v⟩C∞(R2)∗×C∞(R2) UNXNV

+ ⟨A ψ
D,D′(u), v⟩C∞(R2)∗×C∞(R2),

r?2`2 ⟨A ψ
D,D′(u), v⟩C∞(R2)∗×C∞(R2) :=

∫

∂Ω×∂Ω
AψD,D′(x,y)v(x)u(y)dxdy.

q2 MQr 2biBK�i2 2�+? i2`K Q7 i?2 `B;?i ?�M/ bB/2 �#Qp2X AM Q`/2` iQ 2biBK�i2 i?2 }`bi
i2`K- r2 `2+�HH i?�i i?2 T�`iBiBQM Q7 mMBiv 7mM+iBQMb χD �M/ χD′ �`2 bmTTQ`i2/ BM i?2 /BbFb
D �M/ D′ `2bT2+iBp2Hv bQ i?2 BMi2;`�H F2`M2H AχD,D′ − AψD,D′ +�M QMHv #2 bBM;mH�` QM i?2
b2i D∩D′×D∩D′X PM i?2 Qi?2` ?�M/- i?2 /2}MBiBQM Q7 i?2 +miQz 7mM+iBQM ψ ∈ C∞(R2)

kk9
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BKTHB2b i?�i ψD(y)ψD′(x) +QBM+B/2b rBi? χD(y)χD′(x) QM i?2 M2B;?#Qm`?QQ/ VΓD∩ΓD′ Q7
ΓD∩ΓD′ X q2 +�M i?2`27Q`2 +QM+Hm/2 i?�i AχD,D′ −AψD,D′ Bb BM}MBi2Hv bKQQi? QM ∂Ω×∂Ω-
�M/ �b � +QMb2[m2M+2 i?2`2 2tBbib � +QMbi�Mi CD,D′ > 0 bm+? i?�i 7Q` �HH u, v ∈ C∞(R2)
Bi ?QH/b i?�i

∣∣∣⟨(A χ
D,D′ − A ψ

D,D′)u, v⟩C∞(R2)∗×C∞(R2)

∣∣∣≤ C1
D,D′∥u∥L2(∂Ω)∥v∥H− 1

2 (∂Ω)
. UNXRyV

L2ti- Q#b2`p2 i?�i (∂Ω× ∂Ω)∩ supp(AψD,D′) = (Σ×Σ)∩ supp(AψD,D′)X *QMb2[m2MiHv-
i?2 b2+QM/ i2`K BM UNXNV +�M #2 r`Bii2M �b

⟨A ψ
D,D′(u), v⟩C∞(R2)∗×C∞(R2) =

∫

Σ×Σ
AψD,D′(x,y)v(x)u(y)dσ(x,y).

h?mb- �++Q`/BM; iQ i?2 +QMiBMmBiv T`QT2`iB2b Q7 _B2bx TQi2MiB�Hb 7`QK (RN9- *?�Ti2`
o)- i?2`2 2tBbi +QMbi�Mib CΣ, C̃D,D′ > 0 bm+? i?�i

∣∣∣⟨A ψ
D,D′(u), v⟩C∞(R2)∗×C∞(R2)

∣∣∣≤ CΣ∥ψDu∥L2(Σ)∥ψD′v∥
H− 1

2 (Σ)

= CΣ∥ψDu∥L2(∂Ω)∥ψD′v∥
H− 1

2 (∂Ω)

≤ CΣC̃D,D′∥u∥L2(∂Ω)∥v∥H− 1
2 (∂Ω)

.

UNXRRV

AM i?2 BM2[m�HBiv �#Qp2 r2 ?�p2 mb2/ i?2 7�+i i?�i supp(ψD)∩Σ = supp(ψD)∩∂Ω bQ i?�i
∥ψDu∥L2(Σ) = ∥ψDu∥L2(∂Ω) �M/ ∥ψD′v∥L2(Σ) = ∥ψD′v∥L2(∂Ω)X *QK#BMBM; i?2 #QmM/b
UNXRyV@UNXRRV rBi? 1[m�iBQM UNXNV- r2 Q#i�BM i?�i i?2 +QMiBMmBiv 2biBK�i2 UNXdV BM/22/
?QH/b BM i?2 +�b2 UNX3VX h?Bb b?Qrb i?�i S`QTQbBiBQM NXR ?QH/b 7Q` �HH /BbFb D,D′ ∈ P bm+?
i?�i 2Bi?2` D ̸= D′ Q` D /Q2b MQi BM+Hm/2 � +Q`M2` Q7 i?2 TQHv;QM�H #QmM/�`v ∂ΩX

Ai i?2`27Q`2 `2K�BMb iQ T`Qp2 S`QTQbBiBQM NXR BM i?2 +�b2 r?2M D = D′ �M/ i?2 /BbF D
+QMi�BMb � +Q`M2` Q7 ∂ΩX �b K2MiBQM2/ T`2pBQmbHv- i?Bb T`QQ7 Bb MQM@i`BpB�H �M/ `2[mB`2b
� +�`27mH bim/v Q7 i?2 _B2bx F2`M2H BM i?2 T`2b2M+2 Q7 +Q`M2`bX

NXjXk .2b+`BTiBQM Q7 i?2 QT2`�iQ` �i +Q`M2`b

h?`Qm;?Qmi i?Bb bm#b2+iBQM- r2 �bbmK2 i?�i D ∈ P Bb � /BbF i?�i +QMi�BMb � +Q`M2` c ∈
∂ΩX Pm` ;Q�H Bb MQr iQ bim/v BM KQ`2 /2i�BH i?2 QT2`�iQ` A χ

D,D /2}M2/ i?`Qm;? LQi�iBQM
NXkX hQ i?Bb 2M/- r2 }`bi BMi`Q/m+2 � T`2+Bb2 T�`�K2i2`Bb�iBQM Q7 i?2 M2B;?#Qm`BM; 2/;2b
Q7 i?2 +Q`M2` c ∈ ∂ΩX

.2}MBiBQM NXRy U:2QK2i`B+ /2b+`BTiBQM Q7 +Q`M2`bVX G2i c ∈ ∂Ω #2 � +Q`M2` Q7 i?2
TQHv;QM�H /QK�BM ΩX q2 /2MQi2 #v e± ∈ R2 i?2 irQ mMBi p2+iQ`b i�M;2Mi iQ ∂Ω �i
c rBi? i?2 +QMp2MiBQM i?�i #Qi? mMBi p2+iQ`b e± TQBMi Qmir�`/b 7`QK i?2 +Q`M2` cX
JQ`2Qp2`- r2 /2}M2 i?2 `�vb Γ± ⊂ R2 �M/ i?2 +QM2 Γ ⊂ R2 �b

Γ± := {c+ t e±, t > 0} �M/ Γ := Γ− ∪ Γ+,

�M/ r2 Q#b2`p2 i?�i D ∩ ∂Ω = D ∩ ΓX

kk8
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Γ+

Γ−

D

c
∂Ω

c

Γ+

Γ−

e+

e−

θ

6B;m`2 NXj, �M 2t�KTH2 Q7 � +Q`M2` c ∈ ∂Ω rBi? mMBi p2+iQ`b e± ∈ R2 /2b+`B#BM; i?2
M2B;?#Qm`BM; 2/;2bX

.2}MBiBQM NXRR U_B2bx TQi2MiB�H QM +Q`M2`bVX G2i c ∈ ∂Ω #2 � +Q`M2` Q7 i?2 TQHv;QM�H
/QK�BM Ω �M/ H2i i?2 +QM2 Γ #2 /2}M2/ �b BM .2}MBiBQM NXRyX q2 /2}M2 i?2 QT2`�iQ`
AΓ : C∞

comp(R2) → C∞
comp(R2)∗ �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH u, v ∈

C∞
comp(R2) Bi ?QH/b i?�i

⟨AΓ(u), v⟩C∞
comp(R2)∗×C∞

comp(R2) :=

∫

Γ×Γ

u(y)v(x)√
|x− y|

dxdy, UNXRkV

�M/ r2 b�v i?�i AΓ Bb i?2 _B2bx TQi2MiB�H QT2`�iQ` �bbQ+B�i2/ rBi? i?2 +QM2 ΓX

_2+�HHBM; LQi�iBQM NXk +QM+2`MBM; i?2 HQ+�HBb�iBQMb Q7 i?2 _B2bx TQi2MiB�H QM i?2
TQHv;QM�H #QmM/�`v ∂Ω- r2 BKK2/B�i2Hv Q#b2`p2 i?�i

⟨A χ
D,D(u), v⟩C∞(R2)∗×C∞(R2) = ⟨AΓ(χDu),χDv⟩C∞

comp(R2)∗×C∞
comp(R2) ∀u, v ∈ C∞(R2).

AM Q`/2` iQ /2/m+2 i?2 +QMiBMmBiv 2biBK�i2 UNXdV BM S`QTQbBiBQM NXR 7Q` A χ
D,D- Bi i?2`2@

7Q`2 bm{+2b iQ bim/v BM /2i�BH i?2 QT2`�iQ` AΓX hQ i?Bb 2M/- r2 }`bi BMi`Q/m+2 bQK2
�//BiBQM�H MQi�iBQMX

LQi�iBQM, G2i u ∈ C∞(R2) #2 �`#Bi`�`v �M/ H2i i?2 mMBi p2+iQ`b e± ⊂ R2 #2 /2}M2/ �b
BM .2}MBiBQM NXRyX q2 /2}M2 7mM+iBQMb u± : R+ → R- [u] : R+ → R �M/ {u} : R+ → R �b
K�TTBM;b rBi? i?2 T`QT2`iv i?�i 7Q` �HH t ∈ R+ Bi ?QH/b i?�i

[u](t) :=
1√
2

(
u+(t)− u−(t)

)
�M/ {u}(t) := 1√

2

(
u+(t) + u−(t)

)
, UNXRjV

r?2`2 u±(t) := u(c + te±)X lbBM; LQi�iBQM UNXRjV- r2 rBHH MQr /2KQMbi`�i2 i?�i i?2
_B2bx TQi2MiB�H AΓ QM i?2 +QM2 Γ +�M #2 r`Bii2M �b � +QK#BM�iBQM Q7 KmHiBTHB+�iBp2
+QMpQHmiBQM QT2`�iQ`b �bbQ+B�i2/ rBi? +2`i�BM F2`M2HbX

kke



NXj _B2bx SQi2MiB�Hb QM SQHv;QM�H "QmM/�`B2b

.2}MBiBQM NXRkX G2i c ∈ ∂Ω #2 � +Q`M2` Q7 i?2 TQHv;QM�H /QK�BM Ω- H2i i?2 �`+b Γ±
�M/ i?2 +QM2 Γ #2 /2}M2/ �b BM .2}MBiBQM NXRy- �M/ H2i θ ∈ (0,π) #2 bm+? i?�i 2θ Bb i?2
QT2MBM; �M;H2 Q7 i?2 +QM2 ΓX h?2M 7Q` 2�+? α ∈ [0,π) r2 /2}M2 i?2 F2`M2H Kα �b

Kα(τ) :=
1

(4 sin2(α) + (
√
τ − 1/

√
τ)2 )1/4

, UNXR9V

�M/ 7Q` 2�+? u ∈ C∞
comp(R2) r2 /2}M2 i?2 QT2`�iQ`b A ±

Γ (u) : R+ \ {1} → R �b K�TTBM;b
rBi? i?2 T`QT2`iv i?�i 7Q` �HH t > 0 Bi ?QH/b i?�i

A ±
Γ (u)(t) := t−1/4

∫ ∞

0

(
K0(t/s)± Kθ(t/s)

)
u(s)s−1/4 ds. UNXR8V

*QMbB/2` i?2 b2iiBM; Q7 .2}MBiBQM NXRkX LQiB+2 i?�i r2 +�M pB2r i?2 K�TTBM;b A ±
Γ

�b QT2`�iQ`b �+iBM; 7`QK C∞
comp(R+) iQ C∞

comp(R+)∗X

G2KK� NXRj U_B2bx TQi2MiB�H QM +Q`M2`bVX G2i c ∈ ∂Ω #2 � +Q`M2` Q7 i?2 TQHv;QM�H
/QK�BM Ω- H2i i?2 +QM2 Γ #2 /2}M2/ �b BM .2}MBiBQM NXRy- H2i θ ∈ (0,π) #2 bm+? i?�i 2θ Bb
i?2 QT2MBM; �M;H2 Q7 i?2 +QM2 Γ- H2i i?2 QT2`�iQ` AΓ : C∞

comp(R2) → C∞
comp(R2)∗ #2 /2}M2/

�b BM .2}MBiBQM NXRR �M/ H2i i?2 QT2`�iQ`b A ±
Γ : C∞

comp(R2) → C∞
comp(R2)∗ #2 /2}M2/ �b

BM .2}MBiBQM NXRkX h?2M 7Q` �HH u, v ∈ C∞
comp(R2) Bi ?QH/b i?�i

⟨AΓ(u), v⟩C∞
comp(R2)∗×C∞

comp(R2) =

∫ ∞

0
A +

Γ ({u})(t){v}(t) dt+
∫ ∞

0
A −

Γ ([u])(t)[v](t) dt.

UNXReV

S`QQ7X h?2 T`QQ7 7QHHQrb 7`QK � /B`2+i +�H+mH�iBQM BM irQ bi2TbX 6B`bi- r2 bBKTHB7v i?2
BMi2;`�H F2`M2H �bbQ+B�i2/ rBi? i?2 _B2bx TQi2MiB�HX hQ i?Bb 2M/- H2i x ∈ Γ+ �M/ y ∈ Γ−
/2MQi2 irQ /BbiBM+i TQBMibX h?2`2 2tBbi `2�H MmK#2`b s, t > 0 bm+? i?�i x = c+ te+ �M/
y = c+ se−X Ai 7QHHQrb i?�i

1√
|x− y|

=
1

|te+ − se−|
1
2

.

P#pBQmbHv- r2 ?�p2 e− · e+ = cos(2θ) �M/ i?mb |se+ − te−|2 = (s− t)2 + 4st sin2(θ)X
q2 i?2`27Q`2 Q#i�BM

1√
|x− y|

=
1

|(s− t)2 + 4st sin2(θ)|1/4
=

1

|(
√
s/
√
t−

√
t/
√
s)2 + 4 sin2(θ)|1/4

1

(st)1/4

= Kθ(s/t)
1

(st)1/4
. UNXRdV

� bBKBH�` `2bmHi +�M #2 /2/m+2/ 7Q` T�B`b Q7 TQBMib x′,y′ ∈ e+ Q` x′,y′ ∈ e− #v b2iiBM; θ =
0X

L2ti- Q#b2`p2 i?�i #v .2}MBiBQM NXRR r2 ?�p2

⟨AΓ(u), v⟩C∞(R2)∗×C∞(R2) =

∫

Γ×Γ

u(y)v(x)√
|x− y|

dxdy

kkd
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=

∫

Γ+×Γ+

u(y)v(x)√
|x− y|

dxdy +

∫

Γ−×Γ−

u(y)v(x)√
|x− y|

dxdy

+

∫

Γ+×Γ−

u(y)v(x)√
|x− y|

dxdy +

∫

Γ−×Γ+

u(y)v(x)√
|x− y|

dxdy.

lbBM; i?2 T�`�K2i2`Bb�iBQMb Q7 i?2 `�vb Γ± �M/ 1[m�iBQM UNXRdV r2 i?2`27Q`2 Q#i�BM

⟨AΓ(u), v⟩C∞(R2)∗×C∞(R2) = +

∫

R+×R+

K0(t/s)
(
u+(s)v+(t) + u−(s)v−(t)

) dsdt

(st)1/4

=+

∫

R+×R+

Kθ(t/s)
(
u+(s)v−(t) + u−(s)v+(t)

) dsdt

(st)1/4
.

UNXR3V

h?2 `2bmHi MQr 7QHHQrb #v mbBM; i?2 ǵDmKTǶ �M/ ǵ�p2`�;2Ƕ 7mM+iBQMb [u], {u}, [v] �M/
{v} BMi`Q/m+2/ i?`Qm;? 1[m�iBQM UNXRjV iQ;2i?2` rBi? 2H2K2Mi�`v �H;2#`�X

G2KK� NXRj bm;;2bib i?�i BM Q`/2` iQ 7m`i?2` �M�Hvb2 i?2 QT2`�iQ` AΓ- Bi bm{+2b iQ
Tm`bm2 � +HQb2 2t�KBM�iBQM Q7 i?2 QT2`�iQ`b A ±

Γ X h?2b2 �`2 KmHiBTHB+�iBp2 +QMpQHmiBQMb
�M/ i?2 M�im`�H iQQH iQ bim/v bm+? QT2`�iQ`b Bb i?2 J2HHBM i`�Mb7Q`KX

NX9 _2+�T QM J2HHBM h`�Mb7Q`K

h?2`2 �`2 72r `272`2M+2b BM i?2 HBi2`�im`2 i?�i T`QpB/2 �M Qp2`pB2r Q7 i?2 J2HHBM i`�Mb7Q`K
�M/ Bib mb2 iQ +?�`�+i2`Bb2 r2B;?i2/ aQ#QH2p bT�+2b QM i?2 TQbBiBp2 `2�H HBM2X �//BiBQM@
�HHv- i?2 T`2+Bb2 +QMp2MiBQMb QM i?2 /2}MBiBQM Q7 i?2 J2HHBM i`�Mb7Q`K Q7i2M p�`v �+`Qbb
/Bz2`2Mi `272`2M+2bX h?2 ;Q�H Q7 i?2 +m``2Mi b2+iBQM Bb iQ }t MQi�iBQM- bmKK�`Bb2 i?2
K�BM T`QT2`iB2b Q7 i?2 J2HHBM i`�Mb7Q`K �M/ T`QpB/2 � b2H7@+QMi�BM2/ �M/ +QMbBbi2Mi 2t@
TQbBiBQM QM Bib +QMM2+iBQM iQ r2B;?i2/ aQ#QH2p bT�+2bX JQbi Q7 i?2 bm#b2[m2Mi `2bmHib
�`2 bi�M/�`/ �M/ +�M- 7Q` BMbi�M+2- #2 7QmM/ BM (88- R9k- RdN)X q2 7QHHQr i?2 +QMp2MiBQM
Q7 (RRy)X

NX9XR .2}MBiBQM Q7 i?2 J2HHBM i`�Mb7Q`K

.2}MBiBQM NXR9 UJ2HHBM h`�Mb7Q`KVX G2i u ∈ C∞
0 (R+)X q2 /2}M2 i?2 J2HHBM i`�Mb7Q`K

Q7 u- /2MQi2/ û = M (u)- �b i?2 K�TTBM; rBi? i?2 T`QT2`iv i?�i 7Q` �HH λ ∈ C Bi ?QH/b
i?�i

Mu(λ) = û(λ) :=

∫ +∞

0
u(r)r−λdr/r. UNXRNV

JQ`2`�Ƕb i?2Q`2K (RdN- *?�Ti2` Ry) BKTHB2b i?�i 7Q` �Mv 7mM+iBQM u ∈ C∞
0 (R+)- i?2

J2HHBM i`�Mb7Q`K û ∈ H(C)- BX2X- i?2 J2HHBM i`�Mb7Q`K Q7 �Mv u ∈ C∞
0 (R+) Bb �M �M�HviB+

7mM+iBQM BM i?2 r?QH2 +QKTH2t TH�M2 CX

kk3



NX9 _2+�T QM J2HHBM h`�Mb7Q`K

6B;m`2 NX9, oBbm�H _2T`2b2Mi�iBQM Q7 i?2 b2ib Rβ - C+
β - �M/ C−

β 7Q` β = 1
2 X

h?2`2 Bb � +HQb2 `2H�iBQMb?BT #2ir22M i?2 J2HHBM �M/ 6Qm`B2` i`�Mb7Q`KX AM/22/-
/2MQiBM; #v S(R)∗ i?2 bT�+2 Q7 i2KT2`2/ /Bbi`B#miBQMb �M/ #v F : S(R)∗ → S(R)∗ i?2
6Qm`B2` i`�Mb7Q`K- Bi Bb � bBKTH2 2t2`+Bb2 iQ b?Qr i?�i 7Q` �HH u ∈ C∞

0 (R+) �M/ �HH λ ∈ C
Bi ?QH/b i?�i

Mu(ıλ) = Fu(exp(·))(λ). UNXkyV

1[m�iBQM NXky �HHQrb mb iQ i`�MbTQ`i �Mv `2bmHi 7`QK +H�bbB+�H 6Qm`B2` i?2Q`v iQ i?2
7`�K2rQ`F Q7 i?2 J2HHBM i`�Mb7Q`K mbBM; i?2 bQ@+�HH2/ 1mH2` +?�M;2 Q7 p�`B�#H2b- BX2X-
mbBM; i?2 K�T t 6→ exp(t)X AM T�`iB+mH�`- r2 ?�p2 � +QmMi2`T�`i iQ i?2 r2HH@FMQrM
S�`b2p�H i?2Q`2KX
G2KK� NXR8 US�`b2p�HǶb h?2Q`2K 7Q` i?2 J2HHBM h`�Mb7Q`KVX 6Q` �HH u ∈ C∞

0 (R+) �M/
�HH β ∈ R Bi ?QH/b i?�i

∫ ∞

0
|u(r)|2r−2βdr/r =

1

2ıπ

∫ β+ı∞

β−ı∞
|û(λ)|2dλ.

LQi�iBQM, G2i β ∈ RX 6Q` +H�`Biv Q7 2tTQbBiBQM- r2 /2}M2 i?2 b2ib

Rβ :={λ ∈ C, ℜe{λ} = β},
C+
β :={λ ∈ C, ℜe{λ} > β},

C−
β :={λ ∈ C, ℜe{λ} < β}.

G2KK� NXR8 BM T�`iB+mH�` �HHQrb mb iQ 2ti2M/ i?2 /QK�BM Q7 /2}MBiBQM Q7 i?2 J2HHBM
i`�Mb7Q`KX AM/22/- r2 BMi`Q/m+2 i?2 7QHHQrBM; 7�KBHv Q7 r2B;?i2/ G2#2b;m2 bT�+2bX
.2}MBiBQM NXRe Uq2B;?i2/ G2#2b;m2 bT�+2bVX G2i β ∈ RX q2 /2}M2 i?2 >BH#2`i bT�+2
L2
β(R+) �b i?2 +QKTH2iBQM Q7 C∞

0 (R+) rBi? `2bT2+i iQ i?2 MQ`K

∥u∥2L2
β(R+) :=

∫ ∞

0
|u(r)|2r−2βdr/r.

kkN
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q2 MQr ?�p2 i?2 7QHHQrBM; `2bmHi r?B+? 7QHHQrb 7`QK � +H�bbB+�H /2MbBiv �`;mK2MiX

G2KK� NXRdX 6Q` 2p2`v β ∈ R- i?2 J2HHBM i`�Mb7Q`K 2ti2M/b �b �M BbQK2i`B+ BbQKQ`@
T?BbK 7`QK L2

β(R+) QMiQ L2(Rβ)X

NX9Xk h?2 BMp2`bBQM 7Q`KmH� �M/ +QMM2+iBQMb iQ >�`/v bT�+2b

LQi�iBQM, G2i β ∈ RX q2 /2}M2 i?2 bT�+2b L2
β(0, 1) �M/ L2

β(1,∞) �b

L2
β(1,∞) :=

{
u : (1,∞) → C bm+? i?�i ∥u∥2L2

β(1,∞) :=

∫ ∞

1
|u(r)|2r−2βdr/r < ∞

}
,

L2
β(0, 1) :=

{
u : (0, 1) → C bm+? i?�i ∥u∥2L2

β(0,1)
:=

∫ 1

0
|u(r)|2r−2βdr/r < ∞

}
.

L2ti- r2 BMi`Q/m+2 i?2 bQ@+�HH2/ >�`/v bT�+2b r?B+? �`2 BMiBK�i2Hv +QMM2+i2/ iQ i?2
J2HHBM i`�Mb7Q`KX

.2}MBiBQM NXR3 U>�`/v aT�+2bVX G2i β ∈ RX h?2M r2 /2}M2 i?2 >BH#2`i bT�+2b H+(Rβ)
�M/ H−(Rβ) �b i?2 b2ib

H+(Rβ) :={u ∈ H(C+
β ), sup

α>β
∥u∥2L2(Rα)

< ∞},

H−(Rβ) :={u ∈ H(C−
β ), sup

α<β
∥u∥2L2(Rα)

< ∞},

iQ;2i?2` rBi? i?2 MQ`Kb

∥u∥2H+(Rβ)
:= sup

α>β
∥u∥2L2(Rα)

,

∥u∥2H−(Rβ)
:= sup

α<β
∥u∥2L2(Rα)

.

q2 ?�p2 i?2 7QHHQrBM; +QMM2+iBQM #2ir22M i?2 >�`/v bT�+2b /2}M2/ i?`Qm;? .2}MB@
iBQM NXR3 �M/ i?2 J2HHBM i`�Mb7Q`KX

G2KK� NXRNX G2i β ∈ RX h?2 J2HHBM i`�Mb7Q`K K�Tb BbQKQ`T?B+�HHv i?2 bT�+2b
L2
β(1,∞) �M/ L2

β(0, 1) QMiQ i?2 >�`/v bT�+2b H+(Rβ) �M/ H−(Rβ) `2bT2+iBp2HvX

S`QQ7X h?2 T`QQ7 7QHHQrb #v +QK#BMBM; i?2 +H�bbB+�H S�H2v@qB2M2` i?2Q`2K (RdN- h?2Q`2K
RNXk) 7Q` i?2 6Qm`B2` i`�Mb7Q`K rBi? 1[m�iBQM NXkyX

hrQ `2K�`Fb �`2 MQr BM Q`/2`X
_2K�`F NXkyX lbBM; i?2 BMp2`b2 6Qm`B2` i`�Mb7Q`K iQ;2i?2` rBi? 1[m�iBQM NXky- r2 +�M
�HbQ /2/m+2 �M BMp2`bBQM 7Q`KmH� 7Q` i?2 J2HHBM i`�Mb7Q`KX AM/22/- H2i u ∈ L2

β(1,∞) �M/
H2i û = M (u)X h?2M 7Q` �HH α ≥ β Bi ?QH/b i?�i

u(r) =
1

2ıπ

∫ α+ı∞

α−ı∞
û(λ)rλdλ UNXkRV

kjy



NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb

r?2`2 i?2 BMi2;`�H b?QmH/ #2 mM/2`biQQ/ BM i?2 b2Mb2 Q7 6Qm`B2` Ub22 (RdN- h?2Q`2K NXRj)
Q` (dN- S`QTQbBiBQM kkXRXe)VX aBKBH�`Hv- B7 v ∈ L2

β(0, 1) �M/ v̂ = M (v)- i?2M i?2 BMp2`bBQM
7Q`KmH� UNXkRV ?QH/b 7Q` �HH α ≤ βX
_2K�`F NXkRX G2i α,β ∈ R rBi? α < βX � /B`2+i +�H+mH�iBQM b?Qrb i?�i

L2
β(0, 1) ⊂ L2

α(0, 1) �M/ L2
α(1,∞) ⊂ L2

β(1,∞).

q2 +�M i?2`27Q`2 /2/m+2 i?�i L2
α(R+) ∩ L2

β(R+) = L2
α(1,∞) ⊕ L2

β(0, 1) �M/ ?2M+2 i?2
J2HHBM i`�Mb7Q`K K�Tb L2

α(R+) ∩ L2
β(R+) QMiQ H+(Rα) ⊕ H−(Rβ) r?B+? b?QmH/ #2 mM@

/2`biQQ/ �b � bT�+2 Q7 7mM+iBQM i?�i �`2 �M�HviB+ BMiQ i?2 bi`BT α < ℜe{λ} < βX

NX9Xj LQ`K +?�`�+i2`Bb�iBQM mbBM; i?2 J2HHBM i`�Mb7Q`K

Ai Bb r2HH FMQrM i?�i i?2 6Qm`B2` h`�Mb7Q`K +�M #2 mb2/ iQ /2`Bp2 �M �Hi2`M�iBp2 +?�`�+@
i2`Bb�iBQM Q7 i?2 +H�bbB+�H aQ#QH2p MQ`Kb BM 1m+HB/2�M bT�+2b Rn, n ∈ N Ub22- 2X;X- (8y)VX
� bBKBH�` +?�`�+i2`Bb�iBQM Q7 #Qi? i?2 +H�bbB+�H �M/ r2B;?i2/ aQ#QH2p MQ`Kb QM R+ +�M
#2 �++QKTHBb?2/ mbBM; i?2 J2HHBM i`�Mb7Q`KX AM/22/- r2 `2+�HH 7`QK i?2 S�`b2p�H B/2MiBiv
7Q` J2HHBM i`�Mb7Q`Kb UG2KK� NXR8V i?�i 7Q` �HH φ ∈ C∞

0 (R+) Bi ?QH/b i?�i

∥φ∥2L2(R+) :=

∫ − 1
2+ı∞

− 1
2−ı∞

|φ̂(λ)|2 dλ, �M/ ∥x−
1
2φ∥2L2(R+) :=

∫ +ı∞

−ı∞
|φ̂(λ)|2 dλ.

JQ`2Qp2`- r2 ?�p2 i?2 7QHHQrBM; `2bmHi /m2 iQ *Qbi�#2H �M/ ai2T?�M (99)X

G2KK� NXkk U(99- G2KK� kXj)VX h?2`2 2tBbib � +QMbi�Mi C2 > 1 bm+? i?�i 7Q` �HH
φ ∈ C∞

0 (R+) Bi ?QH/b i?�i

1

C2

∫ +ı∞

−ı∞

|λ|2

1 + |λ| |φ̂(λ)|
2 dλ ≤ |φ|

H
1
2 (R+)

≤ C2

∫ +ı∞

−ı∞

|λ|2

1 + |λ| |φ̂(λ)|
2 dλ.

G2KK� NXkk i?2`27Q`2 �HHQrb mb iQ Q#i�BM +?�`�+i2`Bb�iBQMb Q7 i?2 MQ`Kb QM H
1
2 (R+)

�M/ W
1
2
0 (R+) BM i2`Kb Q7 i?2 J2HHBM i`�Mb7Q`KX 6m`i?2`KQ`2- G2KK� NXkk �HbQ �HHQrb mb

iQ /2/m+2 � +?�`�+i2`Bb�iBQM Q7 i?2 MQ`K QM i?2 /m�H bT�+2 H̃− 1
2 (R+)X

G2KK� NXkj U(99- *Q`QHH�`v kX9)VX G2i C2 > 0 #2 i?2 +QMbi�Mi Q#i�BM2/ BM G2KK�
NXkkX h?2M 7Q` �HH ψ ∈ C∞

0 (R+) Bi ?QH/b i?�i

∥ψ∥
H̃− 1

2 (R+)
≤ C2

∫ +ı∞

−ı∞

1 + |λ|
|λ|2 |ψ̂(λ)|2 dλ.

NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb

h?`Qm;?Qmi i?Bb b2+iBQM- r2 �bbmK2 i?2 b2iiBM; Q7 a2+iBQMb NXk@NX9X q2 `2+�HH i?�i Qm`
}M�H �BK Bb iQ Q#i�BM � T`QQ7 Q7 h?2Q`2K NX3- r?B+? 2bi�#HBb?2b �TT`QT`B�i2 +QMiBMmBiv

kjR
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2biBK�i2b 7Q` i?2 _B2bx TQi2MiB�H QM i?2 TQHv;QM�H #QmM/�`v ∂ΩX �b /2KQMbi`�i2/ BM
a2+iBQM NXjXR- i?2 F2v bi2T BM Q#i�BMBM; i?Bb T`QQ7 Bb i?2 �M�HvbBb Q7 i?2 _B2bx TQi2MiB�H QM
+Q`M2` TQBMib Q7 i?2 TQHv;QM�H /QK�BM Ω- �M/ �b /Bb+mbb2/ BM a2+iBQM NXjXk- i?2 �M�HvbBb
�i +Q`M2` TQBMib +�M #2 +�``B2/ Qmi #v bim/vBM; BM /2i�BH i?2 _B2bx TQi2MiB�H AΓ QM �M
BM}MBi2 +QM2 Γ rBi? p2`i2t �i � +Q`M2` TQBMi c ∈ ∂ΩX

AM G2KK� NXRj- r2 Q#i�BM2/ �M 2tTHB+Bi 2tT`2bbBQM 7Q` i?2 QT2`�iQ` AΓ �b � +QK#BM�@
iBQM Q7 i?2 KmHiBTHB+�iBp2 +QMpQHmiBQM QT2`�iQ`b A ±

Γ �bbQ+B�i2/ rBi? i?2 BMi2;`�H F2`M2H
Kα,α ∈ [0,π) /2}M2/ i?`Qm;? 1[m�iBQM UNXR9VX h?2 ;Q�H Q7 i?Bb b2+iBQM Bb iQ �M�Hvb2
BM /2i�BH i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H KαX h?2 KQiBp�iBQM 7Q` i?Bb �M�HvbBb +QK2b
7`QK i?2 7QHHQrBM; H2KK�X

G2KK� NXk9X G2i c ∈ ∂Ω #2 � +Q`M2` Q7 i?2 TQHv;QM�H /QK�BM Ω- H2i i?2 +QM2 Γ #2
/2}M2/ �b BM .2}MBiBQM NXRy- H2i θ ∈ (0,π) #2 bm+? i?�i 2θ Bb i?2 QT2MBM; �M;H2 Q7 i?2
+QM2 Γ- H2i u ∈ C∞

0 (R2) #2 �`#Bi`�`v �M/ H2i i?2 QT2`�iQ`b A ±
Γ (u) : R+ \ {1} → R #2

/2}M2/ �b BM .2}MBiBQM NXRkX h?2M 7Q` �HH λ ∈ C Bi ?QH/b i?�i

Â ±
Γ (u)(λ) =

(
K̂0(λ+ 1/4)± K̂θ(λ+ 1/4)

)
û(λ− 1/2). UNXkkV

S`QQ7X h?2 T`QQ7 7QHHQrb #v � /B`2+i +�H+mH�iBQMX AM/22/- mbBM; i?2 /2}MBiBQM Q7 i?2
J2HHBM i`�Mb7Q`K r2 Q#i�BM i?�i 7Q` �HH λ ∈ C Bi ?QH/b i?�i

Â ±
Γ (u)(λ) =

∫ ∞

0

∫ ∞

0
(K0(t/s)± Kθ(t/s))u(s)s

3
4 t−λ−1/4 ds

s

dt

t

=

∫ ∞

0

(∫ ∞

0
(K0(t/s)± Kθ(t/s)) t

−λ−1/4 dt

t

)
u(s)s

3
4
ds

s
.

lbBM; i?2 +?�M;2 Q7 p�`B�#H2b w := t/s- r2 7m`i?2` Q#i�BM

Â ±
Γ (u)(λ) =

∫ ∞

0

(∫ ∞

0
(K0(w)± Kθ(w))w

−λ−1/4 dw

w

)
u(s)s−λ+1/2ds

s
,

=

∫ ∞

0
(K0(w)± Kθ(w))w

−λ−1/4 dw

w

∫ ∞

0
u(s)s−λ+1/2ds

s
,

bQ i?�i

Â ±
Γ (u)(λ) =

(
K̂0(λ+ 1/4)± K̂θ(λ+ 1/4)

)
û(λ− 1/2).

Pm` }`bi `2bmHi 2bi�#HBb?2b i?2 �M�HviB+Biv Q7 i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H Kα,α ∈
[0,π) QM � bi`BT BM i?2 +QKTH2t TH�M2X

S`QTQbBiBQM NXkX G2i α ∈ [0,π)- �M/ H2i i?2 BMi2;`�H F2`M2H Kα #2 /2}M2/ i?`Qm;? UNXR9VX
h?2M i?2 J2HHBM i`�Mb7Q`K K̂α(λ) Bb r2HH /2}M2/ �M/ �M�HviB+ BM i?2 bi`BT |ℜe{λ}| < 1/4X

kjk



NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb

S`QQ7X q2 }`bi +QMbB/2` i?2 +�b2 α ∈ (0,π)- BX2X- r2 �bbmK2 α ̸= 0X 6`QK UNXR9V- r2 ?�p2
i?�i i?2 F2`M2H Kα Bb ;Bp2M #v

Kα(τ) =
1

(4 sin2(α) + (
√
τ − 1/

√
τ)2 )1/4

∀τ ∈ R+ \ {1}.

LQiB+2 i?�i Kα(τ) ?�b MQ bBM;mH�`Biv �i τ = 1- r?B+? rBHH #2 `2H2p�Mi H�i2`X L2ti-
bBKTH2 �H;2#`� vB2H/b i?�i i?2 F2`M2H Kα +�M 2[mBp�H2MiHv #2 r`Bii2M �b

Kα(τ) =
τ1/4

(1− (2 cos(2α)τ − τ2) )1/4
∀τ ∈ R+ \ {1}.

*QMb2[m2MiHv- mbBM; i?2 ;2M2`�HBb2/ #BMQKB�H b2`B2b r2 Q#i�BM i?2 2tBbi2M+2 Q7 bQK2
δ0 > 0 bm+? i?�i 7Q` �HH 0 < τ < δ0 r2 ?�p2 i?2 �#bQHmi2Hv +QMp2`;2Mi b2`B2b 2tT�MbBQM

Kα(τ) = τ1/4
+∞∑

n=0

1

n!

Γ(n+ 1/4)

Γ(1/4)

(
2 cos(2α)τ − τ2

)n
. UNXkjV

6Q` +H�`Biv- i?Bb b2`B2b 2tT�MbBQM +�M #2 7m`i?2` r`Bii2M �b

Kα(τ) = τ1/4 +
+∞∑

n=1

κα,nτ
n+1/4,

r?2`2 2�+? +Q2{+B2Mi κα,n, n ∈ N Bb BM/2T2M/2Mi Q7 τ �M/ i?2 b2`B2b QM i?2 `B;?i ?�M/
bB/2 Bb �;�BM �#bQHmi2Hv +QMp2`;2Mi 7Q` �HH 0 < τ < δ0X � /B`2+i +�H+mH�iBQM i?2`27Q`2
`2p2�Hb i?�i Kα ∈ L2

1/4−ϵ(0, 1) 7Q` 2p2`v ϵ > 0X

AM � bBKBH�` 7�b?BQM- mbBM; i?2 7�+i i?�i 7Q` �HH τ > 0, τ ̸= 1 r2 +�M /2/m+2 i?2
2tBbi2M+2 Q7 δ∞ > 0 bm+? i?�i 7Q` �HH τ > δ∞ r2 ?�p2 i?2 �#bQHmi2Hv +QMp2`;2Mi �bvKTiQiB+
2tT�MbBQM

Kα(τ) = τ−1/4 +
+∞∑

n=1

κα,nτ
−n−1/4.

�b � +QMb2[m2M+2- r2 +�M mb2 QM+2 �;�BM � /B`2+i +�H+mH�iBQM iQ +QM+Hm/2 i?�i Kα ∈
L2
−1/4+ϵ(1,∞) 7Q` 2p2`v ϵ > 0X AM pB2r Q7 G2KK� NXRN �M/ _2K�`F NXkR- Bi i?2`27Q`2

?QH/b i?�i K̂α(λ) Bb r2HH /2}M2/ �M/ �M�HviB+ BM i?2 bi`BT |ℜe{λ}| < 1/4 �b +H�BK2/X

L2ti- r2 +QMbB/2` i?2 +�b2 α = 0X AM i?Bb +�b2- i?2 F2`M2H K0 +�M #2 r`Bii2M �b

K0(τ) =
τ

1
4

√
|τ − 1|

∀τ ∈ R+ \ {1}.

LQiB+2 i?�i BM +QMi`�bi iQ i?2 +�b2 α ̸= 0- i?2 F2`M2H K0 ?�b �M BMi2;`�#H2 bBM;mH�`Biv
�i τ = 1 r?B+? +�mb2b bQK2 �//BiBQM�H /B{+mHiB2bX AM Q`/2` iQ /2�H rBi? i?2b2 /B{+mHiB2b
r2 BMi`Q/m+2 � bKQQi? +miQz 7mM+iBQM Ψ ∈ C0(R+) bm+? i?�i Ψ = 1 BM � M2B;?#Qm`?QQ/
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Q7 τ = 1 �M/ bm+? i?�i Ψ Bb bmTTQ`i2/ BM i?2 BMi2`p�H
(
1
2 ,

3
2

)
X Ai 7QHHQrb i?�i r2 +�M r`Bi2

7Q` �HH τ ∈ R+ \ {1},

K0(τ) = Ψ(τ)K0(τ)︸ ︷︷ ︸
:=M0(τ)

+(1−Ψ(τ))K0(τ)︸ ︷︷ ︸
:=Z0(τ)

.

h?2 b2+QM/ i2`K BM i?2 �#Qp2 /2+QKTQbBiBQM Bb MQr bKQQi?X JQ`2Qp2`- 7Q` �HH
τ ∈ R+ \

(
1
2 ,

3
2

)
Bi ?QH/b i?�i Z0(τ) = K0(τ)X �b � +QMb2[m2M+2- r2 +�M �TTHv Qm`

T`2pBQmb �bvKTiQiB+ 2biBK�i2b iQ Q#i�BM i?�i Ẑ0(λ) Bb r2HH /2}M2/ �M/ �M�HviB+ BM i?2
bi`BT |ℜe{λ}| < 1/4X

�b 7Q` i?2 }`bi i2`K- r2 b22 i?�i i?2 7mM+iBQM M0 Bb BMi2;`�#H2 rBi? +QKT�+i bmTTQ`iX
JQ`2Qp2`- r2 `2+�HH 7`QK 1[m�iBQM UNXkyV i?�i 7Q` �Mv λ ∈ C- i?2 J2HHBM i`�Mb7Q`K
M̂0(−ıλ) Bb bBKTHv i?2 +QKTQbBiBQM Q7 i?2 6Qm`B2` i`�Mb7Q`K �M/ i?2 1mH2` +?�M;2 Q7
p�`B�#H2b �TTHB2/ iQ M0X AM Qi?2` rQ`/b- i?2 J2HHBM i`�Mb7Q`K M̂0 +�M #2 pB2r2/ �b i?2
6Qm`B2` i`�Mb7Q`K Q7 � +QKT�+iHv bmTTQ`i2/ i2KT2`2/ /Bbi`B#miBQMX �b � +QMb2[m2M+2-
r2 Q#i�BM 7`QK i?2 S�H2v@qB2M2`@a+?r�`ix i?2Q`2K 7Q` +QKT�+iHv bmTTQ`i2/ i2KT2`2/
/Bbi`B#miBQMb Ub22- 2X;X- (RyR- h?2Q`2K dXRXR9)V i?�i M̂0 2ti2M/b �b �M 2MiB`2 7mM+iBQM-
BX2X- M̂0 ∈ H(C)X .m2 iQ i?2 HBM2�`Biv Q7 i?2 J2HHBM i`�Mb7Q`K- r2 +�M +QM+Hm/2 i?�i
K̂0(λ) Bb r2HH /2}M2/ �M/ �M�HviB+ BM i?2 bi`BT |ℜe{λ}| < 1/4X

q2 MQr /2KQMbi`�i2 i?�i i?2 J2HHBM i`�Mb7Q`K Q7 i?2 BMi2;`�H F2`M2H Kα +�M- BM 7�+i-
#2 2ti2M/2/ �M�HviB+�HHv iQ i?2 2MiB`2 +QKTH2t TH�M2 C- 2t+2Ti 7Q` � +QmMi�#H2 MmK#2`
Q7 TQBMibX AM Q`/2` iQ T`Qp2 i?Bb `2bmHi- r2 }`bi `2[mB`2 � T`2T�`�iQ`v H2KK�X

G2KK� NXk8X G2i φ ∈ C∞(R) #2 � +mi@Qz 7mM+iBQM b�iBb7vBM; φ(τ) = 0 7Q` τ > 1/2 �M/
φ(τ) = 1 7Q` τ < 1/4X h?2M i?2 J2HHBM i`�Mb7Q`K φ̂(λ) Bb �M�HviB+ QM i?2 2MiB`2 +QKTH2t
TH�M2 C 2t+2Ti �i λ = 0 r?2`2 Bi �/KBib � bBKTH2 TQH2X 6m`i?2`KQ`2 7Q` �HH µ ∈ R �M/
�HH p ≥ 0 Bi ?QH/b i?�i

lim
ξ→∞

|ξ|pφ̂(µ± ıξ) = 0. UNXk9V

S`QQ7X h?2 /2}MBiBQM Q7 φ BKTHB2b i?�i φ ∈ L2
−ϵ(0, 1) 7Q` 2p2`v ϵ > 0X G2KK� NXRN

i?2`27Q`2 BKTHB2b i?�i K̂α(λ) Bb r2HH@/2}M2/ �M/ �M�HviB+ 7Q` ℜe{λ} < 0X 6m`i?2`KQ`2-
7Q` �Mv bm+? λ ∈ C r2 ?�p2- mbBM; BMi2;`�iBQM #v T�`ib- i?�i

φ̂(λ) =

∫ ∞

0
φ(r)r−λdr/r =

1

λ

∫ ∞

0
Υ(r)r−λdr/r

= Υ̂(λ)/λ r?2`2 Υ(r) := r∂rφ(r)

UNXk8V

aBM+2 supp(∂rφ) ⊂ [14 ,
1
2 ] #v �bbmKTiBQM r2 ?�p2 i?�i Υ ∈ C∞

0 (R+)X h?Bb BKTHB2b BM
T�`iB+mH�` Ub22 a2+iBQM NX9XRV i?�i i?2 J2HHBM i`�Mb7Q`K Υ̂(λ) Bb �M�HviB+ BM i?2 2MiB`2
+QKTH2t TH�M2 C �M/ i?2`27Q`2 φ̂(λ) Bb �M�HviB+ QM i?2 2MiB`2 +QKTH2t TH�M2 C 2t+2Ti �i
λ = 0 r?2`2 Bi ?�b � bBKTH2 TQH2X

L2ti r2 /2KQMbi`�i2 i?2 p�HB/Biv Q7 i?2 /2+�v +QM/BiBQM UNXk9VX hQ i?Bb 2M/- H2i
g : R → R #2 /2}M2/ �b g(t) := Υ(exp(t)) ∀t ∈ R- �M/ H2i λ = ξ + ıµ ∈ CX P#pBQmbHv-

kj9



NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb

g ∈ C∞
0 (R) �M/ i?mb �Mv Q`/2` /2`Bp�iBp2 Q7 g Bb �M BMi2;`�#H2 7mM+iBQM QM RX h?2

_B2K�MM@G2#2b;m2 H2KK� Ub22- 2X;X- (R3y- *?�Ti2` 8)V i?2`27Q`2 BKTHB2b i?�i 7Q` �Mv
}t2/ µ ∈ R �M/ �HH p ≥ 0 Bi ?QH/b i?�i

lim
ξ→±∞

|ξ|pF (g)(ξ + ıµ) = 0,

r?2`2 F (g) /2MQi2b i?2 6Qm`B2` i`�Mb7Q`K Q7 gX h?2 /2+�v +QM/BiBQM UNXk9V MQr 7QHHQrb
mbBM; i?2 2[mBp�H2M+2 #2ir22M i?2 6Qm`B2` i`�Mb7Q`K �M/ i?2 J2HHBM i`�Mb7Q`K ;Bp2M #v
1[m�iBQM NXkyX

S`QTQbBiBQM NXjX G2i α ∈ [0,π)- �M/ H2i i?2 BMi2;`�H F2`M2H Kα #2 /2}M2/ #v UNXR9VX
h?2M i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H Kα +�M #2 2ti2M/2/ �b �M �M�HviB+ 7mM+iBQM
/2}M2/ QM C \S r?2`2 S = (+1/4+N)∪ (−1/4−N)X JQ`2Qp2` K̂α(λ) �/KBib � bBKTH2
TQH2 �i 2�+? TQBMi Q7 S- �M/ Bib `2bB/m2 �i λ = ±1/4 /Q2b MQi /2T2M/ QM αX

S`QQ7X �b BM i?2 T`QQ7 Q7 S`QTQbBiBQM NXk- r2 rBHH }`bi +QMbB/2` i?2 +�b2 α ∈ (0,π)- BX2X-
r2 �bbmK2 α ̸= 0X G2i φ ∈ C∞(R) #2 � +mi@Qz 7mM+iBQM b�iBb7vBM; φ(τ) = 0 7Q` τ > 1/2-
�M/ φ(τ) = 1 7Q` τ < 1/4 �b /2b+`B#2/ BM G2KK� NXk8- �M/ H2i Q ≥ 2 #2 � M�im`�H
MmK#2`X q2 /2}M2 7Q` �HH τ > 0

ΦQ(τ) :=
(
τ1/4 +

∑Q−1
q=1 κα,qτ

q+1/4
)
φ(τ),

RQ(τ) := Kα(τ)− ΦQ(τ)− ΦQ(1/τ).
UNXkeV

Ai Bb � bBKTH2 2t2`+Bb2 iQ T`Qp2 i?�i 7Q` �Mv 7mM+iBQM v ∈ C∞
0 (R+)- B7 r2 /2}M2

v♯(τ) := v(1/τ) i?2M r2 ?�p2 v̂♯(λ) = v̂(−λ)X *QMb2[m2MiHv- 7`QK 1[m�iBQM UNXkeV r2
Q#i�BM i?�i

K̂α(λ) = R̂Q(λ) + Φ̂Q(λ) + Φ̂Q(−λ). UNXkdV

q2 MQr �M�Hvb2 i?2 #2?�pBQm` Q7 i?2 J2HHBM i`�Mb7Q`Kb Q7 i?2 irQ 7mM+iBQMb ΦQ �M/
RQX hQ i?Bb 2M/- r2 /2}M2 i?2 b2ib S := (+1/4 + N) ∪ (−1/4 − N) �M/ BQ := {λ ∈
C : |ℜe{λ}| < Q+ 1/4}X � /B`2+i +�H+mH�iBQM vB2H/b i?�i

Φ̂Q(λ) = φ̂(λ− 1/4) +
Q−1∑

q=1

κα,qφ̂(λ− q − 1/4). UNXk3V

lbBM; G2KK� NXk8- r2 /2/m+2 i?�i i?2 J2HHBM i`�Mb7Q`K Φ̂Q(λ) Bb r2HH@/2}M2/ �M/
�M�HviB+ 7Q` �HH λ ∈ C \SX JQ`2Qp2`- Φ̂Q �/KBib � bBKTH2 TQH2 �i 2�+? TQBMi Q7 S �M/
Bib `2bB/m2 �i λ = 1/4 /Q2b MQi /2T2M/ QM αX

6m`i?2`KQ`2- mbBM; i?2 b�K2 �`;mK2Mib BMpQHpBM; b2`B2b 2tT�MbBQMb BM M2B;?#Qm`@
?QQ/b Q7 τ = 0 �M/ τ → ∞ �b BM i?2 T`QQ7 Q7 S`QTQbBiBQM NXk- r2 Q#i�BM i?�i

RQ ∈ L2
Q+1/4−ϵ(0, 1) �M/ RQ ∈ L2

−Q−1/4+ϵ(1,∞) ∀ϵ > 0

�b � +QMb2[m2M+2 i?2 J2HHBM i`�Mb7Q`K R̂Q(λ) Bb r2HH /2}M2/ �M/ �M�HviB+ 7Q` �HH λ ∈ BQX
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AM pB2r Q7 1[m�iBQM UNXkdV- r2 i?2`27Q`2 +QM+Hm/2 i?�i i?2 J2HHBM i`�Mb7Q`K K̂α(λ) Bb
�M�HviB+ 7Q` �HH λ ∈ BQ \S- �/KBib � bBKTH2 TQH2 7Q` �Mv λ ∈ BQ ∩S �M/ ?�b `2bB/m2 �i
λ = ±1/4 i?�i /Q2b MQi /2T2M/ QM αX aBM+2 Q +�M #2 +?Qb2M �`#Bi`�`v H�`;2- i?2 T`QQ7
7Q` i?2 +�b2 α ∈ (0,π) MQr 7QHHQrbX

Ai `2K�BMb iQ +QMbB/2` i?2 +�b2 α = 0 r?2M i?2 F2`M2H K0 ?�b � bBM;mH�`Biv �i τ = 1X
h?Bb bT2+B�H +�b2 +�M #2 /2�Hi rBi? 7QHHQrBM; i?2 �TT`Q�+? T`2b2Mi2/ BM i?2 T`QQ7 Q7
S`QTQbBiBQM NXkX AM/22/- r2 BMi`Q/m+2 � bKQQi? +miQz 7mM+iBQM Ψ ∈ C0(R+) bm+? i?�i
Ψ = 1 BM � M2B;?#Qm`?QQ/ Q7 τ = 1 �M/ bm+? i?�i Ψ Bb bmTTQ`i2/ BM i?2 BMi2`p�H

(
1
2 ,

3
2

)
X

L2ti- r2 r`Bi2 i?2 F2`M2H K0 �b

K0(τ) = Ψ(τ)K0(τ) + (1−Ψ(τ))K0(τ) ∀τ ∈ R+ \ {1}.

�b �`;m2/ BM i?2 T`QQ7 Q7 S`QTQbBiBQM NXk- i?2 S�H2v@qB2M2`@a+?r�`ix i?2Q`2K Ub22
(RyR- h?2Q`2K dXRXR9)V BKTHB2b i?�i i?2 J2HHBM i`�Mb7Q`K Ψ̂K0 Q7 i?2 }`bi i2`K Bb ?QHQKQ`@
T?B+ BM i?2 2MiB`2 +QKTH2t TH�M2X JQ`2Qp2`- i?2 b2+QM/ i2`K BM i?2 �#Qp2 /2+QKTQbBiBQM
Bb bKQQi? �M/ 7Q` �HH τ ∈ R+ \ (12 ,

3
2) Bi ?QH/b i?�i (1 − Ψ(τ))K0(τ) = K0(τ)X h?mb- i?2

b�K2 �bvKTiQiB+ �`;mK2Mib i?�i r2`2 mb2/ iQ 2bi�#HBb? i?2 T`QQ7 BM i?2 +�b2 α ∈ (0,π)
+�M #2 �TTHB2/ BM i?Bb +�b2 �b r2HHX

S`QTQbBiBQM NXj ?�b � bi`�B;?i7Q`r�`/ +Q`QHH�`v +QM+2`MBM; i?2 /2+�v T`QT2`iB2b Q7
i?2 J2HHBM i`�Mb7Q`K Q7 i?2 BMi2;`�H F2`M2H Kα,α ∈ (0,π) QM p2`iB+�H HBM2b BM i?2 +QKTH2t
TH�M2X

*Q`QHH�`v NXkeX G2i α ∈ (0,π)- BX2X- α ̸= 0- �M/ H2i i?2 BMi2;`�H F2`M2H Kα #2 /2}M2/ #v
UNXR9VX h?2M i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H Kα b�iBb}2b

lim
ξ→+∞

|K̂α(µ± ıξ)|2|ξ|2p = 0 ∀µ ∈ R, ∀p ≥ 0.

S`QQ7X G2i p ≥ 0 #2 � MQM@M2;�iBp2 BMi2;2` �M/ +QMbB/2` i?2 T`QQ7 Q7 S`QTQbBiBQM NXjX
.m2 iQ i?2 /2+QKTQbBiBQM UNXkdV- Bi bm{+2b iQ b?Qr i?�i i?2`2 2tBbib Q ≥ 2 bm+? i?�i

lim
ξ→+∞

|Φ̂Q(µ± ıξ)|2|ξ|2p = 0 ∀µ ∈ R, ∀p ≥ 0 �M/ UNXkN�V

lim
ξ→+∞

|R̂Q(µ± ıξ)|2|ξ|2p = 0 ∀µ ∈ R, ∀p ≥ 0. UNXkN#V

h?2 /2+�v +QM/BiBQM UNXkN�V +�M #2 /2/m+2/ 7Q` �HH Q ≥ 2 mbBM; i?2 /2+�v +QM/BiBQM
UNXk9V 2bi�#HBb?2/ BM G2KK� NXk8 iQ;2i?2` rBi? i?2 2tT`2bbBQM UNXk3V 7Q` i?2 J2HHBM
i`�Mb7Q`K Φ̂QX AM Q`/2` iQ 2bi�#HBb? i?2 /2+�v +QM/BiBQM UNXkN#V- r2 `2+�HH i?2 2�`HB2`
�`;mK2Mi T`2b2Mi2/ BM i?2 T`QQ7 Q7 S`QTQbBiBQM NXj BMpQHpBM; i?2 _B2K�MM@G2#2b;m2
H2KK� Ub22- 2X;X- (R3y- *?�Ti2` o)V iQ T`Qp2 i?2 /2+�v +QM/BiBQM UNXk9VX AM pB2r Q7 i?Bb
�`;mK2Mi- Bi Bb bm{+B2Mi iQ 2bi�#HBb? i?�i i?2`2 2tBbib Q ≥ 2 bm+? i?�i i?2 7mM+iBQM
RQ ∈ C∞(R+) �M/ i?2 pi? /2`Bp�iBp2 Q7 RQ Bb �M BMi2;`�#H2 7mM+iBQM QM R+X

G2i Q ≥ 2X LQiB+2 i?�i B7 α ∈ (0,π) i?2M 1[m�iBQM UNXR9V BKTHB2b i?�i Kα ∈ C∞(R+)X
JQ`2Qp2`- bBM+2 i?2 +miQz 7mM+iBQM φ ∈ C∞(R)- i?2 `2H�iBQM UNXkeV BKTHB2b i?�i ΦQ ∈
C∞(R+) 7`QK r?B+? r2 +�M /2/m+2 i?�i RQ ∈ C∞(R+)X

kje
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Ai i?2`27Q`2 `2K�BMb iQ T`Qp2 i?�i 7Q` bQK2 +?QB+2 Q7 Q ≥ 2- i?2 pi? /2`Bp�iBp2 Q7 RQ

Bb �M BMi2;`�#H2 7mM+iBQM QM R+X h?mb- Bi bm{+2b iQ b?Qr i?�i 7Q` bQK2 +?QB+2 Q7 Q ≥ 2
r2 ?�p2

lim
τ→0

(
dp

dτp
RQ

)
(τ) = lim

τ→∞

(
dp

dτp
RQ

)
(τ) = 0.

q2 }`bi +QMbB/2` i?2 HBKBi τ → 0X lbBM; i?2 `2H�iBQM UNXkeV �M/ i?2 /2}MBiBQM Q7 i?2
+miQz@7mM+iBQM φ r2 b22 i?�i

RQ(τ) = Kα(τ)−
(
τ1/4 +

Q−1∑

q=1

κα,qτ
q+1/4

)
φ(τ) =

∞∑

q=Q

κα,qτ
q+1/4 B7 0 < τ ≪ 1/4.

*QMb2[m2MiHv- B7 r2 TB+F Q ≥ p- r2 /2/m+2 i?�i limτ→0
(

dp

dτpRQ
)
(τ) = 0 �b `2[mB`2/X AM

� bBKBH�` 7�b?BQM- r2 b22 i?�i

RQ(τ) = Kα(τ)−
(
τ−1/4 +

Q−1∑

q=1

κα,qτ
−q−1/4

)
φ(τ) =

∞∑

q=Q

κα,qτ
−q−1/4 B7 τ ≫ 2,

r?2`2 i?2 b2+QM/ 2[m�HBiv 7QHHQrb 7`QK i?2 �bvKTiQiB+ 2tT�MbBQM Q7 i?2 F2`M2H Kα Q#@
i�BM2/ BM i?2 T`QQ7 Q7 S`QTQbBiBQM NXkX Ai i?2`27Q`2 7QHHQrb i?�i limτ→∞

(
dp

dτpRQ
)
(τ) = 0X

h?Bb +QKTH2i2b i?2 T`QQ7X

*Q`QHH�`v NXke /Q2b MQi ?QH/ 7Q` i?2 HBKBiBM; +�b2 α = 0 bBM+2 i?2 F2`M2H K0 Bb bBM;mH�`
�i τ = 1X PM i?2 Qi?2` ?�M/- i?Bb bBM;mH�`Biv Bb BMi2;`�#H2 �M/ � +�`27mH HQQF �i i?2 T`QQ7
Q7 S`QTQbBiBQM NXk bm;;2bib i?�i K0 ∈ L1

loc(R+)X .2i2`KBMBM; i?2 /2+�v `�i2 Q7 K̂0(λ) 7Q`
H�`;2 BK�;BM�`v p�Hm2b Q7 λ i?2M �`Bb2b �b � M�im`�H [m2biBQM i?�i r2 b?�HH 2t�KBM2 BM
/2i�BH MQrX

S`QTQbBiBQM NX9X G2i i?2 BMi2;`�H F2`M2H K0 #2 /2}M2/ #v UNXR9VX h?2M i?2 J2HHBM
i`�Mb7Q`K Q7 i?2 F2`M2H K0 b�iBb}2b

lim
ξ→+∞

|K̂0(µ± ıξ)|2|ξ| < ∞ ∀µ ∈ R.

S`QQ7X q2 #2;BM #v `2+�HHBM; 7`QK S`QTQbBiBQM NXj i?�i i?2 J2HHBM i`�Mb7Q`K K̂0(λ) Bb
r2HH /2}M2/ 7Q` �HH λ ∈ C \S r?2`2 S = (+1/4 + N) ∪ (−1/4 − N)X 6Q` �Mv bm+? λ r2
rBHH r`Bi2 λ = µ+ ıξX

L2ti- H2i 0 < ϵ < 1/4 �M/ H2i Ψ ∈ C∞
0 (R+) #2 � bKQQi? +miQz 7mM+iBQM rBi? +QKT�+i

bmTTQ`i �r�v 7`QK i?2 Q`B;BM bm+? i?�i Ψ(r) ≡ 1 7Q` �HH r ∈ (1 − ϵ, 1 + ϵ)X q2 +QMbB/2`
i?2 /2+QKTQbBiBQM U+X7X- i?2 T`QQ7 Q7 S`QTQbBiBQM NXkV

K0(r) = Ψ(r)K0(r)︸ ︷︷ ︸
:=M0(r)

+(1−Ψ(r))K0(r)︸ ︷︷ ︸
Z0(r)

∀r > 0, r ̸= 1

AM Qi?2` rQ`/b- r2 ?�p2 /2+QKTQb2/ i?2 F2`M2H K0 �b i?2 bmK Q7 irQ i2`Kb- i?2 }`bi Q7
r?B+? Bb bBM;mH�` �i r = 1 #mi ?�b +QKT�+i bmTTQ`i QM R+- r?BH2 i?2 b2+QM/ Bb bKQQi?X

kjd
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.m2 iQ i?2 HBM2�`Biv Q7 i?2 J2HHBM i`�Mb7Q`K- Bi bm{+2b iQ b?Qr i?�i

lim
ξ→+∞

|M̂0(µ± ıξ)|2 |ξ| < ∞ ∀µ ∈ R �M/ UNXjyV

lim
ξ→+∞

|Ẑ0(µ± ıξ)|2 |ξ| < ∞ ∀µ ∈ R. UNXjRV

aBM+2 Z0 ∈ C∞(R+)- i?2 b�K2 �`;mK2Mi BMpQHpBM; i?2 _B2K�MM@G2#2b;m2 H2KK�
i?�i r2 mb2/ iQ T`Qp2 *Q`QHH�`v NXke vB2H/b i?�i

lim
ξ→+∞

|Ẑ0(µ± ıξ)|2|ξ|2p = 0 ∀µ ∈ R, ∀p ≥ 0. UNXjkV

*QMb2[m2MiHv- Bi `2K�BMb iQ T`Qp2 i?2 /2+�v +QM/BiBQM UNXjyVX hQ i?Bb 2M/- r2 Q#b2`p2
i?�i i?2 /2}MBiBQM Q7 i?2 F2`M2H M0 ;Bp2M #v 1[m�iBQM UNXR9V- i?2 /2}MBiBQM Q7 i?2 J2HHBM
i`�Mb7Q`K- �M/ i?2 1mH2` +?�M;2 Q7 p�`B�#H2b iQ;2i?2` BKTHv i?�i

M̂0(µ± ıξ) =

∫ ∞

−∞

et(1/4−µ)

√
|et − 1|

Ψ(et)e−ıtξ dt. UNXjjV

AM Qi?2` rQ`/b- r2 ?�p2 r`Bii2M i?2 J2HHBM i`�Mb7Q`K M̂0 �b i?2 6Qm`B2` i`�Mb7Q`K Q7
� +QKT�+iHv bmTTQ`i2/ 7mM+iBQM i?�i Bb bBM;mH�` �i t = 0X *QMb2[m2MiHv- BM Q`/2` iQ
/2i2`KBM2 i?2 /2+�v #2?�pBQm` Q7 M̂0- r2 ?�p2 iQ �M�Hvb2 T`2+Bb2Hv i?2 M�im`2 Q7 i?Bb
bBM;mH�`Biv �i t = 0X hQ i?Bb 2M/- r2 /2}M2 i?2 7mM+iBQM h : R → R �b

h(t) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
|t|

|et − 1| B7 t ̸= 0,

1 B7 t = 0.

� /B`2+i +QKTmi�iBQM `2p2�Hb i?�i h ∈ C2(R) �M/ r2 ?�p2 i?2 7QHHQrBM; h�vHQ`
2tT�MbBQM �i t = 0,

h(t) = 1− 1

4
t+ r2(t)t

2,

r?2`2 i?2 7mM+iBQM r2 : R → R Bb i?2 b2+QM/ Q`/2` h�vHQ` `2K�BM/2`X h?Bb +QKTmi�iBQM
bm;;2bib i?�i r2 +�M `2r`Bi2 i?2 BMi2;`�H BM 1[m�iBQM UNXjjV �b

M̂0(µ± ıξ) =

∫ ∞

−∞

et(1/4−µ)

√
|et − 1|

Ψ(et)e−ıtξ dt =

∫ ∞

−∞

1√
|t|

h(t)et(1/4−µ)Ψ(et)e−ıtξ dt

=

∫ ∞

−∞

1√
|t|

et(1/4−µ)Ψ(et)e−ıtξ dt−
∫ ∞

−∞

1√
|t|

(
1

4
t

)
et(1/4−µ)Ψ(et)e−ıtξ dt

+

∫ ∞

−∞

1√
|t|
(
r2(t)t

2
)
et(1/4−µ)Ψ(et)e−ıtξ dt.

*QMb2[m2MiHv- /2}MBM; 7Q` 2�+? µ ∈ R i?2 7mM+iBQMb

hµ1 (t) :=
1√
|t|

et(1/4−µ)Ψ(et), hµ2 (t) :=
1√
|t|

(
1

4
t

)
et(1/4−µ)Ψ(et) �M/

kj3



NX8 .2i�BH2/ bim/v Q7 J2HHBM bvK#QHb Q7 _B2bx TQi2MiB�Hb

hµ3 (t) :=
1√
|t|
(
r2(t)t

2
)
et(1/4−µ)Ψ(et),

r2 b22 i?�i

M̂0(µ± ıξ) = F (hµ1 )(ξ) + F (hµ2 )(ξ) + F (hµ3 )(ξ).

Ai Bb MQr 2�bv iQ b22 i?�i i?2 7mM+iBQMb hµ2 �M/ hµ3 #Qi? ?�p2 r2�F /2`Bp�iBp2b BM
L1(R)X q2 +�M i?2`27Q`2 +QM+Hm/2 7`QK i?2 _B2K�MM@G2#2b;m2 H2KK� i?�i

lim
|ξ|→±∞

|F (hµ2 )(ξ)| |ξ| < ∞ �M/ lim
|ξ|→±∞

|F (hµ3 )(ξ)| |ξ| < ∞. UNXj9V

G2i mb i?2`27Q`2 +QMbB/2` i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 7mM+iBQM hµ1 X q2 Q#b2`p2 i?�i
i?Bb 6Qm`B2` i`�Mb7Q`K +�M #2 /2+QKTQb2/ �b

F (hµ1 )(ξ) =

∫ ∞

−∞

1√
|t|

(
et(1/4−µ)Ψ(et)− 1

)

︸ ︷︷ ︸
:=hµ

4 (t)

e−ıtξ dt+ F

(
1√
|t|

)
(ξ).

>2`2- i?2 H�bi i2`K b?QmH/ #2 mM/2`biQQ/ �b i?2 6Qm`B2` i`�Mb7Q`K Q7 � i2KT2`2/ /Bbi`B@
#miBQM �M/ Bb 2tTHB+BiHv ;Bp2M #v

F

(
1√
|t|

)
(ξ) =

√
2π

|ξ| .

�//BiBQM�HHv- mbBM; i?2 7�+i i?�i i?2 +miQz 7mM+iBQM Ψ(et) ≡ 1 7Q` �HH t BM � M2B;?@
#Qm`?QQ/ Q7 t = 0 �M/ i?2 b2`B2b 2tT�MbBQM Q7 i?2 2tTQM2MiB�H 7mM+iBQM- r2 Q#i�BM i?�i
i?2 7mM+iBQM hµ4 �HbQ ?�b r2�F /2`Bp�iBp2 BM L1(R)X q2 +�M i?2`27Q`2 +QM+Hm/2 i?�i

lim
|ξ|→±∞

|F (hµ1 )(ξ)|
√
|ξ| =

√
2π. UNXj8V

*QK#BMBM; MQr i?2 2biBK�i2b UNXjkV- UNXj9V �M/ UNXj8V- r2 Q#i�BM i?�i 7Q` �HH µ ∈ R
Bi ?QH/b i?�i

lim
ξ→+∞

|K̂0(µ± ıξ)|
√
|ξ| ≤ lim

ξ→+∞
|M̂0(µ± ıξ)|

√
|ξ|+ lim

ξ→+∞
|Ẑ0(µ± ıξ)|

√
|ξ|

≤ lim
|ξ|→±∞

∣∣∣F (hµ1 )(ξ) + F (hµ2 )(ξ) + F (hµ3 )(ξ)
∣∣∣
√
|ξ|

=
√
2π,

�M/ +QMb2[m2MiHv 7Q` �HH µ ∈ R Bi ?QH/b i?�i

lim
ξ→+∞

|K̂0(µ± ıξ)|2 |ξ| ≤ 2π < ∞,

�b +H�BK2/X

kjN
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q2 +QM+Hm/2 i?Bb b2+iBQM #v bi�iBM; irQ +Q`QHH�`B2b i?�i 7QHHQr 7`QK i?2 `2bmHib bi�i2/
�#Qp2X h?2b2 +Q`QHH�`B2b rBHH #2 mb2/ iQ +QM+Hm/2 i?2 �M�HvbBb Q7 i?2 _B2bx TQi2MiB�H QM
+Q`M2`b Q7 i?2 TQHv?2/`�H /QK�BM Ω i?�i r2 #2;�M BM a2+iBQM NXjX
*Q`QHH�`v NXkdX G2i α ∈ [0,π) �M/ H2i i?2 BMi2;`�H F2`M2H Kα #2 /2}M2/ #v UNXR9VX h?2M
i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H Kα b�iBb}2b

sup
ξ∈R

|K̂α(µ+ ıξ)|2|ξ|2

1 + |ξ| < ∞ ∀µ ∈ R.

S`QQ7X :Bp2M �Mv λ ∈ C- r2 r`Bi2 λ = µ+ ıξX AM pB2r Q7 *Q`QHH�`v NXke �M/ S`QTQbBiBQM
NX9- Bi bm{+2b iQ b?Qr i?�i 7Q` �Mv µ ∈ R �M/ �Mv #QmM/2/ b2i K ⊂ R Bi ?QH/b i?�i

sup
ξ∈K

|K̂α(µ+ ıξ)|2|ξ|2 < ∞. UNXjeV

q2 `2+�HH 7`QK S`QTQbBiBQM NXj i?�i i?2 J2HHBM i`�Mb7Q`K K̂α +�M #2 2ti2M/2/ �b �M
�M�HviB+ 7mM+iBQM /2}M2/ QM C \S r?2`2 S = (+1/4+N)∪ (−1/4−N) �M/ 7m`i?2`KQ`2
i?�i K̂α(λ) �/KBib � bBKTH2 TQH2 �i 2�+? TQBMi Q7 SX *QMb2[m2MiHv- i?2 K�TTBM;

K̂extend
α (µ+ ıξ) := K̂α(µ+ ıξ) ξ,

+�M #2 2ti2M/2/ �b � +QMiBMmQmb 7mM+iBQM 7Q` �HH ξ, µ ∈ RX h?2 2biBK�i2 UNXjeV i?2`27Q`2
7QHHQrbX

*Q`QHH�`v NXk3X G2i α ∈ [0,π) �M/ H2i i?2 BMi2;`�H F2`M2H Kα #2 /2}M2/ #v UNXR9VX h?2M
i?2 J2HHBM i`�Mb7Q`K Q7 i?2 F2`M2H Kα b�iBb}2b

sup
λ∈±1/4+ıR

|K̂0(λ)− K̂α(λ)| < +∞ �M/ UNXjdV

sup
λ∈ıR

|K̂α(λ)| < +∞ UNXj3V

S`QQ7X h?2 2biBK�i2 UNXj3V 7QHHQrb #v +QK#BMBM; S`QTQbBiBQM NXj- r?B+? 2bi�#HBb?2b i?�i
K̂α(λ) Bb �M�HviB+ 7Q` λ ∈ ıR iQ;2i?2` rBi? *Q`QHH�`v NXke �M/ S`QTQbBiBQM NX9 r?B+?
/2KQMbi`�i2 i?�i limξ→∞ |K̂α(±ıξ)| = 0 7Q` �Mv α ∈ [0,π)X

AM Q`/2` iQ 2bi�#HBb? 1biBK�i2 UNXjdV- r2 `2+�HH 7`QK S`QTQbBiBQM NXj i?�i i?2 J2HHBM
i`�Mb7Q`K K̂α(λ) ?�b � bBKTH2 TQH2 �i λ = ±1/4 rBi? `2bB/m2 i?�i Bb BM/2T2M/2Mi Q7 αX
*QMb2[m2MiHv- i?2 K�TTBM; K̂0(±1/4+ıξ)−K̂α(±1/4+ıξ) +�M #2 2ti2M/2/ �b �M �M�HviB+
7mM+iBQM 7Q` �HH ξ ∈ RX lbBM; QM+2 �;�BM *Q`QHH�`v NXke �M/ S`QTQbBiBQM NX9 iQ 2bi�#HBb?
i?2 /2+�v #2?�pBQm` 7Q` ξ → ∞ vB2H/b i?2 `2[mB`2/ `2bmHiX

NXe �TTHB+�iBQM iQ *Q`M2` PT2`�iQ`b

h?`Qm;?Qmi i?Bb b2+iBQM- r2 �bbmK2 i?2 b2iiBM;b Q7 a2+iBQMb NXk@NX8X Pm` ;Q�H MQr Bb iQ
+QKTH2i2 i?2 T`QQ7 Q7 h?2Q`2K NX3 mbBM; i?2 iQQHb �M/ `2bmHib /2p2HQT2/ BM i?2 T`2pBQmb
b2+iBQMbX

k9y



NXe �TTHB+�iBQM iQ *Q`M2` PT2`�iQ`b

S`QQ7 Q7 h?2Q`2K NX3X q2 ?�p2 b?QrM BM a2+iBQM NXjXR i?�i i?2 T`QQ7 Q7 h?2Q`2K NX3
7QHHQrb 7`QK � /2MbBiv �`;mK2Mi B7 r2 +�M 2bi�#HBb? S`QTQbBiBQM NXR r?B+? +QM+2`Mb +QM@
iBMmBiv 2biBK�i2b 7Q` i?2 HQ+�HBb2/ QT2`�iQ` A χ

D,D′ : C∞(R2) → C∞(R2)∗ /2}M2/ i?`Qm;?
LQi�iBQM NXkX q2 7m`i?2` `2+�HH i?�i r2 ?�p2 �H`2�/v 2bi�#HBb?2/ BM a2+iBQM NXjXR- i?2
T`QQ7 Q7 S`QTQbBiBQM NXR 7Q` +�b2b r?2M i?2 /BbFb D = D′ Q` i?2 /BbF D /Q2b MQi +QMi�BM
� +Q`M2` Q7 i?2 TQHv?2/`�H #QmM/�`v ∂ΩX Ai i?2`27Q`2 `2K�BMb iQ T`Qp2 i?2 +QMiBMmBiv
2biBK�i2 UNXdV 7Q` i?2 +�b2 r?2M D = D′ �M/ D +QMi�BMb � +Q`M2` c ∈ ∂ΩX

am#b2[m2MiHv- BM a2+iBQM NXjXk- r2 BMi`Q/m+2/ i?`Qm;? .2}MBiBQM NXRR i?2 _B2bx TQ@
i2MiB�H QM i?2 +Q`M2` c ∈ ∂Ω- /2MQi2/ AΓ : C∞

comp(R2) → C∞
comp(R2)∗- �M/ r2 BMi`Q/m+2/

i?`Qm;? .2}MBiBQM NXRk 7Q` �Mv u ∈ C∞
comp(R2)- i?2 K�TTBM;b A ±

Γ (u) : R+ \ {1} → RX
q2 7m`i?2` /2/m+2/ i?�i 7Q` �HH u, v ∈ C∞(R2) r2 ?�p2

⟨A χ
D,D(u), v⟩C∞(R2)∗×C∞(R2) = ⟨AΓ(χDu),χDv⟩C∞

comp(R2)∗×C∞
comp(R2). UNXjNV

r?2`2 i?2 /BbF D +QMi�BMb � +Q`M2` c ∈ ∂Ω �M/ χD ∈ C∞(R2) /2MQi2b i?2 T�`iBiBQM Q7
mMBiv 7mM+iBQM �bbQ+B�i2/ rBi? D �b }t2/ BM LQi�iBQM NXRX

q2 rBHH MQr �TTHv i?2 `2bmHib QM i?2 J2HHBM i`�Mb7Q`K Q7 i?2 BMi2;`�H F2`M2Hb Kα, α ∈
[0,π) 7`QK a2+iBQM NX8 iQ 1[m�iBQM UNXjNV BM Q`/2` iQ /2`Bp2 i?2 `2[mB`2/ +QMiBMmBiv
2biBK�i2 UNXdV r?2M D +QMi�BMb � +Q`M2` c ∈ ∂ΩX q2 T`Q+22/ BM irQ bi2Tb, 6B`bi r2
T`Qp2 bQK2 2biBK�i2b +QM+2`MBM; i?2 QT2`�iQ`b A ±

Γ BMi`Q/m+2/ i?`Qm;? .2}MBiBQM NXRkX
AM i?2 b2+QM/ bi2T- r2 mb2 i?2b2 2biBK�i2b iQ T`Qp2 i?2 +QMiBMmBiv 2biBK�i2 UNXdVX 6Q`
2�b2 Q7 MQi�iBQM- i?`Qm;?Qmi i?Bb T`QQ7- r2 rBHH 7`2[m2MiHv mb2 C > 0 iQ `272` iQ � ;2M2`�H
+QMbi�Mi i?�i K�v +?�M;2 7`QK bi2T@iQ@bi2TX �//BiBQM�HHv- Bi rBHH #2 mb27mH iQ `2+�HH 7`QK
1[m�iBQM UNXkkV BM G2KK� NXk9 i?�i r2 ?�p2 i?2 `2H�iBQM

Â ±
Γ (u)(λ) =

(
K̂0(λ+ 1/4)± K̂θ(λ+ 1/4)

)
û(λ− 1/2).

ai2T RV SB+F �M �`#Bi`�`v v ∈ C∞
comp(R+)X lbBM; i?2 J2HHBM i`�Mb7Q`K +?�`�+i2`Bb�iBQM

Q7 i?2 L2 MQ`K �M/ H
1
2 MQ`K ;Bp2M #v G2KK�b NXR8 �M/ NXkk `2bT2+iBp2Hv �M/

�TTHvBM; *Q`QHH�`v NXkd- r2 Q#i�BM i?2 2tBbi2M+2 Q7 � +QMbi�Mi C > 0 bm+? i?�i

|A ±
Γ (v)|2

H
1
2 (R+)

=
1

2ıπ

∫ +ı∞

−ı∞

|λ|2

1 + |λ| |K̂0
(
λ+ 1/4

)
± K̂α

(
λ+ 1/4

)
|2
∣∣̂v(λ− 1

2

)
|2dλ

≤ C

2ıπ

∫ +ı∞

−ı∞

∣∣̂v(λ− 1

2

)
|2dλ = C∥v∥2L2(R+)

UNX9yV
"v � /2MbBiv �`;mK2Mi r2 +QM+Hm/2 i?�i i?2 �#Qp2 2biBK�i2 �+im�HHv ?QH/b 7Q` �HH
v ∈ L2(R+)X

aBKBH�`Hv- 7Q` �Mv bKQQi? 7mM+iBQM χ ∈ C∞
comp(R+)- mbBM; G2KK� NXR8 �M/ *Q`QH@

k9R
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H�`v NXk3 vB2H/b i?2 2tBbi2M+2 Q7 +QMbi�Mib Cχ, C ′
χ, C

′′
χ > 0 bm+? i?�i

∥χA ±
Γ (χv)∥2L2(R+) ≤ Cχ∥A ±

Γ (χv)∥2L2
−1/4(R+)

=
Cχ
2ıπ

∫ +ı∞

−ı∞
|K̂0(λ)± K̂α(λ)|2|χ̂v(λ− 3/4)|2dλ

≤
C ′
χ

2ıπ

∫ +ı∞

−ı∞
|χ̂v(λ− 3/4)|2dλ = C ′

χ∥χv∥2L2
− 3

4
(R+)

≤ C ′′
χ∥χv∥2L2(R+)

UNX9RV

LQi2 i?�i i?2 +QMbi�Mib BMpQHp2/ BM i?2 2biBK�i2 �#Qp2 /Q /2T2M/ QM χ #mi MQi
QM vX >2M+2- #v � /2MbBiv �`;mK2Mi- 1biBK�i2 UNX9RV �HbQ ?QH/b 7Q` �Mv v ∈ L2(R+)X
6BM�HHv- �TTHvBM; *Q`QHH�`v NXk3 vB2H/b � +QMbi�Mi C > 0 bm+? i?�i

∥A −
Γ (v)∥2L2

0(R+) =
1

2ıπ

∫ +ı∞

−ı∞
|K̂0(λ+ 1/4)− K̂α(λ+ 1/4)|2|v̂(λ− 1

2
)|2dλ

≤ C

2ıπ

∫ +ı∞

−ı∞
|v̂(λ− 1

2
)|2dλ = C∥v∥2L2(R+).

UNX9kV

ai2T kV 6Q` i?2 b�F2 Q7 +QM+Bb2M2bb- r2 b?�HH r`Bi2 χ BMbi2�/ Q7 χDX qBi? i?Bb +QMp2MiBQM-
1[m�iBQM UNXjNV vB2H/b i?2 2tBbi2M+2 Q7 � +QMbi�Mi C > 0 bm+? i?�i

C∥A χ
D,D(u)∥

2

H
1
2 (∂Ω)

≤ ∥χAΓ(χu)∥2
H

1
2 (Γ)

7Q` �Mv u ∈ C∞(R2).

hQ /2�H rBi? i?2 MQ`K ∥ · ∥
H

1
2 (Γ)

- r2 MQr BMpQF2 (99- G2KK� kXRk) �M/ (3N) r?2`2

i?2 �mi?Q`b T`Qp2/ i?�i i?2`2 2tBbib � +QMbi�Mi c > 0 bm+? i?�i 7Q` �Mv v ∈ H
1
2 (Γ)

Bi ?QH/b i?�i
c ∥v∥2

H
1
2 (Γ)

≤ ∥{v}∥2
H

1
2 (R+)

+ ∥[v]∥2
H̃

1
2 (R+)

. UNX9jV

aBM+2- QM i?2 Qi?2` ?�M/- G2KK� NXRj BKTHB2b i?�i {AΓ(u)} = A +
Γ ({u}) �M/

[AΓ(u)] = A −
Γ ([u])- r2 +QM+Hm/2 i?2 2tBbi2M+2 Q7 � +QMbi�Mi C > 0 bm+? i?�i 7Q`

�Mv u ∈ L2(∂Ω) Bi ?QH/b i?�i

∥A χ
D,D(u)∥

2

H
1
2 (∂Ω)

≤ C∥χAΓ(χu)∥2
H

1
2 (Γ)

≤ ∥χA +
Γ (χ{u})∥2

H
1
2 (R+)

+ ∥χA −
Γ (χ[u])∥2

H̃
1
2 (R+)

. UNX99V

AM Q`/2` iQ #QmM/ i?2 }`bi i2`K QM i?2 `B;?i ?�M/ bB/2 Q7 AM2[m�HBiv UNX99V- r2 rBHH
K�F2 mb2 Q7 i?2 2biBK�i2b UNX9yV@UNX9RV@UNX9kVX hQ i?Bb 2M/- r2 `2+�HH i?2 J2HHBM
i`�Mb7Q`K +?�`�+i2`Bb�iBQM Q7 i?2 L2 MQ`K �M/ H

1
2 MQ`K ;Bp2M #v G2KK�b NXR8

�M/ NXkk `2bT2+iBp2HvX � bi`�B;?i7Q`r�`/ +�H+mHmb i?2M b?Qrb i?�i i?2`2 2tBbib �
+QMbi�Mi C̃χ > 0 i?�i /2T2M/b QM χ bm+? i?�i 7Q` �HH u ∈ C∞(R2) r2 ?�p2

C̃χ∥χA +
Γ (χ{u})∥2

H
1
2 (R+)

≤ |A +
Γ (χ{u})|2

H
1
2 (R+)

+ ∥χA +
Γ (χ{u})∥2L2(R+). UNX98V
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NXd *QM+HmbBQM

*QK#BMBM; 1biBK�i2 UNX98V rBi? UNX9yV �M/ UNX9RV i?2`27Q`2 vB2H/b i?2 2tBbi2M+2 Q7
� +QMbi�Mi Ĉχ > 0 i?�i /2T2M/b QM χ bm+? i?�i 7Q` �HH u ∈ C∞(R2) Bi ?QH/b i?�i

∥χA +
Γ (χ{u})∥

H
1
2 (R+)

≤ Ĉχ∥χ{u}∥L2(R+).

AM Q`/2` iQ #QmM/ i?2 b2+QM/ i2`K BM 1biBK�i2 NX99- r2 �TT2�H iQ G2KK� NXe iQ
/2/m+2 i?2 2tBbi2M+2 Q7 � +QMbi�Mi Cχ > 0 i?�i /2T2M/b QM χ bm+? i?�i 7Q` �HH
u ∈ C∞(R2) Bi ?QH/b i?�i

Cχ∥χA −
Γ (χ[u])∥2

H̃
1
2 (R+)

≤ ∥A −
Γ (χ[u])∥2

W
1
2
0 (R+)

= ∥A −
Γ (χ[u])∥2L2

0(R+) + |A −
Γ (χ[u])|2

H
1
2 (R+)

.

JQ`2Qp2`- 7`QK 1biBK�i2 UNX9kV r2 /2/m+2 i?�i 7Q` �Mv u ∈ C∞(R2) r2 ?�p2

∥A −
Γ (χ[u])∥L2

0(R+) ≤ C∥χ[u]∥L2(R+).

*QK#BMBM; i?2b2 `2K�`Fb rBi? 1biBK�i2 UNX99V }M�HHv vB2H/b � +QMbi�Mi C̆χ > 0
i?�i /2T2M/b QM χ bm+? i?�i

∥A χ
D,D(u)∥

2

H
1
2 (∂Ω)

≤ C̆χ∥u∥2L2(∂Ω) ∀u ∈ C∞(R2).

h?2 `2[mB`2/ +QMiBMmBiv 2biBK�i2 UNXdV MQr 7QHHQrbX

NXd *QM+HmbBQM

AM i?Bb +?�Ti2`- r2 2bi�#HBb?2/ i?2 +QMiBMmBiv Q7 i?2 _B2bx TQi2MiB�H �b � K�TTBM; 7`QK
L2(∂Ω) iQ H

1
2 (∂Ω) 7Q` TQHv;QM�H #QmM/�`B2b ∂Ω BM irQ bT�iB�H /BK2MbBQMbX �Hi?Qm;? bBK@

BH�` K�TTBM; T`QT2`iB2b 7Q` i?2 _B2bx TQi2MiB�H ?�p2 #22M 2bi�#HBb?2/ QM ~�i bT�+2b �M/
bKQQi? bm`7�+2b BM irQ bT�iB�H /BK2MbBQMb- i?2 T`2b2M+2 Q7 +Q`M2`b T`2p2Mib � bi`�B;?i@
7Q`r�`/ 2ti2MbBQM iQ TQHv;QM�H #QmM/�`B2bX AM Q`/2` iQ T`Qp2 Qm` K�BM `2bmHi- r2 }`bi
b?Qr2/ i?�i i?2 �M�HvbBb Q7 i?2 _B2bx TQi2MiB�H QM TQHv;QM�H #QmM/�`B2b +�M #2 +�`@
`B2/ Qmi mbBM; J2HHBM i`�Mb7Q`KbX am#b2[m2MiHv- r2 mM/2`iQQF � /2i�BH2/ �M�HvbBb Q7 i?2
J2HHBM bvK#QHb Q7 i?2 _B2bx TQi2MiB�H QM +Q`M2`b- r?B+? �HHQr2/ mb iQ /2/m+2 i?2 `2[mB`2/
+QMiBMmBiv T`QT2`ivX

�M BKTQ`i�Mi �TTHB+�iBQM Q7 Qm` `2bmHi Bb BM i?2 �M�HvbBb Q7 MQM@Qp2`H�TTBM; /QK�BM
/2+QKTQbBiBQM K2i?Q/b 7Q` i?2 >2HK?QHix 2[m�iBQMX AM +QMi`�bi iQ +H�bbB+�H a+?r�`x
K2i?Q/b 7Q` i?2 G�TH�+2 2[m�iBQM- i?2 2t�+i +?QB+2 Q7 i`�MbKBbbBQM +QM/BiBQMb U`2T`2@
b2Mi2/ #v � bQ@+�HH2/ i`�MbKBbbBQM QT2`�iQ`V QM i?2 BMi2`7�+2 Q7 M2B;?#Qm`BM; bm#/QK�BMb
/2i2`KBM2b i?2 +QMp2`;2M+2 `�i2 Q7 i?2 Bi2`�iBp2 T`Q+2/m`2X JQ`2Qp2`- K�Mv bi�M/�`/
+?QB+2b 7Q` i?2 i`�MbKBbbBQM QT2`�iQ` BM i?2 HBi2`�im`2 Ub22- 2X;X- (9N- dk- RyN)V H2�/ iQ
�H;2#`�B+ `�i2b Q7 +QMp2`;2M+2X PM2 �TT`Q�+? iQ +B`+mKp2MiBM; i?Bb bHQr `�i2 Q7 +QMp2`@
;2M+2 r�b bm;;2bi2/ BM i?2 rQ`F Q7 *QHHBMQ 2i �HX (9y- h?2Q`2K d) r?Q T`QpB/2/ bm{+B2Mi
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NX *PLhALlAhu 1ahAJ�h1a 6P_ _A1aw SPh1LhA�Ga PL
SPGu:PL�G "PlL.�_A1a

+QM/BiBQMb QM i?2 i`�MbKBbbBQM QT2`�iQ` mM/2` r?B+? i?2 +QMp2`;2M+2 `�i2 Q7 i?2 Bi2`�iBp2
T`Q+2/m`2 +�M #2 T`Qp2M iQ #2 ;2QK2i`B+X "�b2/ QM i?Bb `2bmHi- *QHHBMQ 2i �HX T`QTQb2/
i?2 mb2 Q7 _B2bx TQi2MiB�Hb iQ +QMbi`m+i i?2 i`�MbKBbbBQM QT2`�iQ` QM i?2 BMi2`7�+2b Q7
M2B;?#Qm`BM; bm#/QK�BMbX

lM7Q`imM�i2Hv- r?BH2 i?2 _B2bx TQi2MiB�H +�M #2 b?QrM iQ b�iBb7v i?2 �bbmKTiBQMb
Q7 (9y- h?2Q`2K d) BM i?2 +�b2 Q7 bKQQi? BMi2`7�+2b Ub22 (9R)V- MQ bm+? T`QQ7 2tBbib 7Q`
MQM@bKQQi? BMi2`7�+2bX Pm` rQ`F i?2`27Q`2 `2T`2b2Mib � }`bi bi2T �i Qp2`+QKBM; i?Bb
/2}+B2M+v 7Q` TQHv;QM�H BMi2`7�+2b BM irQ bT�iB�H /BK2MbBQMbX � M�im`�H 2ti2MbBQM Q7 Qm`
rQ`F Bb iQ +QMbB/2` M2ti i?2 +�b2 Q7 TQHv?2/`�H #QmM/�`B2b BM i?`22 bT�iB�H /BK2MbBQMb-
r?B+? rBHH #2 i?2 bm#D2+i Q7 7mim`2 rQ`FX
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Ry

amKK�`v �M/ PmiHQQF

q2 ?�p2 T`2b2Mi2/ BM i?Bb /Bbb2`i�iBQM b2p2`�H `2bmHib T2`i�BMBM; iQ i?2 �M�HvbBb Q7 #QmM/@
�`v BMi2;`�H 2[m�iBQMb �M/ /QK�BM /2+QKTQbBiBQM K2i?Q/bX Pm` `2bmHib +�M #2 /BpB/2/
BMiQ i?`22 #`Q�/Hv BM/2T2M/2Mi +�i2;Q`B2bX

AM i?2 }`bi T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2`b k@8V- r2 T`2b2Mi2/ i?2 MmK2`B+�H
�M�HvbBb Q7 � b2+QM/@FBM/ #QmM/�`v BMi2;`�H 2[m�iBQM i?�i /2b+`B#2b i?2 2H2+i`Qbi�iB+
BMi2`�+iBQM #2ir22M �M �`#Bi`�`v MmK#2` N Q7 /B2H2+i`B+ bT?2`B+�H T�`iB+H2b mM/2`;Q@
BM; Kmim�H TQH�`Bb�iBQMX Pm` K�BM +QMi`B#miBQM r�b iQ T`Qp2 i?�i mM/2` �TT`QT`B�i2
;2QK2i`B+�H �bbmKTiBQMb- i?2 i?`22 F2v T?vbB+�H [m�MiBiB2b Q7 BMi2`2bi- M�K2Hv- i?2 BM@
/m+2/ bm`7�+2 +?�`;2 QM 2�+? /B2H2+i`B+ T�`iB+H2- i?2 iQi�H 2H2+i`Qbi�iB+ 2M2`;v Q7 i?2
bvbi2K �M/ i?2 2H2+i`Qbi�iB+ 7Q`+2b �+iBM; QM 2�+? T�`iB+H2 +�M #2 �TT`QtBK�i2/ rBi?
HBM2�` b+�HBM; BM �++m`�+v- BX2X- ;Bp2M � bvbi2K +QKTQb2/ Q7 N T�`iB+H2b- Bi `2[mB`2b QMHv
O(N) +QKTmi�iBQMb iQ �TT`QtBK�i2 2�+? Q7 i?2b2 [m�MiBiB2b mT iQ � ;Bp2M �M/ }t2/
`2H�iBp2 2``Q`X �Hi?Qm;? N @#Q/v T`Q#H2Kb ?�p2 HQM; #22M bim/B2/ #v #Qi? K�i?2K�iB@
+B�Mb �M/ T`�+iBiBQM2`b- i?2`2 �`2 p2`v 72r `272`2M+2b BM i?2 HBi2`�im`2 +QM+2`MBM; ?Qr i?2
�++m`�+v �M/ +QKTmi�iBQM�H +Qbi Q7 i?2 T`QTQb2/ MmK2`B+�H �H;Q`Bi?Kb b+�H2 rBi? i?2
MmK#2` Q7 Q#D2+ib N r?2M QM2 ?�b iQ �TT`QtBK�i2 i?2 bQHmiBQM iQ � T�`iB�H /Bz2`2MiB�H
Q` #QmM/�`v BMi2;`�H 2[m�iBQMX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?2 rQ`F T`2b2Mi2/ BM S�`i
A Q7 i?Bb /Bbb2`i�iBQM Bb i?2 }`bi �ii2KTi �i Q#i�BMBM; T`2+Bb2 2biBK�i2b BM i2`Kb Q7 N 7Q`
i?2 �++m`�+v �M/ +QKTmi�iBQM�H +Qbi Q7 bQHpBM; � N @#Q/v #QmM/�`v BMi2;`�H 2[m�iBQMX
�Hi?Qm;? r2 ?�p2 �Mbr2`2/ b2p2`�H BKTQ`i�Mi [m2biBQMb T2`i�BMBM; iQ bm+? � b+�H�#BHBiv
�M�HvbBb- K�Mv +?�HH2M;2b �M/ QT2M [m2biBQMb `2K�BMX 6Q` BMbi�M+2-

Ç AM i?Bb /Bbb2`i�iBQM- r2 +QMbB/2`2/ i?2 +�b2 Q7 bT?2`B+�H /B2H2+i`B+ T�`iB+H2b i?�i +�`@
`B2/ +?�`;2 /Bbi`B#miBQMb QMHv QM i?2B` bm`7�+2bX � M�im`�H 2ti2MbBQM Bb iQ +QMbB/2`
T�`iB+H2b Q7 �`#Bi`�`v b?�T2 +�``vBM; pQHmK2i`B+ +?�`;2 /2MbBiB2b BM i?2B` BMi2`BQ`bX
�MQi?2` Q#pBQmb 2ti2MbBQM Bb iQ +QMbB/2` +�b2b BMpQHpBM; 2ti2`M�H 2H2+i`B+ }2H/bX

Ç h?2 �M�HvbBb T2`7Q`K2/ BM i?Bb /Bbb2`i�iBQM r�b HBKBi2/ iQ #QmM/�`v BMi2;`�H QT2`�@
iQ`b /2`Bp2/ 7`QK i?2 G�TH�+2 /Bz2`2MiB�H QT2`�iQ`X J�Mv 2H2+i`Qbi�iB+ T?2MQK2M�
Ub22- 2X;X- i?2 HBM2�`Bb2/ SQBbbQM@"QHixK�M KQ/2HV BMpQHp2 KQ`2 ;2M2`�H /Bz2`2MiB�H
QT2`�iQ`b �M/ �M Q#pBQmb M2ti bi2T Bb iQ 2ti2M/ Qm` �M�HvbBb iQ bm+? b2iiBM;bX

k98



RyX alJJ�_u �L. PlhGPPE

Ç a+�ii2`BM; T`Q#H2Kb 7Q` r�p2 T`QT�;�iBQM bQK2iBK2b +QMbBbi Q7 ;2QK2i`B+�H +QM@
};m`�iBQMb rBi? � H�`;2 MmK#2` Q7 Q#bi�+H2bX � KQ`2 +?�HH2M;BM; i�bF i?2`27Q`2
Bb iQ �ii2KTi �M 2ti2MbBQM Q7 Qm` �M�HvbBb iQ i?2 >2HK?QHix 2[m�iBQMX h?Bb Bb �
bB;MB}+�MiHv KQ`2 /B{+mHi mM/2`i�FBM; bBM+2 i?2 mM/2`HvBM; /Bz2`2MiB�H QT2`�iQ`
BM i?Bb +�b2 Bb BM/2}MBi2 bQ K�Mv Q7 i?2 +Q`2 BM;`2/B2Mib Q7 Qm` �M�HvbBb MQ HQM;2`
?QH/ �M/ �Hi2`M�iBp2 �TT`Q�+?2b Kmbi #2 +QMbB/2`2/X

AM i?2 b2+QM/ T�`i Q7 i?2 /Bbb2`i�iBQM U*?�Ti2`b e@3V- r2 T`2b2Mi2/ bQK2 `2bmHib QM
i?2 b+�H�#BHBiv �M�HvbBb Q7 i?2 T�`�HH2H a+?r�`x /QK�BM /2+QKTQbBiBQM K2i?Q/ USaJV 7Q`
;2QK2i`B+ +QM};m`�iBQMb r?2`2BM bm#/QK�BMb �`2 +QKTH2i2Hv 2K#2//2/ BM i?2 BMi2`BQ`
Q7 i?2 ;HQ#�H /QK�BM �M/ �M �`#Bi`�`v MmK#2` Q7 bm#/QK�BMb ?�p2 � +QKKQM Qp2`H�TX
Pm` K�BM +QMi`B#miBQM r�b iQ /2p2HQT � bvbi2K�iB+ 7`�K2rQ`F i?�i �HHQr2/ mb iQ #QmM/
i?2 MQ`K Q7 i?2 a+?r�`x Bi2`�iBQM QT2`�iQ` 7Q` bm+? ;2QK2i`B+�H +QM};m`�iBQMb �M/ iQ
2bi�#HBb? � b?�`T HQr2` #QmM/ QM i?2 MmK#2` Q7 SaJ Bi2`�iBQMb `2[mB`2/ iQ Q#b2`p2
i?2 }`bi BM}MBiv MQ`K +QMi`�+iBQM BM i?2 2``Q`X q?BH2 i?2 b+�H�#BHBiv T`QT2`iB2b Q7 i?2
T�`�HH2H a+?r�`x K2i?Q/ BM i?2 +H�bbB+�H b2iiBM;- BX2X- 7Q` � }t2/ +QKTmi�iBQM�H /QK�BM-
�`2 r2HH mM/2`biQQ/- Bi Bb H2bb +H2�` ?Qr i?2 SaJ b+�H2b 7Q` T`Q#H2Kb BM r?B+? #Qi? i?2
bBx2 Q7 i?2 ;HQ#�H /QK�BM �M/ i?2 MmK#2` Q7 bm#/QK�BMb Bb BM+`2�bBM;X h?2 }`bi �ii2KTi
�i �Mbr2`BM; i?Bb [m2biBQM r�b K�/2 #v *B�`�K2HH� �M/ :�M/2` BM � b2`B2b Q7 �`iB+H2b
(k3- kN- jy) #mi i?2B` �M�HvbBb r�b HBKBi2/ iQ +�b2b r?2`2 2�+? bm#/QK�BM BM i?2 /QK�BM
/2+QKTQbBiBQM ?�/ �++2bb iQ i?2 ;HQ#�H #QmM/�`v �M/ �i KQbi QMHv irQ bm#/QK�BMb
?�/ � +QKKQM Qp2`H�TX h?2 rQ`F r2 ?�p2 T`2b2Mi2/ BM S�`i AA Q7 i?Bb /Bbb2`i�iBQM Bb
i?2 }`bi �ii2KTi �i /2p2HQTBM; � bvbi2K�iB+ 7`�K2rQ`F iQ i�+FH2 i?2 ;2M2`�H +�b2- BX2X-
r?2M K�Mv bm#/QK�BMb BM i?2 /QK�BM /2+QKTQbBiBQM �`2 2K#2//2/ BM i?2 BMi2`BQ` Q7
i?2 ;HQ#�H /QK�BM �M/ �M �`#Bi`�`v MmK#2` Q7 bm#/QK�BMb +�M Qp2`H�TX L�im`�HHv- K�Mv
QT2M [m2biBQMb `2K�BM iQ #2 �Mbr2`2/,

Ç AM i?Bb /Bbb2`i�iBQM- r2 r2`2 �#H2 iQ Q#i�BM � #QmM/ QM i?2 MmK#2` Q7 SaJ Bi2`@
�iBQMb `2[mB`2/ iQ Q#b2`p2 �M BM}MBiv MQ`K +QMi`�+iBQM BM i?2 2``Q` #mi r2 r2`2
mM�#H2 iQ /2/m+2 T`2+Bb2 2biBK�i2b QM i?2 +QMi`�+iBQM 7�+iQ` Bib2H7X q?BH2 i?Bb Bb
�M 2ti`2K2Hv +?�HH2M;BM; i�bF- MmK2`B+�H 2tT2`BK2Mib BM/B+�i2 i?�i i?2 +QMi`�+iBQM
7�+iQ` Bb bi`QM;Hv /2T2M/2Mi QM i?2 T`Q#H2K ;2QK2i`vX q2 i?2`27Q`2 722H i?�i �
#2ii2` mM/2`bi�M/BM; Q7 i?2 b+�HBM; Q7 i?2 SaJ +�MMQi #2 Q#i�BM2/ mMH2bb i?2`2
�`2 [m�MiBi�iBp2 2biBK�i2b Q7 i?2 +QMi`�+iBQM 7�+iQ` bBKBH�` iQ i?Qb2 Q#i�BM2/ #v
*B�`�K2HH� �M/ :�M/2`X

Ç Pm` �M�HvbBb r�b HBKBi2/ iQ i?2 +�b2 Q7 i?2 G�TH�+2 2[m�iBQMX �M BKTQ`i�Mi i�bF Bb
iQ 2ti2M/ Qm` `2bmHib iQ i?2 +�b2 Q7 � ;2M2`�H �/p2+iBQMĜ`2�+iBQMĜ/BzmbBQM 2[m�iBQMX

AM i?2 i?B`/ T�`i Q7 i?Bb /Bbb2`i�iBQM U*?�Ti2` NV- r2 �M�Hvb2/ i?2 +QMiBMmBiv T`QT2`@
iB2b Q7 i?2 bQ@+�HH2/ _B2bx TQi2MiB�H QM TQHv;QM�H #QmM/�`B2b ∂ΩX Pm` K�BM +QMi`B#miBQM
r�b iQ T`Qp2 i?�i i?2 _2Bbx TQi2MiB�H 2ti2M/b �b � #QmM/2/ HBM2�` K�T 7`QK L2(∂Ω) iQ
H

1
2 (∂Ω)X am+? � +QMiBMmBiv 2biBK�i2 Bb r2HH FMQrM iQ ?QH/ QM ~�i bT�+2b- BX2X- QM Rn

�b r2HH �b QM bKQQi? bm`7�+2b #mi Qm` rQ`F ?2`2 Bb i?2 }`bi 2ti2MbBQM iQ TQHv;QM�H- �
T`BQ`B MQM@bKQQi? #QmM/�`B2b BM R2X 1[mBTT2/ rBi? i?Bb `2bmHi- Bi Bb TQbbB#H2 iQ /2pBb2
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� MQM@Qp2`H�TTBM; /QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` i?2 >2HK?QHix 2[m�iBQM BM irQ /B@
K2MbBQMb rBi? ;m�`�Mi22/ 2tTQM2MiB�H +QMp2`;2M+2 Ub22 (9y- 9R)VX �M BKTQ`i�Mi M2ti
bi2T Bb i?2`27Q`2 iQ Q#i�BM � bBKBH�` +QMiBMmBiv `2bmHi 7Q` i?2 _B2bx TQi2MiB�H QM TQHv?2@
/`�H #QmM/�`B2b BM i?`22 bT�iB�H /BK2MbBQMb- r?B+? Bb 2tT2+i2/ iQ #2 +QMbB/2`�#Hv KQ`2
i2+?MB+�HX
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(R) �;mHHQ- 1X- "`�K�b- "X- *QmH�m/- PX- .�`p2- 1X- J2bbM2`- JX � h�F�?�b?B- hX
UkyR9VX h�bF@#�b2/ 6JJ 7Q` KmHiB+Q`2 �`+?Bi2+im`2bX aA�J CQm`M�H QM a+B2MiB}+ *QKTmi@
BM;- je- eeĜNjX Rye

(k) �MiQBM2- sX- :2mx�BM2- *X � _�K/�MB- FX UkyRyVX *QKTmi�iBQM�H J2i?Q/b 7Q` JmHiBTH2
a+�ii2`BM; �i >B;? 6`2[m2M+v rBi? �TTHB+�iBQMb iQ S2`BQ/B+ ai`m+im`2b *�H+mH�iBQMb- djĜRy3X
"2Mi?�K a+B2M+2 Sm#HBb?BM;X 9d

(j) �TT2H- �XqX URN38VX �M 2{+B2Mi T`Q;`�K 7Q` K�Mv@#Q/v bBKmH�iBQMX aA�J CQm`M�H QM
a+B2MiB}+ �M/ ai�iBbiB+�H *QKTmiBM;- e- 38ĜRyjX jj

(9) �iFBMbQM- EX1X URNedVX h?2 MmK2`B+�H bQHmiBQM Q7 6`2/?QHK BMi2;`�H 2[m�iBQMb Q7 i?2
b2+QM/ FBM/X aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- 9X 9d- dN- 3R

(8) �iFBMbQM- EX1X URNdkVX h?2 MmK2`B+�H bQHmiBQM Q7 6`2/?QHK BMi2;`�H 2[m�iBQMb Q7 i?2
b2+QM/ FBM/ rBi? bBM;mH�` F2`M2HbX LmK2`Bb+?2 J�i?2K�iBF- RN- k93Ĝk8NX 9d

(e) �iFBMbQM- EX1X URNNdVX h?2 MmK2`B+�H bQHmiBQM Q7 BMi2;`�H 2[m�iBQMb Q7 i?2 b2+QM/ FBM/-
pQHX 9 Q7 *�K#`B/;2 JQMQ;`�T?b QM �TTHB2/ �M/ *QKTmi�iBQM�H J�i?2K�iB+bX *�K#`B/;2
lMBp2`bBiv S`2bb- *�K#`B/;2X 9d

(d) �iFBMbQM- EX1X � >�M- qX UkyyNVX h?2Q`2iB+�H MmK2`B+�H �M�HvbBb- pQHX jN Q7 h2tib BM
�TTHB2/ J�i?2K�iB+bX aT`BM;2`- .Q`/`2+?i- j`/ 2/MX k9- kd- 9k- 9d

(3) �tH2`- aX- "Qm`/QM- SX � _�K2v- qX UkyyRVX >�`KQMB+ 7mM+iBQM i?2Q`v- pQHX Rjd Q7
:`�/m�i2 h2tib BM J�i?2K�iB+bX aT`BM;2`@o2`H�;- L2r uQ`F- kM/ 2/MX RjR

(N) "�`M2b- CX � >mi- SX URN3eVX � ?B2`�`+?B+�H P UL HQ; LV 7Q`+2@+�H+mH�iBQM �H;Q`Bi?KX
L�im`2- jk9- 99eX jj

(Ry) "�``Qb- EX � GmBDi2M- 1X UkyR9VX .B2H2+i`B+ 2z2+ib BM i?2 b2H7@�bb2K#Hv Q7 #BM�`v +QHHQB/�H
�;;`2;�i2bX S?vbB+�H _2pB2r G2ii2`b- RRj- yRd3yRX jj

(RR) "�``Qb- EX- aBMFQpBib- .X � GmBDi2M- 1X UkyR9VX 1{+B2Mi �M/ �++m`�i2 bBKmH�iBQM Q7
/vM�KB+ /B2H2+i`B+ Q#D2+ibX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- R9y- ye9NyjX j9

(Rk) "�`iH2ii- SX � *�KT#2HH- �XAX Ukyy8VX h?`22@/BK2MbBQM�H #BM�`v bmT2`H�iiB+2b Q7 QT@
TQbBi2Hv +?�`;2/ +QHHQB/bX S?vbB+�H _2pB2r G2ii2`b- N8- Rk3jykX jj

(Rj) "�`iH2ii- _XCX � ai�MiQM- CX6X UkyydVX �TTHB+�iBQMb Q7 SQbi@>�`i`22Ĝ6Q+F K2i?Q/b,
� imiQ`B�H- e8ĜReNX CQ?M qBH2v � aQMb- Gi/X R8j
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(R9) "H�M+?�`/- SX- "`�K�b- "X- *QmH�m/- PX- .�`p2- 1X- .mTmv- GX- 1i+?2p2``v-
�X � avHp�M/- :X UkyR8VX a+�H6JJ, � ;2M2`B+ T�`�HH2H 7�bi KmHiBTQH2 HB#`�`vX AM aA�J
*QM72`2M+2 QM *QKTmi�iBQM�H a+B2M+2 �M/ 1M;BM22`BM; UaA�J *a1VX Rye- R99

(R8) "Q�i2M;- >X�X � E`�bMv- _X UkyRjVX *QKT�`BbQM Q7 i`22+Q/2b 7Q` +QKTmiBM; 2H2+i`Q@
bi�iB+ TQi2MiB�Hb BM +?�`;2/ T�`iB+H2 bvbi2Kb rBi? /BbDQBMi i�`;2ib �M/ bQm`+2bX CQm`M�H Q7
*QKTmi�iBQM�H *?2KBbi`v- j9- kR8NĜkRedX jj

(Re) "QH2b- JX�X � h�H�TBM- .XoX UkyR8VX J�Mv@#Q/v 2z2+ib BM M�MQ+`vbi�H bmT2`H�iiB+2b,
.2T�`im`2 7`QK bT?2`2 T�+FBM; 2tTH�BMb bi�#BHBiv Q7 #BM�`v T?�b2bX CQm`M�H Q7 i?2 �K2`B+�M
*?2KB+�H aQ+B2iv- Rjd- 99N9Ĝ98ykX jj- j9

(Rd) "Q`M- JX � CQ`/�M- SX URNk8VX wm` Zm�Mi2MK2+?�MBFX w2Bib+?`B7i 7Ƀ` S?vbBF- j9- 383Ĝ
333X R8j

(R3) "Q`M- JX- >2Bb2M#2`;- qX � CQ`/�M- SX URNkeVX wm` Zm�Mi2MK2+?�MBFX AAX w2Bib+?`B7i
7Ƀ` S?vbBF- j8- 88dĜeR8X R8j

(RN) "Q`bmF- JX � EQM/`�iB2p- oX UkyyeVX 1HHBTiB+ #QmM/�`v p�Hm2 T`Q#H2Kb Q7 b2+QM/ Q`/2`
BM TB2+2rBb2 bKQQi? /QK�BMb- pQHX eN Q7 LQ`i?@>QHH�M/ J�i?2K�iB+�H GB#`�`vX 1Hb2pB2`
a+B2M+2 "XoX- �Kbi2`/�KX kkR

(ky) "Qm#2M/B`- uX- �MiQBM2- sX � :2mx�BM2- *X UkyRkVX � [m�bB@QTiBK�H MQM@Qp2`H�TTBM;
/QK�BM /2+QKTQbBiBQM �H;Q`Bi?K 7Q` i?2 >2HK?QHix 2[m�iBQMX CQm`M�H Q7 *QKTmi�iBQM�H
S?vbB+b- kjR- kekĜk3yX kRd- kR3

(kR) "`2xBb- >X UkyRyVX 6mM+iBQM�H �M�HvbBb- aQ#QH2p bT�+2b �M/ T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX
aT`BM;2`@o2`H�; L2r uQ`FX R9- 8k

(kk) *�M+Đb- 1X- J2MMm++B- "X � hQK�bB- CX URNNdVX � M2r BMi2;`�H 2[m�iBQM 7Q`K�HBbK
7Q` i?2 TQH�`Bx�#H2 +QMiBMmmK KQ/2H, h?2Q`2iB+�H #�+F;`QmM/ �M/ �TTHB+�iBQMb iQ BbQi`QTB+
�M/ �MBbQi`QTB+ /B2H2+i`B+bX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- Ryd- jyjkĜjy9RX R89- R8d-
R83

(kj) *�M+Đb- 1X- J�/�v- uX � ai�KK- "X UkyRjVX .QK�BM /2+QKTQbBiBQM 7Q` BKTHB+Bi bQH@
p�iBQM KQ/2HbX CQm`M�H Q7 *?2KB+�H S?vbB+b- RjN- y89RRRX R83- Rej- Re9- Re8- Ree- kRy-
kRR

(k9) *?�M- hX6X � J�i?2r- hXSX URNN9VX .QK�BM /2+QKTQbBiBQM �H;Q`Bi?KbX �+i� LmK2`B+�-
j- eRĜR9jX Rey

(k8) *?�Qm[mB- 6X- *B�`�K2HH�- :X- :�M/2`- JXCX � o�Mx�M- hX UkyR3VX PM i?2 b+�H�#BH@
Biv Q7 +H�bbB+�H QM2@H2p2H /QK�BM@/2+QKTQbBiBQM K2i?Q/bX oB2iM�K CQm`M�H Q7 J�i?2K�iB+b-
9e- Ry8jĜRy33X ReR- Re8- Ree- ReN- RNd

(ke) *?2M;- >X- :`22M;�`/- GX � _QF?HBM- oX URNNNVX � 7�bi �/�TiBp2 KmHiBTQH2 �H;Q`Bi?K
BM i?`22 /BK2MbBQMbX CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- R88- 9e3Ĝ9N3X jj

(kd) *?BTK�M- .XJX UkyyyVX _2�+iBQM }2H/ i`2�iK2Mi Q7 +?�`;2 T2M2i`�iBQMX h?2 CQm`M�H Q7
*?2KB+�H S?vbB+b- RRk- 8883Ĝ88e8X R8d

(k3) *B�`�K2HH�- :X � :�M/2`- JXCX UkyRdVX �M�HvbBb Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ 7Q`
;`QrBM; +?�BMb Q7 }t2/@bBx2/ bm#/QK�BMb, S�`i AX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb-
88- RjjyĜRj8eX Re8- ReN- RN9- RNd- ky8- k9e
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(kN) *B�`�K2HH�- :X � :�M/2`- JXCX UkyR3VX �M�HvbBb Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ 7Q`
;`QrBM; +?�BMb Q7 }t2/@bBx2/ bm#/QK�BMb, S�`i AA X aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb-
8e UjV- R9N3ĜR8k9X Re8- R3d- RNk- RN9- RNd- RN3- kyk- ky8- k9e

(jy) *B�`�K2HH�- :X � :�M/2`- JXCX UkyR3VX �M�HvbBb Q7 i?2 T�`�HH2H a+?r�`x K2i?Q/ 7Q`
;`QrBM; +?�BMb Q7 }t2/@bBx2/ bm#/QK�BMb, S�`i AAA X 1H2+i`QMB+ h`�Mb�+iBQMb QM LmK2`B+�H
�M�HvbBb- 9N- kyRĜk9jX ReR- Re8- RNd- RN3- ky8- k9e

(jR) *B�`�K2HH�- :X � >ƴ72`- _X UkyRNVX LQM@;2QK2i`B+ +QMp2`;2M+2 Q7 i?2 +H�bbB+�H �Hi2`@
M�iBM; a+?r�`x K2i?Q/X iQ �TT2�` BM S`Q+22/BM;b Q7 i?2 k8i? AMi2`M�iBQM�H *QM72`2M+2 QM
.QK�BM .2+QKTQbBiBQM J2i?Q/b- aiX CQ?MǶb- *�M�/�X ky9

(jk) *B�`�K2HH�- :X- >�bb�M- JX � ai�KK- "X UkyRNVX PM i?2 b+�H�#BHBiv Q7 i?2 T�`�HH2H
a+?r�`x K2i?Q/ BM QM2@/BK2MbBQMX iQ �TT2�` BM i?2 S`Q+22/BM;b Q7 i?2 k8i? AMi2`M�iBQM�H
*QM72`2M+2 QM .QK�BM .2+QKTQbBiBQM J2i?Q/b- aiX CQ?MǶb- *�M�/�- �`sBp,RNRkXRyNdRX Red

(jj) *B�`�K2HH�- :X- >�bb�M- JX � ai�KK- "X UkykyVX PM i?2 b+�H�#BHBiv Q7 i?2 a+?r�`x
K2i?Q/X aJ�A DQm`M�H Q7 *QKTmi�iBQM�H J�i?2K�iB+b- e- jjĜe3X Red

(j9) *H�2vb- sX UkyRRVX � bBM;H2 i`�+2 BMi2;`�H 7Q`KmH�iBQM Q7 i?2 b2+QM/ FBM/ 7Q` �+QmbiB+
b+�ii2`BM;X h2+?X _2TX kyRR@R9- 1h>- a2KBM�` Q7 �TTHB2/ J�i?2K�iB+b _2b2�`+?X 9d

(j8) *H�2vb- sX � >BTiK�B`- _X UkyRjVX JmHiB@i`�+2 #QmM/�`v BMi2;`�H 7Q`KmH�iBQM 7Q` �+Qmb@
iB+ b+�ii2`BM; #v +QKTQbBi2 bi`m+im`2bX *QKKmMB+�iBQMb QM Sm`2 �M/ �TTHB2/ J�i?2K�iB+b-
ee- RRejĜRkyRX 9d

(je) *H�2vb- sX- >BTiK�B`- _X- C2`2x@>�M+F2b- *X � SBMi�`2HHB- aX UkyR9VX LQp2H KmHiB@
i`�+2 #QmM/�`v BMi2;`�H 2[m�iBQMb 7Q` i`�MbKBbbBQM #QmM/�`v p�Hm2 T`Q#H2KbX AM �X 6QF�b
� "X S2HHQMB- 2/bX- lMB}2/ h`�Mb7Q`K 7Q` "QmM/�`v o�Hm2 S`Q#H2Kb- +?�TX d- kkdĜk83-
aQ+B2iv 7Q` AM/mbi`B�H �M/ �TTHB2/ J�i?2K�iB+b- S?BH�/2HT?B�- S�X 9d

(jd) *H�2vb- sX- >BTiK�B`- _X � aTBM/H2`- 1X UkyR8VX � b2+QM/@FBM/ :�H2`FBM #QmM/�`v
2H2K2Mi K2i?Q/ 7Q` b+�ii2`BM; �i +QKTQbBi2 Q#D2+ibX "AhX LmK2`B+�H J�i?2K�iB+b- 88-
jjĜ8dX 9d

(j3) *H�2vb- sX- >BTiK�B`- _X � aTBM/H2`- 1X UkyRdVX a2+QM/ FBM/ #QmM/�`v BMi2;`�H
2[m�iBQM 7Q` KmHiB@bm#/QK�BM /BzmbBQM T`Q#H2KbX �/p�M+2b BM *QKTmi�iBQM�H J�i?2K�iB+b-
9j- Ryd8ĜRRyRX 9d

(jN) *H2`+t- >XCX>X � "QbbBb- :X URNNjVX J�Mv@#Q/v 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM 2H2+i`Q`?2@
QHQ;B+�H ~mB/bX S?vbB+�H _2pB2r 1- 93- kdkRĜkdj3X j9

(9y) *QHHBMQ- 6X- :?�M2KB- aX � CQHv- SX UkyyyVX .QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` ?�`@
KQMB+ r�p2 T`QT�;�iBQM, � ;2M2`�H T`2b2Mi�iBQMX *QKTmi2` K2i?Q/b BM �TTHB2/ K2+?�MB+b
�M/ 2M;BM22`BM;- R39- RdRĜkRRX kRd- kR3- kRN- k9j- k99- k9d

(9R) *QHHBMQ- 6X- CQHv- SX � G2+Qmp2x- JX UkyRNVX 1tTQM2MiB�HHv +QMp2`;2Mi MQM Qp2`H�T@
TBM; /QK�BM /2+QKTQbBiBQM K2i?Q/b 7Q` i?2 >2HK?QHix 2[m�iBQMX 1a�AJ, J�i?2K�iB+�H
JQ/2HHBM; �M/ LmK2`B+�H �M�HvbBb- 6Q`i?+QKBM; �`iB+H2X kky- k99- k9d

(9k) *Q`QM�- 1X � o22`�T�M2MB- aX UkyR3VX "QmM/�`v BMi2;`�H 2[m�iBQM �M�HvbBb 7Q` bmbT2M@
bBQM Q7 bT?2`2b BM aiQF2b ~QrX CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- jek- jkdĜj98X Rj9

(9j) *Qbi�#2H- JX UkyydVX aQK2 ?BbiQ`B+�H `2K�`Fb QM i?2 TQbBiBpBiv Q7 #QmM/�`v BMi2;`�H QT2`@
�iQ`bX AM "QmM/�`v 2H2K2Mi �M�HvbBb- pQHX kN Q7 G2+im`2 LQi2b BM �TTHB2/ �M/ *QKTmi�iBQM�H
J2+?�MB+b- RĜkd- aT`BM;2`- "2`HBMX 93
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(99) *Qbi�#2H- JX � ai2T?�M- 1X URN38VX "QmM/�`v BMi2;`�H 2[m�iBQMb 7Q` KBt2/ #QmM/�`v
p�Hm2 T`Q#H2Kb BM TQHv;QM�H /QK�BMb �M/ ;�H2`FBM �TT`QtBK�iBQMX J�i?2K�iB+�H KQ/2Hb
�M/ K2i?Q/b BM K2+?�MB+b- "�M�+? *2Mi2` Sm#HB+�iBQMb- oQHmK2 R8- Rd8Ĝk8RX kky- kkR-
kjR- k9k

(98) *Qbi�#2H- JX � ai2T?�M- 1X URN38VX � /B`2+i #QmM/�`v BMi2;`�H 2[m�iBQM K2i?Q/ 7Q`
i`�MbKBbbBQM T`Q#H2KbX CQm`M�H Q7 J�i?2K�iB+�H �M�HvbBb �M/ �TTHB+�iBQMb- Rye- jedĜ9RjX
9d

(9e) *`�K2`- *XCX � h`m?H�`- .X:X Ukyy3VX � mMBp2`b�H �TT`Q�+? iQ bQHp�iBQM KQ/2HBM;X
�++QmMib Q7 *?2KB+�H _2b2�`+?- 9R- deyĜde3X R89

(9d) .�?B`2H- oX- C�`/�i- JX- .m7`ü+?2- CX6X � hm`[- SX UkyydVX L2r +Q�`b2@;`�BMBM;
T`Q+2/m`2 7Q` i?2 /vM�KB+b Q7 +?�`;2/ bT?2`B+�H M�MQT�`iB+H2b BM bQHmiBQMX h?2 CQm`M�H Q7
*?2KB+�H S?vbB+b- Rke- RR9Ry3X j9

(93) .2?M2M- qX UkyyyVX � p2`v 7�bi �M/ KQK2MimK@+QMb2`pBM; i`22 +Q/2X h?2 �bi`QT?vbB+�H
CQm`M�H G2ii2`b- 8je- GjNĜG9kX jj

(9N) .2bT`öb- "X URNNRVX Jûi?Q/2b /2 /û+QKTQbBiBQM /2 /QK�BM2 TQm` H2b T`Q#HĕK2b /2 T`QT�;�@
iBQM /ǶQM/2b 2M `û;BK2 ?�`KQMB[m2X G2 i?ûQ`ĕK2 /2 "Q`; TQm` HǶû[m�iBQM /2 >BHH p2+iQ`B2HH2X
S?X.X i?2bBb- lMBp2`bBiû /2 S�`Bb As U.�mT?BM2V- S�`Bb- i?ĕb2X Rey- kRd- kR3- k9j

(8y) .B L2xx�- 1X- S�H�im++B- :X � o�H/BMQ+B- 1X UkyRkVX >Bi+??BF2`Ƕb ;mB/2 iQ i?2 7`�+@
iBQM�H aQ#QH2p bT�+2bX "mHH2iBM /2b a+B2M+2b J�i?ûK�iB[m2b- Rje- 8kRĜ8djX R9- 89- kjR

(8R) .B`�+- SX URN3RVX h?2 T`BM+BTH2b Q7 [m�MimK K2+?�MB+bX LQX kd BM h?2 AMi2`M�iBQM�H b2`B2b
Q7 KQMQ;`�T?b QM T?vbB+b- Pt7Q`/ lMBp2`bBiv S`2bb- AM+X- L2r uQ`F- 9i? 2/MX R8j

(8k) .Q#MBF�`- CX- *?2M- uX- _x2?�F- _X � oQM :`ȽM#2`;- >X UkyykVX J�Mv@#Q/v
BMi2`�+iBQMb BM +QHHQB/�H bmbT2MbBQMbX CQm`M�H Q7 S?vbB+b, *QM/2Mb2/ J�ii2`- R8- akejĜ
ake3X jj

(8j) .Q2``- hXSX � um- uXEX UkyyeVX 1H2+i`Qbi�iB+b Q7 +?�`;2/ /B2H2+i`B+ bT?2`2b rBi? �TTHB@
+�iBQM iQ #BQHQ;B+�H bvbi2KbX S?vbB+�H _2pB2r 1- djX jj

(89) .QH2�M- oX- CQHBp2i- SX � L�i�7- 6X UkyR8VX �M BMi`Q/m+iBQM iQ /QK�BM /2+QKTQbBiBQM
K2i?Q/b, �H;Q`Bi?Kb- i?2Q`v- �M/ T�`�HH2H BKTH2K2Mi�iBQM- pQHX R99X aA�J- S?BH�/2HT?B�-
S�X Rey

(88) .m`2M- SXGX URNdyVX h?2Q`v Q7 Hp bT�+2bX L2r uQ`F �M/ GQM/QM, �+�/2KB+ S`2bbX kk3

(8e) 1+?2MB[m2- SX � �HQMbQ- CXGX UkyydVX � K�i?2K�iB+�H �M/ +QKTmi�iBQM�H `2pB2r Q7
>�`i`22Ĝ6Q+F a*6 K2i?Q/b BM [m�MimK +?2KBbi`vX JQH2+mH�` S?vbB+b- Ry8- jy8dĜjyN3X
R8j

(8d) 17bi�i?BQm- :X- .�pBb- JX- q?Bi2- aX.X � 6`2MF- *XaX URN38VX LmK2`B+�H i2+?MB[m2b
7Q` H�`;2 +QbKQHQ;B+�H L@#Q/v bBKmH�iBQMbX h?2 �bi`QT?vbB+�H CQm`M�H amTTH2K2Mi a2`B2b-
8d- k9RĜkeyX jj

(83) 1B2`K�MM- JX � 1`Mbi- PX UkyyRVX :2QK2i`B+ �bT2+ib Q7 i?2 i?2Q`v Q7 E`vHQp bm#bT�+2
K2i?Q/bX �+i� LmK2`B+�- Ry- k8RĜjRkX 3N

(8N) 1Bb2Mbi�i- aX- 1HK�M- >X � a+?mHix- JX URN3jVX o�`B�iBQM�H Bi2`�iBp2 K2i?Q/b 7Q`
MQMbvKK2i`B+ bvbi2Kb Q7 HBM2�` 2[m�iBQMbX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- ky- j98Ĝ
j8dX 3N
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(ey) 1Di2?�/B- JX_X- �p�HH- aXSX � SHQiFBM- aXaX Ukyy9VX h?`22@#Q/v BMi2`�+iBQMb BKT`Qp2
i?2 T`2/B+iBQM Q7 `�i2 �M/ K2+?�MBbK BM T`Qi2BM 7QH/BM; KQ/2HbX S`Q+22/BM;b Q7 i?2 L�iBQM�H
�+�/2Kv Q7 a+B2M+2b- RyR- R8y33ĜR8yNjX jj

(eR) 1HK�M- >X URN3kVX Ai2`�iBp2 K2i?Q/b 7Q` H�`;2- bT�`b2- MQMbvKK2i`B+ bvbi2Kb Q7 HBM2�`
2[m�iBQMbX S?X.X i?2bBb- u�H2 lMBp2`bBiv L2r >�p2M- *QMMX 3N

(ek) 1Hb+?M2`- CX URNNkVX h?2 /Qm#H2 H�v2` TQi2MiB�H QT2`�iQ` Qp2` TQHv?2/`�H /QK�BMbX AX
aQHp�#BHBiv BM r2B;?i2/ aQ#QH2p bT�+2bX �TTHB+�#H2 �M�HvbBbX �M AMi2`M�iBQM�H CQm`M�H- 98-
RRdĜRj9X 9d- 93

(ej) 1Hb+?M2`- CX URNNkVX h?2 /Qm#H2 H�v2` TQi2MiB�H QT2`�iQ` Qp2` TQHv?2/`�H /QK�BMbX AAX
aTHBM2 :�H2`FBM K2i?Q/bX J�i?2K�iB+�H J2i?Q/b BM i?2 �TTHB2/ a+B2M+2b- R8- kjĜjdX 9d

(e9) 1p�Mb- GX*X UkyRyVX S�`iB�H /Bz2`2MiB�H 2[m�iBQMb- pQHX RN Q7 :`�/m�i2 aim/B2b BM J�i?2@
K�iB+bX �K2`B+�M J�i?2K�iB+�H aQ+B2iv- S`QpB/2M+2- _?Q/2 AbH�M/- j`/ 2/MX R9

(e8) 6�#2b- 1X"X- CQ/2Bi- JX � _BpBĐ`2- LXJX URNd3VX SQi2MiB�H i2+?MB[m2b 7Q` #QmM/�`v
p�Hm2 T`Q#H2Kb QM C1@/QK�BMbX �+i� J�i?2K�iB+�- R9R- Re8ĜR3eX 93- eR

(ee) 62vMK�M- _XSX- G2B;?iQM- _X"X � a�M/b- JX URNe9VX h?2 62vMK�M H2+im`2b QM T?vbB+bX
oQHX k, J�BMHv 2H2+i`QK�;M2iBbK �M/ K�ii2`X �//BbQM@q2bH2v Sm#HBb?BM; *QX- AM+X- _2�/@
BM;- J�bbX@GQM/QMX d- RRe

(ed) 6Bb+?2`- "X UkyRRVX SQHvMQKB�H #�b2/ Bi2`�iBQM K2i?Q/b 7Q` bvKK2i`B+ HBM2�` bvbi2KbX
aQ+B2iv 7Q` AM/mbi`B�H �M/ �TTHB2/ J�i?2K�iB+bX 3N- Ne

(e3) 6QHH�M/- :X"X URNN8VX AMi`Q/m+iBQM iQ T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX S`BM+2iQM lMBp2`bBiv
S`2bb- S`BM+2iQM- LC- kM/ 2/MX R9- ek- Rjy- Rek

(eN) 6QmHF2b- qXJX- JBi�b- GX- L22/b- _XCX � _�D�;QT�H- :X UkyyRVX Zm�MimK KQMi2
+�`HQ bBKmH�iBQMb Q7 bQHB/bX _2pB2rb Q7 JQ/2`M S?vbB+b- dj- jjĜ3jX R8j

(dy) 6`22/- EX6X UkyR9VX S2`im`#�iBp2 K�Mv@#Q/v 2tT�MbBQM 7Q` 2H2+i`Qbi�iB+ 2M2`;v �M/ }2H/
7Q` bvbi2K Q7 TQH�`Bx�#H2 +?�`;2/ bT?2`B+�H BQMb BM � /B2H2+i`B+ K2/BmKX h?2 CQm`M�H Q7
*?2KB+�H S?vbB+b- R9R- yj9RR8X j9

(dR) :�M/2`- JXCX UkyyeVX PTiBKBx2/ a+?r�`x K2i?Q/bX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb-
99- eNNĜdjRX Rey

(dk) :�M/2`- JXCX Ukyy3VX a+?r�`x K2i?Q/b Qp2` i?2 +Qm`b2 Q7 iBK2X 1H2+i`QMB+ h`�Mb�+iBQMb
QM LmK2`B+�H �M�HvbBb- jR- kk3Ĝk88X R83- Rey- kyd- kRd- k9j

(dj) :�M/2`- JXCX UkyRNVX .Q2b i?2 T�`iBiBQM Q7 mMBiv BM~m2M+2 i?2 +QMp2`;2M+2 Q7 a+?r�`x
K2i?Q/b\ iQ �TT2�` BM S`Q+22/BM;b Q7 i?2 k8i? AMi2`M�iBQM�H *QM72`2M+2 QM .QK�BM .2@
+QKTQbBiBQM J2i?Q/b- aiX CQ?MǶb- *�M�/�X kyN

(d9) :�M/2`- JXCX � w?�Q- >X UkyykVX Pp2`H�TTBM; a+?r�`x r�p27Q`K `2H�t�iBQM 7Q` i?2
?2�i 2[m�iBQM BM L /BK2MbBQMbX "Ah LmK2`B+�H J�i?2K�iB+b- 9k- ddNĜdN8X Rey- Ree- Red-
RdR

(d8) :�M/2`- JXCX- >�HT2`M- GX � L�i�7- 6X UkyyyVX PTiBKBx2/ a+?r�`x J2i?Q/b- R8ĜkdX
Rki? AMi2`M�iBQM�H *QM72`2M+2 QM .QK�BM .2+QKTQbBiBQM J2i?Q/b- aT`BM;2` AMi2`M�iBQM�H
Sm#HBb?BM;- B., mMB;2,3k38X Rey
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(de) :�M/2`- JXCX- J�;QmH2b- 6X � L�i�7- 6X UkyykVX PTiBKBx2/ a+?r�`x K2i?Q/b rBi?Qmi
Qp2`H�T 7Q` i?2 >2HK?QHix 2[m�iBQMX aA�J CQm`M�H QM a+B2MiB}+ *QKTmiBM;- k9- j3ĜeyX Rey-
kRd- kR3

(dd) :�M2b?- JX � >�rFBMb- aX UkyyNVX � ?B;?@Q`/2` �H;Q`Bi?K 7Q` KmHiBTH2 2H2+i`QK�;M2iB+
b+�ii2`BM; BM i?`22 /BK2MbBQMbX LmK2`B+�H �H;Q`Bi?Kb- 8y- 9eNX 9d

(d3) :�M2b?- JX � >�rFBMb- aX UkyRRVX �M 2{+B2Mi �H;Q`Bi?K 7Q` bBKmH�iBM; b+�ii2`BM; #v �
H�`;2 MmK#2` Q7 irQ /BK2MbBQM�H T�`iB+H2bX �LwA�J CQm`M�HX 1H2+i`QMB+ amTTH2K2Mi- 8k-
RjNĜR88X 9d

(dN) :�b[m2i- *X � qBiQKbFB- SX URNNNVX 6Qm`B2` �M�HvbBb �M/ �TTHB+�iBQMbX 6BHi2`BM;- Mm@
K2`B+�H +QKTmi�iBQM- r�p2H2ibX h`�MbH�i2/ 7`QK i?2 6`2M+? #v _X _v�MX- pQHX jyX L2r uQ`F-
Lu, aT`BM;2`X kjR

(3y) :�iiQ- SX- GBTT�`BMB- 6X � ai�KK- "X UkyRdVX *QKTmi�iBQM Q7 7Q`+2b �`BbBM; 7`QK i?2
TQH�`Bx�#H2 +QMiBMmmK KQ/2H rBi?BM i?2 /QK�BM@/2+QKTQbBiBQM T�`�/B;KX h?2 CQm`M�H Q7
*?2KB+�H S?vbB+b- R9d- kk9Ry3X RRe- Rej

(3R) :2M;- qX � E`�bMv- _X UkyRjVX � i`22+Q/2@�++2H2`�i2/ #QmM/�`v BMi2;`�H SQBbbQMĜ
"QHixK�MM bQHp2` 7Q` 2H2+i`Qbi�iB+b Q7 bQHp�i2/ #BQKQH2+mH2bX CQm`M�H Q7 *QKTmi�iBQM�H
S?vbB+b- k9d- ekĜd3X jj

(3k) :BH#�`;- .X � h`m/BM;2`- LXaX UkyyRVX 1HHBTiB+ T�`iB�H /Bz2`2MiB�H 2[m�iBQMb Q7 b2+QM/
Q`/2`X *H�bbB+b BM J�i?2K�iB+b- aT`BM;2`@o2`H�;- "2`HBM- `2T`BMi Q7 i?2 RNN3 2/BiBQMX R9

(3j) :BHbQM- JXEX- .�pBb- JX1X- Gmiv- "X�X � J+*�KKQM- CX�X URNNjVX *QKTmi�iBQM
Q7 2H2+i`Qbi�iB+ 7Q`+2b QM bQHp�i2/ KQH2+mH2b mbBM; i?2 SQBbbQM@"QHixK�MM 2[m�iBQMX h?2
CQm`M�H Q7 S?vbB+�H *?2KBbi`v- Nd- j8NRĜjeyyX RRe

(39) :`22M#�mK- �X URNNdVX Ai2`�iBp2 K2i?Q/b 7Q` bQHpBM; HBM2�` bvbi2Kb- pQHX Rd Q7 6`QMiB2`b
BM �TTHB2/ J�i?2K�iB+bX aQ+B2iv 7Q` AM/mbi`B�H �M/ �TTHB2/ J�i?2K�iB+b UaA�JV- S?BH�/2H@
T?B�- S�X Ne

(38) :`22M;�`/- GX URN33VX h?2 `�TB/ 2p�Hm�iBQM Q7 TQi2MiB�H }2H/b BM T�`iB+H2 bvbi2KbX �*J
.BbiBM;mBb?2/ .Bbb2`i�iBQMb- JAh S`2bb- *�K#`B/;2- J�X jj

(3e) :`22M;�`/- GX URNNyVX h?2 MmK2`B+�H bQHmiBQM Q7 i?2 L@#Q/v T`Q#H2KX *QKTmi2`b BM
S?vbB+b- 9- R9kĜR8kX jj

(3d) :`22M;�`/- GX � _QF?HBM- oX URN3dVX � 7�bi �H;Q`Bi?K 7Q` T�`iB+H2 bBKmH�iBQMbX CQm`M�H
Q7 *QKTmi�iBQM�H S?vbB+b- dj- jk8Ĝj93X jj- ek- Ry8

(33) :`B77Bi?b- .XCX UkyRdVX AMi`Q/m+iBQM iQ 1H2+i`Q/vM�KB+bX *�K#`B/;2 lMBp2`bBiv S`2bb- 9i?
2/MX RRe

(3N) :`Bbp�`/- SX URNedVX *�`�+iû`Bb�iBQM /2 [m2H[m2b 2bT�+2b /ǶBMi2`TQH�iBQMX �`+?Bp2 7Q`
_�iBQM�H J2+?�MB+b �M/ �M�HvbBb- k8- 9yĜejX k9k

(Ny) :`Bbp�`/- SX UkyRRVX 1HHBTiB+ S`Q#H2Kb BM LQMbKQQi? .QK�BMbX aQ+B2iv 7Q` AM/mbi`B�H �M/
�TTHB2/ J�i?2K�iB+bX kkR

(NR) :`xv#QrbFB- "X�X- qBMFH2K�M- �X- qBH2b- CX�X- "`mK2`- uX � q?Bi2bB/2b- :XJX
UkyyjVX 1H2+i`Qbi�iB+ b2H7@�bb2K#Hv Q7 K�+`Qb+QTB+ +`vbi�Hb mbBM; +QMi�+i 2H2+i`B}+�iBQMX L�@
im`2 J�i2`B�Hb- k- k9RX jj- jN
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(Nk) :m#2`M�iBb- CX- E�r�b?BK�- LX � q2`M2`- SX UkyReVX Zm�MimK JQMi2 *�`HQ J2i?@
Q/b, �H;Q`Bi?Kb 7Q` G�iiB+2 JQ/2HbX *�K#`B/;2 lMBp2`bBiv S`2bbX R8j

(Nj) >�B#BM;- qX � CBDmM- GX UkyRjVX PM /2+QKTQbBiBQM K2i?Q/ 7Q` �+QmbiB+ r�p2 b+�ii2`BM;
#v KmHiBTH2 Q#bi�+H2bX �+i� J�i?2K�iB+� a+B2MiB�X a2`B2b "X 1M;HBb? 1/BiBQM- jj- RĜkkX 9d

(N9) >�`#`2+?i- >X- q2M/H�M/- qXGX � wQ`BB- LX UkyRkVX PM _B2bx KBMBK�H 2M2`;v
T`Q#H2KbX CQm`M�H Q7 J�i?2K�iB+�H �M�HvbBb �M/ �TTHB+�iBQMb- jNj- jNdĜ9RkX kkk

(N8) >�`#`2+?i- >X- q2M/H�M/- qX � wQ`BB- LX UkyR9VX _B2bx KBMBK�H 2M2`;v T`Q#H2Kb
QM Ck−1,1@K�MB7QH/bX J�i?2K�iBb+?2 L�+?`B+?i2M- k3d- 93ĜeNX kkk

(Ne) >�bb�M- JX � ai�KK- "X UkyRNVX �M BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM Q7 i?2 N @#Q/v
/B2H2+i`B+ bT?2`2b T`Q#H2KX S�`i A, LmK2`B+�H �M�HvbBbX iQ �TT2�` BM 1a�AJ,Jk�L-
�`sBp,RNykXyRjR8X je- 8j

(Nd) >�bb�M- JX � ai�KK- "X UkyRNVX �M BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM Q7 i?2 N @#Q/v /B@
2H2+i`B+ bT?2`2b T`Q#H2KX S�`i AA, *QKTH2tBiv �M�HvbBbX �`sBp T`2T`BMi �`sBp,RNRRXydk83X
je

(N3) >�bb�M- JX � ai�KK- "X UkykyVX � HBM2�` b+�HBM; BM �++m`�+v MmK2`B+�H K2i?Q/ 7Q`
+QKTmiBM; i?2 2H2+i`Qbi�iB+ 7Q`+2b BM i?2 N @#Q/v /B2H2+i`B+ bT?2`2b T`Q#H2KX �++2Ti2/ 7Q`
Tm#HB+�iBQM BM *QKKmMB+�iBQMb BM *QKTmi�iBQM�H S?vbB+b- �`sBp,kyykXyR8dNX je

(NN) >2Bb2M#2`;- qX URNk8VX ɂ#2` [m�Mi2Mi?2Q`2iBb+?2 lK/2mimM; FBM2K�iBb+?2` mM/ K2+?@
�MBb+?2` "2xB2?mM;2MX w2Bib+?`B7i 7Ƀ` S?vbBF- jj- 3d8Ĝ3NjX R8j

(Ryy) >Q+FM2v- _XqX � 1�birQQ/- CXqX URN33VX *QKTmi2` bBKmH�iBQM mbBM; T�`iB+H2bX *_*
S`2bbX jj

(RyR) >ƴ`K�M/2`- GX UkyyjVX h?2 �M�HvbBb Q7 HBM2�` T�`iB�H /Bz2`2MiB�H QT2`�iQ`b A, .Bbi`B#miBQM
i?2Q`v �M/ 6Qm`B2` �M�HvbBbX aT`BM;2`@o2`H�;- "2`HBM >2B/2H#2`;- kM/ 2/MX kj9- kje

(Ryk) >QmbiQM- SX � aȽHB- 1X UkyyRVX ?T@�/�TiBp2 /Bb+QMiBMmQmb :�H2`FBM }MBi2 2H2K2Mi K2i?@
Q/b 7Q` }`bi@Q`/2` ?vT2`#QHB+ T`Q#H2KbX aA�J CQm`M�H QM a+B2MiB}+ *QKTmiBM;- kj- RkkeĜ
Rk8kX 88- Rkd

(Ryj) >QmbiQM- SX- a+?r�#- *X � aȽHB- 1X UkyyyVX ai�#BHBx2/ ?T@}MBi2 2H2K2Mi K2i?Q/b 7Q`
}`bi@Q`/2` ?vT2`#QHB+ T`Q#H2KbX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- jd- ReR3ĜRe9jX 88-
Rkd

(Ry9) >QmbiQM- SX- a+?r�#- *X � aȽHB- 1X UkyykVX .Bb+QMiBMmQmb ?T@}MBi2 2H2K2Mi K2i?Q/b
7Q` �/p2+iBQM@/BzmbBQM@`2�+iBQM T`Q#H2KbX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb- jN- kRjjĜ
kRejX 88

(Ry8) >bB�Q- :X*X � q2M/H�M/- qXGX Ukyy3VX "QmM/�`v BMi2;`�H 2[m�iBQMb- pQHX Re9 Q7 �TTHB2/
J�i?2K�iB+�H a+B2M+2bX aT`BM;2`@o2`H�;- "2`HBMX k9- kd- kN- 9k- 9d- 93

(Rye) >vMMBM2M- �XSX- *?`BbiQp�- *X:X- o�M _QBD- _X- o�M "H��/2`2M- �X � .BDFbi`�-
JX UkyyeVX S`2/B+iBQM �M/ Q#b2`p�iBQM Q7 +`vbi�H bi`m+im`2b Q7 QTTQbBi2Hv +?�`;2/ +QHHQB/bX
S?vbB+�H _2pB2r G2ii2`b- NeX jj

(Ryd) AHHBM;rQ`i?- *XCX � .QK2M2- *X UkyyNVX J�Mv@#Q/v 2z2+ib �M/ bBKmH�iBQMb Q7 TQi�b@
bBmK +?�MM2HbX S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv �, J�i?2K�iB+�H- S?vbB+�H �M/ 1M;BM22`BM;
a+B2M+2b- 9e8- RdyRĜRdReX jj
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(Ry3) C�?MF2- >X UkyyjVX � ?BbiQ`v Q7 �M�HvbBb- pQHX k9 Q7 >BbiQ`v Q7 K�i?2K�iB+bX �K2`B+�M
J�i?2K�iB+�H aQ+B2ivX R8N

(RyN) C�T?2i- *X- L�i�7- 6X � _Q;B2`- 6X UkyyRVX h?2 QTiBKBx2/ Q`/2` k K2i?Q/, �TTHB+�iBQM
iQ +QMp2+iBQMĜ/BzmbBQM T`Q#H2KbX 6mim`2 :2M2`�iBQM *QKTmi2` avbi2Kb- R3- RdĜjyX kRd-
kR3- k9j

(RRy) C2�M[m�`iB2`- SX URNdNVX h`�Mb7Q`K�iBQM /2 J2HHBM 2i /ûp2HQTT2K2Mi �bvKTiQiB[m2bX
GǶ1Mb2B;M2K2Mi J�i?ûK�iB[m2- k8- k38Ĝjy3X kk3

(RRR) E�MiQ`QpB+?- GXoX � E`vHQp- oXAX URN83VX �TT`QtBK�i2 K2i?Q/b Q7 ?B;?2` �M�HvbBbX
h`�MbH�i2/ 7`QK i?2 j`/ _mbbB�M 2/BiBQM #v *X .X "2Mbi2`- AMi2`b+B2M+2 Sm#HBb?2`b- AM+X-
L2r uQ`Fc SX LQQ`/?Qz Gi/X- :`QMBM;2MX RNk- kyk- ky9

(RRk) EH�Ki- �X � a+?ȽȽ`K�MM- :X URNNjVX *PaJP, � M2r �TT`Q�+? iQ /B2H2+i`B+ b+`22MBM;
BM bQHp2Mib rBi? 2tTHB+Bi 2tT`2bbBQMb 7Q` i?2 b+`22MBM; 2M2`;v �M/ Bib ;`�/B2MiX CQm`M�H Q7
i?2 *?2KB+�H aQ+B2iv- S2`FBM h`�Mb�+iBQMb k- dNNĜ3y8X R89- R8d- R83

(RRj) EM2#2- �X- :`22M- �X � "BMM2v- CX UkyyRVX JmHiB@H2p2H �/�TiBp2 T�`iB+H2 K2b?
UJG�SJV, � +Q/2 7Q` +QbKQHQ;B+�H bBKmH�iBQMbX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- jk8- 398Ĝ3e9X jj

(RR9) EQ+?- qX � >QHi?�mb2M- JX*X UkyyRVX � +?2KBbiǶb ;mB/2 iQ /2MbBiv 7mM+iBQM�H i?2Q`vX
CQ?M qBH2v � aQMb- Gi/X R8j

(RR8) EQ?M- qX- "2+F2- �X.X � S�``- _X:X URNNeVX .2MbBiv 7mM+iBQM�H i?2Q`v Q7 2H2+i`QMB+
bi`m+im`2X h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v- Ryy- RkNd9ĜRkN3yX R8j

(RRe) EQbiB�BM2M- JX�X- >B2FF�i�BT�H2- SX- G�B?Q- �X- G2KB2mt- oX- a2BibQM2M- CX-
_mQFQH�BM2M- CX � *2+B- SX UkyRjVX 1H2+i`Qbi�iB+ �bb2K#Hv Q7 #BM�`v M�MQT�`iB+H2 bm@
T2`H�iiB+2b mbBM; T`Qi2BM +�;2bX L�im`2 L�MQi2+?MQHQ;v- 3- 8kX jj

(RRd) E`�K2`b- >X�X � >2Bb2M#2`;- qX URNk8VX ɂ#2` /B2 bi`2mmM; pQM bi`�?HmM; /m`+?
�iQK2X w2Bib+?`B7i 7Ƀ` S?vbBF- jR- e3RĜdy3X R8j

(RR3) E`2bb- _X UkyR9VX GBM2�` BMi2;`�H 2[m�iBQMb- pQHX 3k Q7 �TTHB2/ J�i?2K�iB+�H a+B2M+2bX
aT`BM;2`- L2r uQ`F- j`/ 2/MX k9- kd- 9k

(RRN) G�#�MQrbFB- CXEX � �M/x2HK- CXqX URNNRVX .2MbBiv 7mM+iBQM�H K2i?Q/b BM +?2KBbi`vX
aT`BM;2`@o2`H�;- L2r uQ`FX R8j

(Rky) G2+Qmp2x- JX UkyR8VX Ai2`�iBp2 K2i?Q/b 7Q` /QK�BM /2+QKTQbBiBQM rBi?Qmi Qp2`H�T rBi?
2tTQM2MiB�H +QMp2`;2M+2 7Q` i?2 >2HK?QHix 2[m�iBQMX h?ĕb2- 1+QH2 SQHvi2+?MB[m2X kky

(RkR) G22- oX- q�BimF�BiBb- aX- JBbFBM- JX � C�2;2`- >X UkyR8VX .B`2+i Q#b2`p�iBQM Q7
T�`iB+H2 BMi2`�+iBQMb �M/ +Hmbi2`BM; BM +?�`;2/ ;`�MmH�` bi`2�KbX L�im`2 S?vbB+b- RR- djjX
jN

(Rkk) GB- SX- CQ?MbiQM- >X � E`�bMv- _X UkyyNVX � +�`i2bB�M i`22+Q/2 7Q` b+`22M2/ +QmHQK#
BMi2`�+iBQMbX CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b- kk3- j383Ĝj3e3X jj

(Rkj) GB- uX- w?�M;- sX � *�Q- .X UkyRjVX a2H7@�bb2K#Hv Q7 T�ii2`M2/ M�MQT�`iB+H2b QM +2HHmH�`
K2K#`�M2b, 2z2+i Q7 +?�`;2 /Bbi`B#miBQMX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v "- RRd- edjjĜ
ed9yX j9
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(Rk9) GB�M;- uX- >BH�H- LX- G�M;biQM- SX � ai�`Qp- oX UkyydVX AMi2`�+iBQM 7Q`+2b #2ir22M
+QHHQB/�H T�`iB+H2b BM HB[mB/, h?2Q`v �M/ 2tT2`BK2MiX �/p�M+2b BM *QHHQB/ �M/ AMi2`7�+2
a+B2M+2- Rj9- R8RĜReeX jj

(Rk8) GB2b2M- CX � hB+?ɱ- SX Ukyy9VX *QMp2`;2M+2 �M�HvbBb Q7 E`vHQp bm#bT�+2 K2i?Q/bX :�JJ
JBiiX :2bX �M;2rX J�i?X J2+?X- kd- R8jĜRdjX 33- Ne- Ryk

(Rke) GBM/;`2M- 1X"X- ai�KK- "X- *?�M- >XEX- J�/�v- uX- ai�+2- �XCX � "2bH2v- 1X
UkyRdVX h?2 2z2+i Q7 HBF2@+?�`;2 �ii`�+iBQM QM �2`QbQH ;`Qri? BM i?2 �iKQbT?2`2 Q7 hBi�MX
A+�`mb- kNR- k98Ĝk8jX Rk3

(Rkd) GBM/;`2M- 1X"X- ai�+2- �XCX- SQH�+F- 1X- J�/�v- uX- ai�KK- "X � "2bH2v- 1X
UkyR3VX �M BMi2;`�H 2[m�iBQM �TT`Q�+? iQ +�H+mH�i2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM K�Mv@#Q/v
/B2H2+i`B+ bvbi2KbX CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+bX j9- j8- je- 8e- 33- Rye- Rk3

(Rk3) GBM/;`2M- 1X"X- ai�KK- "X- J�/�v- uX- "2bH2v- 1X � ai�+2- �XCX UkyR3VX .v@
M�KB+ bBKmH�iBQMb Q7 K�Mv@#Q/v 2H2+i`Qbi�iB+ b2H7@�bb2K#HvX S?BHQbQT?B+�H h`�Mb�+iBQMb Q7
i?2 _Qv�H aQ+B2iv �, J�i?2K�iB+�H- S?vbB+�H �M/ 1M;BM22`BM; a+B2M+2b- jdeX jN- Ny- RR8-
Rk3

(RkN) GBM/;`2M- 1X"X- Zm�M- *X � ai�KK- "X UkyRNVX h?2Q`2iB+�H �M�HvbBb Q7 b+`22M2/ K�Mv@
#Q/v 2H2+i`Qbi�iB+ BMi2`�+iBQMb #2ir22M +?�`;2/ TQH�`Bx�#H2 T�`iB+H2bX h?2 CQm`M�H Q7 +?2K@
B+�H T?vbB+b- R8y- y99NyRX Rk3

(Rjy) GBMb2- SX Ukyy3VX 1H2+i`Qbi�iB+b BM i?2 T`2b2M+2 Q7 bT?2`B+�H /B2H2+i`B+ /Bb+QMiBMmBiB2bX h?2
CQm`M�H Q7 *?2KB+�H S?vbB+b- Rk3- kR98y8X j9

(RjR) GBQMb- CXGX � J�;2M2b- 1X URNdkVX LQM@?QKQ;2M2Qmb #QmM/�`v p�Hm2 T`Q#H2Kb �M/
�TTHB+�iBQMbX oQHX A X aT`BM;2`@o2`H�;- L2r uQ`F@>2B/2H#2`;- i`�MbH�i2/ 7`QK i?2 6`2M+? #v
SX E2MM2i?- .B2 :`mM/H2?`2M /2` K�i?2K�iBb+?2M qBbb2Mb+?�7i2M- "�M/ R3RX 89

(Rjk) GBQMb- SXGX URN33VX PM i?2 a+?r�`x �Hi2`M�iBM; K2i?Q/X AX AM 6B`bi AMi2`M�iBQM�H avKTQ@
bBmK QM .QK�BM .2+QKTQbBiBQM J2i?Q/b 7Q` S�`iB�H .Bz2`2MiB�H 1[m�iBQMb US�`Bb- RN3dV-
RĜ9k- aA�J- S?BH�/2HT?B�- S�X R83- ReR- Re9- kR3

(Rjj) GBQMb- SXGX URN3NVX PM i?2 a+?r�`x �Hi2`M�iBM; K2i?Q/X AAX aiQ+?�biB+ BMi2`T`2i�iBQM �M/
Q`/2` T`QT2`iB2bX AM a2+QM/ AMi2`M�iBQM�H avKTQbBmK QM .QK�BM .2+QKTQbBiBQM J2i?Q/b
7Q` S�`iB�H .Bz2`2MiB�H 1[m�iBQMb UGQb �M;2H2b- RN33V- 9dĜdy- aA�J- S?BH�/2HT?B�- S�X
ReR- Re9- Ree- RNk- kyk- ky9

(Rj9) GBQMb- SXGX URNNyVX PM i?2 a+?r�`x �Hi2`M�iBM; K2i?Q/X AAA, � p�`B�Mi 7Q` MQMQp2`H�TTBM;
bm#/QK�BMbX AM h?B`/ AMi2`M�iBQM�H avKTQbBmK QM .QK�BM .2+QKTQbBiBQM J2i?Q/b 7Q`
S�`iB�H .Bz2`2MiB�H 1[m�iBQMb U>QmbiQM- RN3NV- kykĜkkj- aA�J- S?BH�/2HT?B�- S�X Rey-
ReR

(Rj8) GBTT�`BMB- 6X- ai�KK- "X- *�M+2b- 1X- J�/�v- uX � J2MMm++B- "X UkyRjVX 6�bi
/QK�BM /2+QKTQbBiBQM �H;Q`Bi?K 7Q` +QMiBMmmK bQHp�iBQM KQ/2Hb, 1M2`;v �M/ }`bi /2`Bp�@
iBp2bX CQm`M�H Q7 *?2KB+�H h?2Q`v �M/ *QKTmi�iBQM- N- jejdĜje93X R83- Rej- kRR

(Rje) GBTT�`BMB- 6X- G�;�`/Đ`2- GX- a+�HK�MB- :X- ai�KK- "X- *�M+Đb- 1X- J�/�v- uX-
SB[m2K�H- CX- 6`Bb+?- JXCX � J2MMm++B- "X UkyR9VX Zm�MimK +�H+mH�iBQMb BM bQHmiBQM
7Q` H�`;2 iQ p2`v H�`;2 KQH2+mH2b, � M2r HBM2�` b+�HBM; ZJf+QMiBMmmK �TT`Q�+?X CQm`M�H
Q7 S?vbB+�H *?2KBbi`v G2ii2`b- 8- N8jĜN83X Rdd- kyN- kRy- kRk

k8d
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(Rjd) GBTT�`BMB- 6X- a+�HK�MB- :X- G�;�`/Đ`2- GX- ai�KK- "X- *�M+Đb- 1X- J�/�v- uX-
SB[m2K�H- CX- 6`Bb+?- JXCX � J2MMm++B- "X UkyR9VX Zm�MimK- +H�bbB+�H- �M/ ?v#`B/
ZJfJJ +�H+mH�iBQMb BM bQHmiBQM, :2M2`�H BKTH2K2Mi�iBQM Q7 i?2 //*PaJP HBM2�` b+�HBM;
bi`�i2;vX CQm`M�H Q7 *?2KB+�H S?vbB+b- R9R- R39Ry3X RRe- Rej- kRR

(Rj3) GQi�M- AX � >2�/@:Q`/QM- hX UkyyeVX �M �M�HviB+�H 2H2+i`Qbi�iB+ KQ/2H 7Q` b�Hi b+`22M2/
BMi2`�+iBQMb #2ir22M KmHiBTH2 T`Qi2BMbX CQm`M�H Q7 *?2KB+�H h?2Q`v �M/ *QKTmi�iBQM- k-
89RĜ888X j9

(RjN) Gƴr2M- >X � E`�KTQbi?m#2`- :X URNNjVX PTiBK�H 2z2+iBp2 T�B` TQi2MiB�H 7Q` +?�`;2/
+QHHQB/bX 1SG U1m`QT?vbB+b G2ii2`bV- kjX jj

(R9y) Gm- "X- w?�M;- .X � J+*�KKQM- �X Ukyy8VX *QKTmi�iBQM Q7 2H2+i`Qbi�iB+ 7Q`+2b #2@
ir22M bQHp�i2/ KQH2+mH2b /2i2`KBM2/ #v i?2 SQBbbQMĜ"QHixK�MM 2[m�iBQM mbBM; � #QmM/�`v
2H2K2Mi K2i?Q/X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- Rkk- kR9RykX RRe

(R9R) J�;M�b+Q- oX UkyRjVX *?�Ti2` ReĜ SQbi@>�`i`22@6Q+F K2i?Q/bX AM oX JX- 2/X- 1H2K2Mi�`v
KQH2+mH�` [m�MimK K2+?�MB+b- e3R Ĝ dkk- 1Hb2pB2`- Pt7Q`/- b2+QM/ 2/BiBQM 2/MX R8j

(R9k) J�`+�iB- *X UkyR3VX .Bb+QMiBMmQmb ?T }MBi2 2H2K2Mi K2i?Q/b 7Q` 2HHBTiB+ 2B;2Mp�Hm2 T`Q#@
H2Kb rBi? bBM;mH�` TQi2MiB�HbX S?X.X i?2bBb- aQ`#QMM2 lMBp2`bBiû- i?ĕb2X kk3

(R9j) J�i?2r- hX URNN3VX lMB7Q`K +QMp2`;2M+2 Q7 i?2 a+?r�`x �Hi2`M�iBM; K2i?Q/ 7Q` bQHpBM;
bBM;mH�`Hv T2`im`#2/ �/p2+iBQM@/BzmbBQM 2[m�iBQMbX aA�J CQm`M�H QM LmK2`B+�H �M�HvbBb-
j8- ReejĜRe3jX Ree- Red

(R99) J�tr2HH- CX*X UR3e8VX oAAAX � /vM�KB+�H i?2Q`v Q7 i?2 2H2+i`QK�;M2iB+ }2H/X S?BHQbQT?B+�H
i`�Mb�+iBQMb Q7 i?2 _Qv�H aQ+B2iv Q7 GQM/QM- 98NĜ8RkX e

(R98) J�xǰv�- oX:X URNNRVX "QmM/�`v BMi2;`�H 2[m�iBQMbX AM �M�HvbBb- Ao - pQHX kd Q7 1M+v+HQT�2@
/B� Q7 J�i?2K�iB+�H a+B2M+2b- RkdĜkkk- aT`BM;2`- "2`HBMX 9d

(R9e) J+*�`iv- GXaX- qBMFH2K�M- �X � q?Bi2bB/2b- :XJX UkyydVX 1H2+i`Qbi�iB+ b2H7@
�bb2K#Hv Q7 TQHvbiv`2M2 KB+`QbT?2`2b #v mbBM; +?2KB+�HHv /B`2+i2/ +QMi�+i 2H2+i`B}+�iBQMX
�M;2r�M/i2 *?2KB2 AMi2`M�iBQM�H 1/BiBQM- 9e- kyeĜkyNX jj- jN

(R9d) J+G2�M- qX UkyyyVX ai`QM;Hv 2HHBTiB+ bvbi2Kb �M/ #QmM/�`v BMi2;`�H 2[m�iBQMbX *�K#`B/;2
lMBp2`bBiv S`2bbX R9- k9- kd- 9k- RjR- Rj8

(R93) J2MMm++B- "X � *�KKB- _X Ukyy3VX *QMiBMmmK bQHp�iBQM KQ/2Hb BM +?2KB+�H T?vbB+b,
6`QK i?2Q`v iQ �TTHB+�iBQMbX CQ?M qBH2v � aQMb- Gi/X R89

(R9N) J2MMm++B- "X- *�M+Đb- 1X � hQK�bB- CX URNNdVX 1p�Hm�iBQM Q7 bQHp2Mi 2z2+ib BM BbQi`QTB+
�M/ �MBbQi`QTB+ /B2H2+i`B+b �M/ BM BQMB+ bQHmiBQMb rBi? � mMB}2/ BMi2;`�H 2[m�iBQM K2i?Q/,
i?2Q`2iB+�H #�b2b- +QKTmi�iBQM�H BKTH2K2Mi�iBQM- �M/ MmK2`B+�H �TTHB+�iBQMbX h?2 CQm`M�H
Q7 S?vbB+�H *?2KBbi`v "- RyR- Ry8yeĜRy8RdX R8d

(R8y) J2MMm++B- "X- *�KKB- _X � hQK�bB- CX URNN3VX 1t+Bi2/ bi�i2b �M/ bQHp�iQ+?`QKB+ b?B7ib
rBi?BM � MQM2[mBHB#`BmK bQHp�iBQM �TT`Q�+?, � M2r 7Q`KmH�iBQM Q7 i?2 BMi2;`�H 2[m�iBQM
7Q`K�HBbK K2i?Q/ �i i?2 b2H7@+QMbBbi2Mi }2H/- +QM};m`�iBQM BMi2`�+iBQM- �M/ KmHiB+QM};@
m`�iBQM b2H7@+QMbBbi2Mi }2H/ H2p2HX h?2 CQm`M�H Q7 +?2KB+�H T?vbB+b- RyN- kdN3Ĝk3ydX R89-
R8d- R83

(R8R) J2``BHH- CXqX- a�BMBb- aXEX � .m7`2bM2- 1X_X UkyyNVX J�Mv@#Q/v 2H2+i`Qbi�iB+
7Q`+2b #2ir22M +QHHQB/�H T�`iB+H2b �i p�MBb?BM; BQMB+ bi`2M;i?X S?vbB+�H _2pB2r G2ii2`b- Ryj-
Rj3jyRX jj
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(R8k) J2bbBM�- _X UkyykVX AK�;2 +?�`;2b BM bT?2`B+�H ;2QK2i`v, �TTHB+�iBQM iQ +QHHQB/�H bvbi2KbX
h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RRd- RRyekĜRRyd9X jj- j9

(R8j) J2bbM2`- JX- "`�K�b- "X- *QmH�m/- PX � .�`p2- 1X UkyRkVX PTiBKBx2/ JkG
F2`M2Hb 7Q` i?2 *?2#vb?2p BMi2`TQH�iBQM #�b2/ 7�bi KmHiBTQH2 K2i?Q/X �`sBp T`2T`BMi
�`sBp,RkRyXdkNkX Rye

(R89) JB2`imȌ- aX- a+`Q++Q- 1X � hQK�bB- CX URN3RVX 1H2+i`Qbi�iB+ BMi2`�+iBQM Q7 � bQHmi2
rBi? � +QMiBMmmKX � /B`2+i miBHBx�BQM Q7 �# BMBiBQ KQH2+mH�` TQi2MiB�Hb 7Q` i?2 T`2pBbBQM Q7
bQHp2Mi 2z2+ibX *?2KB+�H S?vbB+b- 88- RRdĜRkNX R89- R8d

(R88) JȽHH2`- *X URNeNVX 6QmM/�iBQMb Q7 i?2 K�i?2K�iB+�H i?2Q`v Q7 2H2+i`QK�;M2iB+ r�p2bX
_2pBb2/ �M/ 2MH�`;2/ i`�MbH�iBQM 7`QK i?2 :2`K�MX .B2 :`mM/H2?`2M /2` K�i?2K�iBb+?2M
qBbb2Mb+?�7i2M- "�M/ R88- aT`BM;2`@o2`H�;- L2r uQ`F@>2B/2H#2`;X 9d

(R8e) L�+?iB;�H- LX- _2//v- aX � h`272i?2M- GX URNNkVX >Qr 7�bi �`2 MQMbvKK2i`B+ K�i`Bt
Bi2`�iBQMb\ aA�J CQm`M�H QM J�i`Bt �M�HvbBb �M/ �TTHB+�iBQMb- Rj- dd3ĜdN8X 3N

(R8d) L�?BM- SXCX URNNkVX J�tr2HHǶb ;`�M/ mMB}+�iBQMX A111 aT2+i`mK- kNX e

(R83) L2mK�MM- CX UkyR3VX J�i?2K�iB+�H 7QmM/�iBQMb Q7 [m�MimK K2+?�MB+bX S`BM+2iQM lMBp2`@
bBiv S`2bb- S`BM+2i2QM- L2r C2`b2vX R8j

(R8N) L2riQM- AX URe3dVX S?BHQbQT?B¤ L�im`�HBb S`BM+BTB� J�i?2K�iB+�X jj

(Rey) LBFQ- uX- E�r�m+?B- aX � EQMBb?B- :X UkyRjVX aQHp�iQ+?`QKB+ Sv`2M2 �M�HQ;m2b Q7
S`Q/�M 2t?B#BiBM; 2ti`2K2Hv ?B;? ~mQ`2b+2M+2 [m�MimK vB2H/b BM �TQH�` �M/ TQH�` bQHp2MibX
*?2KBbi`v Ĝ � 1m`QT2�M CQm`M�H- RN- NdeyĜNde8X R89

(ReR) S�+?2+Q- SX UkyRRVX �M BMi`Q/m+iBQM iQ T�`�HH2H T`Q;`�KKBM;X JQ`;�M E�m7K�MM- "QbiQMX
Re8

(Rek) S�MQ7bFv- qXEX � S?BHHBTb- JX URNekVX *H�bbB+�H 2H2+i`B+Biv �M/ K�;M2iBbKX a2+QM/
2/BiBQMX �//BbQM@q2bH2v a2`B2b BM S?vbB+b- �//BbQM@q2bH2v Sm#HBb?BM; *QX- AM+X- _2�/BM;-
J�bbX@GQM/QMX RRe

(Rej) S�``- _X:X URN3yVX .2MbBiv 7mM+iBQM�H i?2Q`v Q7 �iQKb �M/ KQH2+mH2bX AM >Q`BxQMb Q7
[m�MimK +?2KBbi`v- 8ĜR8- .X _2B/2H Sm#HBb?BM; *QKT�Mv- .Q`/`2+?i- >QHH�M/X R8j

(Re9) S�i2H- aX- J�+F2`2HH C`X- �X � "`QQFb- *XGX Ukyy9VX *>�_JJ ~m+im�iBM; +?�`;2
7Q`+2 }2H/ 7Q` T`Qi2BMb, AA S`Qi2BMfbQHp2Mi T`QT2`iB2b 7`QK KQH2+mH�` /vM�KB+b bBKmH�iBQMb
mbBM; � MQM�//BiBp2 2H2+i`Qbi�iB+ KQ/2HX CQm`M�H Q7 *QKTmi�iBQM�H *?2KBbi`v- k8- R8y9Ĝ
R8R9X jj

(Re8) SQ?H- >X�X URN3eVX :B�Mi TQH�`Bx�iBQM BM ?B;? TQHvK2`bX CQm`M�H Q7 1H2+i`QMB+ J�i2`B�Hb-
R8- kyRĜkyjX Ny

(Ree) SQBM+�`ö- >X UR3NyVX am` H2 T`Q#HĕK2 /2b i`QBb +Q`Tb 2i H2b û[m�iBQMb /2 H� /vM�KB[m2X
�+i� J�i?2K�iB+�- Rj- �jĜ�kdyX jj

(Red) SQHH�+F- :X � aimKT- .X UkyykVX 1H2+i`QK�;M2iBbKX �//BbQM q2bH2v- a�M 6`�M+Bb+QX
RRe

(Re3) S`Q+?{xF�- EX- ȋBM/2HF�- EX- q�M;- sX- GBKTQm+?Qp{- wX � GŌb�H- JX UkyReVX
a2H7@�bb2K#Hv �M/ +Q@�bb2K#Hv Q7 #HQ+F TQHv2H2+i`QHvi2b BM �[m2Qmb bQHmiBQMbX .BbbBT�iBp2
T�`iB+H2 /vM�KB+b rBi? 2tTHB+Bi 2H2+i`Qbi�iB+bX JQH2+mH�` S?vbB+b- RR9- jyddĜjyNkX j9

k8N
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(ReN) SmH�v- SX URN3yVX *QMp2`;2M+2 �++2H2`�iBQM Q7 Bi2`�iBp2 b2[m2M+2bX h?2 +�b2 Q7 a*6 Bi2`@
�iBQMX *?2KB+�H S?vbB+b G2ii2`b- dj- jNjĜjN3X Re9- kRR- ked

(Rdy) ZBM- CX- GB- CX- G22- oX- C�2;2`- >X- /2 S�#HQ- CX � 6`22/- EX UkyReVX � i?2Q`v Q7
BMi2`�+iBQMb #2ir22M TQH�`Bx�#H2 /B2H2+i`B+ bT?2`2bX CQm`M�H Q7 *QHHQB/ �M/ AMi2`7�+2 a+B2M+2-
9eN- kjdĜk9RX j9

(RdR) ZBm@.QM;- qX URNNyVX h?2 ;HQ#�H bQHmiBQM Q7 i?2 M@#Q/v T`Q#H2KX *2H2biB�H J2+?�MB+b
�M/ .vM�KB+�H �bi`QMQKv- 8y- djĜ33X jj

(Rdk) Zm�M- *X � ai�KK- "X UkyRdVX J2b?BM; KQH2+mH�` bm`7�+2b #�b2/ QM �M�HviB+�H BKTHB+Bi
`2T`2b2Mi�iBQMX CQm`M�H Q7 JQH2+mH�` :`�T?B+b �M/ JQ/2HHBM;- dR- kyyĜkRyX R88

(Rdj) Zm�M- *X- ai�KK- "X � J�/�v- uX UkyR3VX � /QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` i?2
TQH�`Bx�#H2 +QMiBMmmK KQ/2H #�b2/ QM i?2 bQHp2Mi 2t+Hm/2/ bm`7�+2X J�i?2K�iB+�H JQ/2Hb
�M/ J2i?Q/b BM �TTHB2/ a+B2M+2b- k3- RkjjĜRkeeX R83- kRy- kRk

(Rd9) Zm�M- *X- ai�KK- "X � J�/�v- uX UkyRNVX � /QK�BM /2+QKTQbBiBQM K2i?Q/ 7Q` i?2
SQBbbQMĜ"QHixK�MM bQHp�iBQM KQ/2HbX aA�J CQm`M�H QM a+B2MiB}+ *QKTmiBM;- 9R- "jkyĜ
"j8yX R89- R83

(Rd8) Zm�`i2`QMB- �X � o�HHB- �X URNNNVX .QK�BM .2+QKTQbBiBQM J2i?Q/b 7Q` S�`iB�H .B7@
72`2MiB�H 1[m�iBQMbX Pt7Q`/ lMBp2`bBiv S`2bb- Pt7Q`/- lEX Rey

(Rde) _�TTö- �XEX- *�b2rBi- *XCX- *QHr2HH- EXaX- :Q//�`/ AAA- qX�X � aFB77- qXJX
URNNkVX l66- � 7mHH T2`BQ/B+ i�#H2 7Q`+2 }2H/ 7Q` KQH2+mH�` K2+?�MB+b �M/ KQH2+mH�` /v@
M�KB+b bBKmH�iBQMbX CQm`M�H Q7 i?2 �K2`B+�M *?2KB+�H aQ+B2iv- RR9- Ryyk9ĜRyyj8X R89-
R88- kRy- ke8

(Rdd) _Bbi2MT�`i- qX.X- �Fb�v- AX�X � a�pBHH2- .X�X UkyyjVX 1H2+i`B+�HHv ;mB/2/ �bb2K#Hv
Q7 TH�M�` bmT2`H�iiB+2b BM #BM�`v +QHHQB/�H bmbT2MbBQMbX S?vbB+�H _2pB2r G2ii2`b- Ny- Rk3jyjX
jj

(Rd3) _QF?HBM- oX URN3jVX aQHmiBQM Q7 �+QmbiB+ b+�ii2`BM; T`Q#H2Kb #v K2�Mb Q7 b2+QM/ FBM/
BMi2;`�H 2[m�iBQMbX q�p2 JQiBQMX �M AMi2`M�iBQM�H CQm`M�H _2TQ`iBM; _2b2�`+? QM q�p2
S?2MQK2M�- 8- k8dĜkdkX 9d

(RdN) _m/BM- qX URN3dVX _2�H �M/ +QKTH2t �M�HvbBbX J+:`�r@>BHH "QQF *QX- L2r uQ`F- j`/ 2/MX
kk3- kjy- kjR

(R3y) _m/BM- qX URNNRVX 6mM+iBQM�H �M�HvbBbX L2r uQ`F- Lu, J+:`�r@>BHH- kM/ 2/MX kj8- kje

(R3R) a��/- uX URN3RVX E`vHQp bm#bT�+2 K2i?Q/b 7Q` bQHpBM; H�`;2 mMbvKK2i`B+ HBM2�` bvbi2KbX
J�i?2K�iB+b Q7 *QKTmi�iBQM- jd- Ry8ĜRkeX 3N

(R3k) a��/- uX UkyyjVX Ai2`�iBp2 K2i?Q/b 7Q` bT�`b2 HBM2�` bvbi2KbX aQ+B2iv 7Q` AM/mbi`B�H �M/
�TTHB2/ J�i?2K�iB+b- S?BH�/2HT?B�- S�- kM/ 2/MX 3N- R99

(R3j) a��/- uX � a+?mHix- JX URN3eVX :J_1a, � ;2M2`�HBx2/ KBMBK�H `2bB/m�H �H;Q`Bi?K 7Q`
bQHpBM; MQMbvKK2i`B+ HBM2�` bvbi2KbX aA�J CQm`M�H QM a+B2MiB}+ �M/ ai�iBbiB+�H *QKTmi@
BM;- d- 38eĜ3eNX 33- R99- Re9

(R39) a�;mB- *X � .�`/2M- hX�X URNNNVX JQH2+mH�` /vM�KB+b bBKmH�iBQMb Q7 #BQKQH2+mH2b,
GQM;@`�M;2 2H2+i`Qbi�iB+ 2z2+ibX �MMm�H _2pB2r Q7 "BQT?vbB+b �M/ "BQKQH2+mH�` ai`m+im`2-
k3- R88ĜRdNX jj- RRe

key
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(R38) a�mi2`- aX � a+?r�#- *X UkyRyVX "QmM/�`v 1H2K2Mi J2i?Q/bX aT`BM;2`@o2`H�;- "2`HBMX
R9- ky- kR- kk- kj- k9- kd- kN- 9R- 9k- 9j- 99- 9d- 93- ek- R8d- kky

(R3e) a+�HK�MB- :X � 6`Bb+?- JXCX UkyRyVX *QMiBMmQmb bm`7�+2 +?�`;2 TQH�`Bx�#H2 +QMiBMmmK
KQ/2Hb Q7 bQHp�iBQMX AX :2M2`�H 7Q`K�HBbKX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- Rjk- RR9RRyX
R83

(R3d) a+?`ƴ/BM;2`- 1X URN3kVX *QHH2+i2/ T�T2`b QM r�p2 K2+?�MB+b- pQHX jykX �Ja *?2Hb2�
Sm#HBb?BM;X R8j

(R33) a+?r�`ix- GX URNeeVX h?ûQ`B2 /2b /Bbi`B#miBQMbX Sm#HB+�iBQMb /2 HǶAMbiBimi /2 J�i?ûK�@
iB[m2 /2 HǶlMBp2`bBiû /2 ai`�b#Qm`;- LQX As@sX LQmp2HH2 û/BiBQM- 2MiBû`2K2Mi +Q``B;û2- `2@
7QM/m2 2i �m;K2Miû2- >2`K�MM- S�`BbX Re

(R3N) a+?r�`x- >X�X UR3dyVX l2#2` 2BM2M :`2MxɃ#2`;�M; /m`+? �Hi2`MB`2M/2b o2`7�?`2MX
oB2`i2HD�?`bb+?`B7i /2` L�im`7Q`b+?2M/2M :2b2HHb+?�7i BM wɃ`B+?- R8- kdkĜk3eX R8N- ke9

(RNy) a?2p+?2MFQ- 1XoX- h�H�TBM- .XoX- EQiQp- LX�X- Pǰ#`B2M- aX � Jm``�v- *X"X
UkyyeVX ai`m+im`�H /Bp2`bBiv BM #BM�`v M�MQT�`iB+H2 bmT2`H�iiB+2bX L�im`2- 9jN- 88X jj

(RNR) a?m#BM- JX�X UkyyRVX Sb2m/Q/Bz2`2MiB�H QT2`�iQ`b �M/ bT2+i`�H i?2Q`vX a2+QM/ 2/BiBQMX
h`�MbH�i2/ 7`QK i?2 _mbbB�M #v aX AX �M/2`bbQM- aT`BM;2`@o2`H�;- "2`HBMX kRN

(RNk) aQ?- aX- GBm- >X- *�/2K�`iB`B- _X- uQQM- >XCX � q?Bi2bB/2b- :X UkyR9VX *?�`;BM; Q7
KmHiBTH2 BMi2`�+iBM; T�`iB+H2b #v +QMi�+i 2H2+i`B}+�iBQMX CQm`M�H Q7 i?2 �K2`B+�M *?2KB+�H
aQ+B2iv- Rje- Rjj93ĜRjj89X jN

(RNj) ai�KK- "X- *�M+Đb- 1X- GBTT�`BMB- 6X � J�/�v- uX UkyReVX � M2r /Bb+`2iBx�iBQM 7Q`
i?2 TQH�`Bx�#H2 +QMiBMmmK KQ/2H rBi?BM i?2 /QK�BM /2+QKTQbBiBQM T�`�/B;KX h?2 CQm`M�H
Q7 +?2KB+�H T?vbB+b- R99- y89RyRX R83

(RN9) ai2BM- 1XJX URNdyVX aBM;mH�` BMi2;`�Hb �M/ /Bz2`2MiB�#BHBiv T`QT2`iB2b Q7 7mM+iBQMbX S`BM+2@
iQM J�i?2K�iB+�H a2`B2b- LQX jy- S`BM+2iQM lMBp2`bBiv S`2bb- S`BM+2iQM- LXCX kRN- kkk- kk9-
kk8

(RN8) ai2BM#�+?- PX Ukyy3VX LmK2`B+�H �TT`QtBK�iBQM K2i?Q/b 7Q` 2HHBTiB+ #QmM/�`v p�Hm2 T`Q#@
H2Kb, 6BMBi2 �M/ #QmM/�`v 2H2K2MibX aT`BM;2`@o2`H�;- L2r uQ`FX k9- kd- 9k

(RNe) ai2BM#�+?- PX � q2M/H�M/- qXGX UkyyRVX PM *X L2mK�MMǶb K2i?Q/ 7Q` b2+QM/@Q`/2`
2HHBTiB+ bvbi2Kb BM /QK�BMb rBi? MQM@bKQQi? #QmM/�`B2bX CQm`M�H Q7 J�i?2K�iB+�H �M�HvbBb
�M/ �TTHB+�iBQMb- kek- djjĜd93X 9d- 93

(RNd) amM/K�M- EX6X URNRjVX JûKQB`2 bm` H2 T`Q#HĕK2 /2b i`QBb +Q`TbX �+i� K�i?2K�iB+�- je-
Ry8ĜRdNX jj

(RN3) ax�#Q- �X � PbiHmM/- LXaX URN3NVX JQ/2`M [m�MimK +?2KBbi`v, AMi`Q/m+iBQM iQ �/@
p�M+2/ 2H2+i`QMB+ bi`m+im`2 i?2Q`vX J+:`�r@>BHH Sm#HBb?BM; *QKT�Mv- L2r uQ`FX R8j

(RNN) hQK�bB- CX � S2`bB+Q- JX URNN9VX JQH2+mH�` BMi2`�+iBQMb BM bQHmiBQM, �M Qp2`pB2r Q7
K2i?Q/b #�b2/ QM +QMiBMmQmb /Bbi`B#miBQMb Q7 i?2 bQHp2MiX *?2KB+�H _2pB2rb- N9- kykdĜ
kyN9X R8d

(kyy) hQK�bB- CX- *�M+Đb- 1X- SQK2HHB- *XaX- *�`B+�iQ- JX- a+�HK�MB- :X- 6`Bb+?-
JXCX- *�KKB- _X- "�bBH2pbFv- JXoX- *?m2p- :XLX � J2MMm++B- "X UkyydVX JQ/2`M
i?2Q`B2b Q7 +QMiBMmmK KQ/2Hb- +?�TX R- RĜRkjX CQ?M qBH2v � aQMb- Gi/X R89- R8e

keR
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(kyR) hQb2HHB- �X � qB/HmM/- PX Ukyy8VX .QK�BM /2+QKTQbBiBQM K2i?Q/bě�H;Q`Bi?Kb �M/
i?2Q`v- pQHX j9 Q7 aT`BM;2` a2`B2b BM *QKTmi�iBQM�H J�i?2K�iB+bX aT`BM;2`@o2`H�;- "2`HBMX
R83- Rey- ReR

(kyk) p�M /2` o��`i- �X- "m`bmH�v�- "X.X- "`QQFb- *XGX � J2`x- EXJX UkyyyVX �`2
K�Mv@#Q/v 2z2+ib BKTQ`i�Mi BM T`Qi2BM 7QH/BM;\ h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v "-
Ry9- N889ĜN8ejX jj

(kyj) p�M _QBD- _X � >�Mb2M- CXSX URNNdVX o�M /2` q��HbĜHBF2 BMbi�#BHBiv BM bmbT2MbBQMb Q7
Kmim�HHv `2T2HHBM; +?�`;2/ +QHHQB/bX S?vbB+�H _2pB2r G2ii2`b- dNX jj

(ky9) o2`+?Qi�- :X URN39VX G�v2` TQi2MiB�Hb �M/ `2;mH�`Biv 7Q` i?2 .B`B+?H2i T`Q#H2K 7Q`
G�TH�+2Ƕb 2[m�iBQM BM GBTb+?Bix /QK�BMbX CQm`M�H Q7 6mM+iBQM�H �M�HvbBb- 8N- 8dkĜeRRX
93

(ky8) oB+Q- 6X- :`22M;�`/- GX � :BK#mi�b- wX UkyR9VX "QmM/�`v BMi2;`�H 2[m�iBQM �M�HvbBb
QM i?2 bT?2`2X LmK2`Bb+?2 J�i?2K�iBF- Rk3- 9ejĜ93dX Rj9

(kye) oQM S2i2`b/Q`77- hX URN3NVX "QmM/�`v BMi2;`�H 2[m�iBQMb 7Q` KBt2/ .B`B+?H2i- L2mK�MM
�M/ i`�MbKBbbBQM T`Q#H2KbX J�i?2K�iB+�H J2i?Q/b BM i?2 �TTHB2/ a+B2M+2b- RR- R38ĜkRjX
9d

(kyd) q�HF2`- >X6X � LB- SX UkyRRVX �M/2`bQM �++2H2`�iBQM 7Q` }t2/@TQBMi Bi2`�iBQMbX aA�J
CQm`M�H QM LmK2`B+�H �M�HvbBb- 9N- RdR8ĜRdj8X kRR- ked

(ky3) q2M- SX- :�Q- wX- w?�M;- _X- GB- �X- w?�M;- 6X- GB- CX- sB2- CX- qm- uX- qm- JX �
:mQ- EX UkyRdVX �@π@.@π@� +�`#�xQH2 /2`Bp�iBp2b rBi? `2K�`F�#H2 bQHp�iQ+?`QKBbK �M/
K2+?�MQ`2bTQMbBp2 HmKBM2b+2M+2 im`M@QMX CQm`M�H Q7 J�i2`B�Hb *?2KBbi`v * - 8- eRjeĜeR9jX
R89

(kyN) sm- wX UkyRjVX 1H2+i`Qbi�iB+ BMi2`�+iBQM BM i?2 T`2b2M+2 Q7 /B2H2+i`B+ BMi2`7�+2b �M/
TQH�`Bx�iBQM@BM/m+2/ HBF2@+?�`;2 �ii`�+iBQMX S?vbB+�H _2pB2r 1- 3d- yRjjydX j9

(kRy) u�T- 1X>X � >2�/@:Q`/QM- hX UkyRjVX *�H+mH�iBM; i?2 #BKQH2+mH�` `�i2 Q7 T`Qi2BMĜ
T`Qi2BM �bbQ+B�iBQM rBi? BMi2`�+iBM; +`Qr/2`bX CQm`M�H Q7 *?2KB+�H i?2Q`v �M/ *QKTmi�iBQM-
N- k93RĜk93NX jj

(kRR) uQ`F- .XJX � E�`THmb- JX URNNNVX � bKQQi? bQHp�iBQM TQi2MiB�H #�b2/ QM i?2
+QM/m+iQ`@HBF2 b+`22MBM; KQ/2HX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v �- Ryj- RRyeyĜRRydNX
R83

(kRk) w?�M;- .X- :QMx�H2x@JQxm2HQb- SX � PHp2`� /2 H� *`mx- JX UkyRyVX *Hmbi2` 7Q`@
K�iBQM #v +?�`;2/ M�MQT�`iB+H2b QM � bm`7�+2 BM �[m2Qmb bQHmiBQMX h?2 CQm`M�H Q7 S?vbB+�H
*?2KBbi`v * - RR9- jd89ĜjdekX j9

kek



GBbi Q7 6B;m`2b

RXR G�iiB+2 bi`m+im`2b +QKTQb2/ Q7 +?�`;2/ /B2H2+i`B+ bT?2`B+�H T�`iB+H2bX S`�+iBiBQM2`b
�`2- 7Q` BMbi�M+2- BMi2`2bi2/ BM +QKTmiBM; i?2 bm`7�+2 +?�`;2 QM 2�+? T�`iB+H2X X X k

RXk �iQKB+ bi`m+im`2b Q7 i?`22 BM+`2�bBM;Hv H�`;2 #BQHQ;B+�H KQH2+mH2bX h?2 KQH2+mH2b
�`2 `2T`2b2Mi2/ �b mMBQMb Q7 BMi2`b2+iBM; bT?2`B+�H +�pBiB2b rBi? 2�+? +�pBiv +Q`@
`2bTQM/BM; iQ QM2 �iQKX � +QKKQM T`Q#H2K BM +?2KB+�H T?vbB+b Bb iQ +QKTmi2
i?2 2H2+i`B+ TQi2MiB�H QM i?2 bm`7�+2 Q7 i?2 KQH2+mH�` +�pBiv BM i?2 T`2b2M+2 Q7 �
TQH�`Bb�#H2 bQHp2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

RXj P`;�MBb�iBQM Q7 i?Bb /Bbb2`i�iBQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X 9
RX9 � pBbm�H `2T`2b2Mi�iBQM Q7 � T�`�HH2H@TH�i2 +�T�+BiQ`X �i i?2 iQT �M/ #QiiQK UBM

`2/V �`2 i?2 +QM/m+iBM; TH�i2b Q7 i?2 +�T�+BiQ` +�``vBM; +?�`;2 ±QX h?Bb +?�`;2
QM i?2 +QM/m+iBM; TH�i2b `2bmHib BM �M 2H2+i`B+ }2H/ EX h?2 BMbmH�iBM; /B2H2+i`B+
K�i2`B�H BMbB/2 i?2 +�T�+BiQ` Bb b?QrM BM #Hm2X �b r2 b?�HH b22- i?2 2H2+i`B+ }2H/
E T`Q/m+2b iBMv /BTQH2b Ub?QrM BM ;`22MV BM i?2 /B2H2+i`B+ K2/BmKX X X X X X X X 3

RX8 � b2KB@+H�bbB+�H KQ/2H Q7 �M �iQK +QMbBbiBM; Q7 � TQbBiBp2Hv +?�`;2/ Mm+H2mb UBM
`2/V bm``QmM/2/ #v � M2;�iBp2Hv +?�`;2/ 2H2+i`QM +HQm/ UBM #Hm2VX AM i?2 T`2b2M+2
Q7 �M 2H2+i`B+ }2H/ E- i?2 TQbBiBQM Q7 i?2 2H2+i`QM +HQm/ Bb /BbTH�+2/ `2H�iBp2 iQ i?2
TQbBiBQM Q7 i?2 Mm+H2mbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N

RXe h?2 ;2QK2i`B+ b2iiBM; mb2/ iQ /2`Bp2 i�M;2MiB�H DmKT +QM/BiBQMb 7Q` i?2 2H2+i`B+
}2H/ �+`Qbb � /B2H2+i`B+ BMi2`7�+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR

RXd h?2 ;2QK2i`B+ b2iiBM; mb2/ iQ /2`Bp2 MQ`K�H DmKT +QM/BiBQMb 7Q` i?2 2H2+i`B+ }2H/
�+`Qbb � /B2H2+i`B+ BMi2`7�+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

kXR � ;2QK2i`B+�H +QM};m`�iBQM +QMbBbiBM; Q7 Rk bT?2`B+�H /B2H2+i`B+ T�`iB+H2b rBi?
/Bz2`2Mi /B2H2+i`B+ +QMbi�Mib �M/ `�/BBX X X X X X X X X X X X X X X X X X X X X X X X 9y

jXR 6`QK H27i iQ `B;?i, i?2 ;2QK2i`v Ω−
2 rBi? kd T�`iB+H2b- i?2 ;2QK2i`v Ω−

4 rBi? Rk8
T�`iB+H2b- �M/ i?2 ;2QK2i`v Ω−

6 rBi? j9j T�`iB+H2bX X X X X X X X X X X X X X X X X X 8e
jXk h?2 ;2QK2i`B+ b2iiBM;b 7Q` #Qi? b2ib Q7 MmK2`B+�H 2tT2`BK2MibX X X X X X X X X X X 83
jXj GQ;@HBM THQi Q7 i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 p2`bmb i?2 MmK#2`

Q7 /B2H2+i`B+ bT?2`2b N X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83
jX9 GQ;@HBM THQi Q7 i?2 �p2`�;2 2``Q` BM i?2 BM/m+2/ bm`7�+2 +?�`;2 p2`bmb i?2 K�tBKmK

/2;`22 ℓmax Q7 bT?2`B+�H ?�`KQMB+b BM i?2 �TT`QtBK�iBQM bT�+2X X X X X X X X X X X 8N

9XR G27i, �M 2t�KTH2 Q7 i?2 T`Q#H2K ;2QK2i`vX _B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b
� 7mM+iBQM Q7 i?2 MmK#2` N Q7 bT?2`B+�H T�`iB+H2bX X X X X X X X X X X X X X X X X X Ryd

9Xk G27i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi `�iBQ κ
κ0

X
_B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 `�/BB `�iBQ max rj

min rj
X X X X X Ryd

9Xj G27i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 i?2 KBMBKmK bT?2`2 b2T�`�@
iBQMX _B;?i, h?2 HBM2�` bQHp2` Bi2`�iBQMb �b � 7mM+iBQM Q7 ℓmax 7Q` p2`v bK�HH �M/
KQ/2`�i2 b2T�`�iBQMbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RyN

9X9 6JJ 2``Q`b pbX /Bb+`2iBb�iBQM 2``Q`b 7Q` /Bz2`2Mi +?QB+2b Q7 6JJ T�`�K2i2`bX X RRR

kej
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9X8 *QKTmi�iBQM iBK2b 7Q` Qm` bQHmiBQM bi`�i2;B2b X X X X X X X X X X X X X X X X X X X RRk

8XR h?2 irQ #�bB+ ;2QK2i`B+ b2iiBM;b r2 mb2 7Q` i?2 K�DQ`Biv Q7 Qm` MmK2`B+�H 2t@
T2`BK2MibX .Bz2`2Mi +QHQm`b BM/B+�i2 i?2 /2;`22 Q7 TQH�`Bb�iBQM rBi? /�`F `2/
BM/B+�iBM; TQbBiBp2 �M/ /22T #Hm2 BM/B+�iBM; M2;�iBp2 +?�`;2X X X X X X X X X X X X R98

8Xk GQ;@HBM THQib Q7 i?2 �p2`�;2 2``Q` BM i?2 2H2+i`Qbi�iB+ 7Q`+2b �M/ BM/m+2/ bm`7�+2
+?�`;2 �b � 7mM+iBQM Q7 i?2 /Bb+`2iBb�iBQM T�`�K2i2` ℓmaxX 6Q` +QKT�`BbQM- i?2
7Q`+2 QM 2�+? T�`iB+H2 Bb O(10−2) �M/ i?2 +?�`;2 QM 2�+? bT?2`2 Bb O(1)X X X X X X R9e

8Xj h?2 2z2+ib Q7 i?2 b2T�`�iBQM /Bbi�M+2 s QM i?2 �TT`QtBK�iBQM 2``Q`b Q7 i?2 2H2+@
i`Qbi�iB+ 7Q`+2b 7Q` }t2/ /Bb+`2iBb�iBQM T�`�K2i2` ℓmax = 10X X X X X X X X X X X X R9d

8X9 h?2 �p2`�;2 2``Q`b BM i?2 2H2+i`Qbi�iB+ 7Q`+2b �b � 7mM+iBQM Q7 i?2 MmK#2` N Q7
bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX 6Q` +QKT�`BbQM- i?2 7Q`+2 QM 2�+? T�`iB+H2 Bb O(10−2)XR93

8X8 *QKTmi�iBQM iBK2b Q7 i?2 2H2+i`Qbi�iB+ 7Q`+2b �b � 7mM+iBQM Q7 i?2 MmK#2` N Q7
bT?2`B+�H /B2H2+i`B+ T�`iB+H2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9N

eXR 1t�KTH2b Q7 o/q �M/ a1a KQH2+mH�` +�pBiB2bX X X X X X X X X X X X X X X X X X X X R88
eXk h?2 S*J �M/ *PaJP KQ/2Hb +QKT�`2/X h?2 KQH2+mH�` +�pBiv BM #Qi? +�b2b

?�b #22M +QMbi`m+i2/ mbBM; i?2 p�M /2` q��Hb +QMp2MiBQMX X X X X X X X X X X X X X R88
eXj � bBKTH2 2t�KTH2 Q7 � p�M /2` q��Hb KQH2+mH�` +�pBiv Q7 i?2 ivT2 i?�i r2 bim/v

BM i?Bb b2+iBQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8e
eX9 h?2 ;2QK2i`v +QMbB/2`2/ #v a+?r�`x UBM ?Bb Q`B;BM�H T�T2` (R3N)- i?2 `2+i�M;H2

r�b BM 7�+i � b[m�`2VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8N
eX8 h?2 ;2QK2i`B+�H b2iiBM; 7Q` 1[m�iBQM UeXRjVX q2 Q#b2`p2 i?�i i?2 KQH2+mH�` +�pBiv

Ω− Bb +QKTQb2/ Q7 irQ BMi2`b2+iBM; �iQKB+ +�pBiB2b Ω1 �M/ Ω2X X X X X X X X X X X Rej
eXe �M 2t�KTH2b Q7 � ivTB+�H ǳ+?�BM@HBF2Ǵ /QK�BM UH27iV �M/ � ǳ;HQ#mH�`Ǵ /QK�BM

U`B;?iVX h?2 /BbFb `2T`2b2Mi BM/BpB/m�H bm#/QK�BMbX X X X X X X X X X X X X X X X X Ree

3XR �M 2t�KTH2 Q7 � +QHH2+iBQM Q7 /BbFb {Ωi}Ni=1 ⊂ R2 QM � i`B�M;mH�` H�iiB+2 +QKTQb2/
Q7 /Qib �M/ /�b?2/ HBM2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd3

3Xk �M 2t�KTH2 Q7 i?`22 BMi2`b2+iBM; bm#/QK�BMb Ω1- Ω2 �M/ Ω3 UH27iV- 2ti2`M�H �M/
BMi2`M�H #QmM/�`B2b Q7 Ω1- �M/ #QmM/�`B2b Q7 Ω2 �M/ Ω3 BMi2`b2+iBM; Ω1 U`B;?iVX RdN

3Xj h?2 bF2H2iQM �M/ BMi2`BQ` bF2H2iQM +Q``2bTQM/BM; iQ i?2 bm#/QK�BM Ω7 �`2 b?QrMX
LQiB+2 i?�i i?2 /Bz2`2M+2 #2ir22M i?2 bF2H2iQM �M/ i?2 BMi2`BQ` bF2H2iQM Q7 Ω7

;Bp2M #v i?2 TQBMib Q7 S7 i?�i BMi2`b2+i ∂Ω7, S7 \ Sint7 = S7 ∩ ∂Ω7X X X X X X X X X R3y
3X9 G27i, �M 2t�KTH2 Q7 � /QK�BM Ω = ∪N

j=1Ωj U�b � +QHH2+iBQM Q7 /BbFbV �M/ Bib
+Q``2bTQM/BM; ;`�T? U#H�+F MQ/2b �M/ 2/;2bVX LQiB+2 i?2 T`2b2M+2 Q7 irQ ǳT2M/BM;
bm#/QK�BMbǴ �M/ � ǳ?QH2ǴX _B;?i, G�v2`b +Q``2bTQM/BM; iQ i?2 H27i };m`2X AM
T�`iB+mH�`- i?2 #Hm2 MQ/2b `2T`2b2Mi L1 UG�v2` RV- i?2 `2/ MQ/2b L2 UG�v2` kV-
�M/ i?2 #H�+F MQ/2 L3 UG�v2` jVX X X X X X X X X X X X X X X X X X X X X X X X X X X R3k

3X8 �M 2t�KTH2 Q7 � T�i?QHQ;B+�H ;2QK2i`v r?2`2 i?2 TQBMi P Bb �M BbQH�i2/ TQBMi
Q7 Γext

1 X AM i?Bb +�b2- QM2 Kmbi bHB;?iHv KQ/B7v i?2 /2}MBiBQMb Q7 i?2 T�`iBiBQM Q7
mMBiv 7mM+iBQMb χ2

1 �M/ χ3
1 �i i?2 TQBMi P BM Q`/2` iQ 2Mbm`2 i?�i #Qi? 7mM+iBQMb

�`2 r2HH@/2}M2/ �M/ +QMiBMmQmb QM BMi
(
Γint
1

)
X X X X X X X X X X X X X X X X X X X X X R3j

3Xe _2T`2b2Mi�iBQM Q7 i?2 K�Tb Ej �M/ Rj , � 7mM+iBQM uj : Γj → R Bb 2ti2M/2/
?�`KQMB+�HHv BM Ωj #v Ej X h?2 ?�`KQMB+ 2ti2MbBQM wj := Ej(uj) Bb i?2M `2bi`B+i2/
iQ i?2 bF2H2iQM Sj #v i?2 K�T Rj X X X X X X X X X X X X X X X X X X X X X X X X X X X R39

3Xd 1t�KTH2 Q7 i?2 �TTHB+�iBQM Q7 G2KK� 3XNX � 7mM+iBQM v : ∂Ωj → R bm+? i?�i
v(x) ∈ [0, 1] 7Q` �HH x ∈ ∂Ωj rBi? v(x) < 1 7Q` x ∈ Γk,0

j 7Q` bQK2 k Ui?B+F ;`�v �`+ BM
i?2 H27i TB+im`2V Bb K�TT2/ #v i?2 QT2`�iQ` Rj ◦Ej QM iQ � 7mM+iBQM w := Rj(Ej(v))
/2}M2/ QM Sj �M/ b�iBb7vBM; w(x) ∈ [0, 1] 7Q` �HH x ∈ Sj - w(x) < 1 7Q` �HH x ∈ Sintj X R3d

ke9
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3X3 G27i, .QK�BM Ω �M/ +Q``2bTQM/BM; ;`�T?X AMBiB�H ;m2bb u0 = 1 U;`2vV QM ∂Ωj 7Q`
j = 1, . . . , N X _B;?i, _2bmHi �7i2` i?2 }`bi Bi2`�iBQMX h?2 bm#/QK�BMb BM r?Bi2
UH�v2` RV �`2 i?2 QM2b i?�i ?�p2 #2;mM iQ 2tT2`B2M+2 � +QMi`�+iBQM- i?�i Bb u1 ∈ V1XRN8

3XN G27i, _2bmHi �7i2` i?2 b2+QM/ Bi2`�iBQMX h?2 bm#/QK�BMb BM G�v2` k ?�p2 #2;mM
iQ 2tT2`B2M+2 � +QMi`�+iBQM �M/ ?2M+2 �`2 `2T`2b2Mi2/ BM r?Bi2 bQ i?�i u2 ∈ V2X
_B;?i, _2bmHi �7i2` i?2 i?B`/ Bi2`�iBQMX h?2 +QMi`�+iBQM ?�b MQr T`QT�;�i2/ iQ
i?2 i?B`/ H�v2`- r?B+? Bb /BbTH�v2/ BM r?Bi2 bQ i?�i u3 ∈ V3X 6m`i?2`KQ`2- i?2 bm#@
/QK�BMb BM G�v2` R �`2 `2T`2b2Mi2/ BM `2/ bBM+2 i?2v �`2 +QMi`�+iBM; 2p2`vr?2`2
QM i?2 bF2H2iQM- BX2X- 2bb supSj

u3
j < 1 7Q` �HH j ∈ L1X X X X X X X X X X X X X X X X X RNe

3XRy G27i, _2bmHi �7i2` i?2 7Qm`i? Bi2`�iBQMX h?2 +QMi`�+iBQM ?�b T`QT�;�i2/ iQ i?2
7Qm`i? H�v2`- r?B+? Bb /BbTH�v2/ BM r?Bi2X aBM+2 �HH bm#/QK�BMb ?�p2 #2;mM iQ
2tT2`B2M+2 � +QMi`�+iBQM- r2 ?�p2 u4 ∈ V4X JQ`2Qp2`- i?2 bm#/QK�BMb BM G�v2`
R �M/ G�v2` k �`2 +QMi`�+iBM; 2p2`vr?2`2 QM i?2 bF2H2iQM- BX2Xǲ 2bb supSj

u4
j < 1

7Q` �HH j ∈ L1 ∩ L2X h?mb- G�v2`b R �M/ k �`2 /BbTH�v2/ BM `2/X _B;?i, _2bmHi
�7i2` i?2 }7i? Bi2`�iBQMX �HH i?2 bm#/QK�BMb �`2 +QMi`�+iBM; 2p2`vr?2`2 BM i?2B`
bF2H2iQMb �M/ �`2 i?2`27Q`2 /BbTH�v2/ BM `2/X Ai i?2`27Q`2 ?QH/b i?�i u5 ∈ C4 �M/
�7i2` Nmax + 1 = 5 Bi2`�iBQMb r2 }M�HHv Q#b2`p2 � +QMi`�+iBQM BM i?2 BM}MBiv MQ`KX RNe

3XRR 1t�KTH2 Q7 � HBM2�` +?�BM Q7 N +QHHBM2�` bm#/QK�BMb UmMBi /BbFbVX X X X X X X X X RNd
3XRk � /QK�BM Ω +QMbBbiBM; Q7 i?2 mMBQM Q7 irQ bm#/QK�BMb Ω1 UH27iV �M/ Ω2 U`B;?iVX

LQiB+2 i?�i �Hi?Qm;? Ω1 �M/ Ω2 �`2 #Qi? GBTb+?Bix- i?2 Qp2`H�T Ω1 ∩ Ω2 Bb MQM@
GBTb+?BixX G2KK� 3XRk 7�BHb 7Q` i?Bb +?QB+2 Q7 bm#/QK�BMbX X X X X X X X X X X X X kyj

3XRj h?2 /Bz2`2Mi ;2QK2i`B2b mb2/ 7Q` i?2 }`bi b2i Q7 MmK2`B+�H +QKTmi�iBQMbX h?2
+QHQm` b+?2K2 Bb Tm`2Hv +QbK2iB+X LQi2 i?�i #Qi? i?2 `�/BB �M/ i?2 /Bbi�M+2
#2ir22M i?2 +2Mi`2b Q7 i?2 bm#/QK�BMb BM i?2 i?`22 ;2QK2i`B2b �`2 i?2 b�K2X X X ky8

3XR9 LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? i`BTH2 BMi2`b2+iBQMbXkye
3XR8 LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? i`BTH2 BMi2`b2+iBQMbXkye
3XRe h?2 /Bz2`2Mi ;2QK2i`B2b mb2/ 7Q` i?2 b2+QM/ b2i Q7 MmK2`B+�H +QKTmi�iBQMbX h?2

+QHQm` b+?2K2 Bb Tm`2Hv +QbK2iB+X LQi2 i?�i #Qi? i?2 `�/BB �M/ i?2 /Bbi�M+2
#2ir22M i?2 +2Mi`2b Q7 i?2 bm#/QK�BMb BM i?2 i?`22 ;2QK2i`B2b Bb i?2 b�K2X X X X kyd

3XRd LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? [m�/`mTH2 BMi2`@
b2+iBQMbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky3

3XR3 LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; � +QKTmi�iBQM�H /QK�BM rBi? [m�/`mTH2 BMi2`@
b2+iBQMbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky3

3XRN LmK2`B+�H +QKTmi�iBQMb BMpQHpBM; #Qi? +QMiBMmQmb �M/ /Bb+QMiBMmQmb T�`iBiBQM
Q7 mMBiv 7mM+iBQMbX h?2 +QKTmi�iBQM�H /QK�BM +QMbBbib Q7 i`BTH2 BMi2`b2+iBQM bm#@
/QK�BMb �b /BbTH�v2/ BM 6B;m`2 3XRjX X X X X X X X X X X X X X X X X X X X X X X X X X kyN

3Xky �iQKB+ ai`m+im`2b Q7 ǵ;HQ#mH�`Ƕ *�`#QtvH�b2 �M/ ǵ+?�BM@HBF2Ƕ >Bp@R@;T9RX h?2
+QHQm` Q7 2�+? �iQKB+ +�pBiv /2MQi2b i?2 ivT2 Q7 �iQK, v2HHQr /2MQi2b *�`#QM-
`2/ /2MQi2b >v/`Q;2M- ;`22M /2MQi2b LBi`Q;2M- #Hm2 /2MQi2b Ptv;2M �M/ K�;2Mi�
/2MQi2b amHT?m`X h?2 �iQKB+ +�pBiB2b r2`2 +QMbi`m+i2/ mbBM; RXR iBK2b i?2 `�/BB
Q#i�BM2/ 7`QK i?2 lMBp2`b�H 6Q`+2 6B2H/ Ul66V (Rde)X X X X X X X X X X X X X X X X kRy

3XkR GQ;@GBM THQi Q7 i?2 AM}MBiv MQ`K Q7 i?2 �TT`QtBK�i2 bQHmiBQM �7i2` 2�+? Bi2`�iBQM
Q7 i?2 SaJX �HH bBKmH�iBQMb r2`2 BMBiB�HBb2/ rBi? � +QMbi�Mi ǶQM2Ƕ p2+iQ` �M/ �
x2`Q `B;?i@?�M/ bB/2 r�b BKTQb2/X X X X X X X X X X X X X X X X X X X X X X X X X X X kRk

3Xkk �iQKB+ ai`m+im`2b Q7 ǵ;HQ#mH�`Ƕ *�`#QtvH�b2 �M/ ǵ+?�BM@HBF2Ƕ >Bp@R@;T9RX PM+2
�;�BM- i?2 +QHQm` Q7 2�+? �iQKB+ +�pBiv /2MQi2b i?2 ivT2 Q7 �iQK, v2HHQr /2MQi2b
*�`#QM- `2/ /2MQi2b >v/`Q;2M- ;`22M /2MQi2b LBi`Q;2M- #Hm2 /2MQi2b Ptv;2M �M/
K�;2Mi� /2MQi2b amHT?m`X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kRj

NXR h?2 /QK�BM /2+QKTQbBiBQM Ω = Ω1 ∪ Ω2 mb2/ BM i?2 Bi2`�iBp2 T`Q+2/m`2 UNXkVX X kRN
NXk �M 2t�KTH2 Q7 i?2 TQHv;QM�H /QK�BM Ω rBi? � /2+QKTQbBiBQM Q7 i?2 #QmM/�`v

∂Ω mbBM; � }MBi2 +Qp2` P Q7 QT2M /BbFbX X X X X X X X X X X X X X X X X X X X X X X kkj

ke8



GAah P6 6A:l_1a

NXj �M 2t�KTH2 Q7 � +Q`M2` c ∈ ∂Ω rBi? mMBi p2+iQ`b e± ∈ R2 /2b+`B#BM; i?2 M2B;?@
#Qm`BM; 2/;2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kke

NX9 oBbm�H _2T`2b2Mi�iBQM Q7 i?2 b2ib Rβ - C+
β - �M/ C−

β 7Q` β = 1
2 X X X X X X X X X X X X kkN

kee



GBbi Q7 h�#H2b

RXR h?2 /Bz2`2MiB�H 7Q`K Q7 J�tr2HHǶb 2[m�iBQMb BM aA mMBibX >2`2- E �M/ B /2MQi2
i?2 2H2+i`B+ �M/ K�;M2iB+ }2H/b `2bT2+iBp2Hv- ρ Bb i?2 2H2+i`B+ +?�`;2 /2MbBiv- ϵ0 �M/
µ0 �`2 T?vbB+�H +QMbi�Mib �M/ /2MQi2 i?2 bQ@+�HH2/ T2`KBiiBpBiv �M/ T2`K2�#BHBiv
Q7 7`22 bT�+2 `2bT2+iBp2Hv- �M/ J Bb i?2 2H2+i`B+ +m``2Mi /2MbBivX X X X X X X X X X X e

jXR a+�HBM; Q7 p�`BQmb [m�MiBiB2b �TT2�`BM; BM h?2Q`2Kb jXRk �M/ jXRjX X X X X X X X X 8d

3XR q�HH@iBK2b UBM b2+QM/bV �M/ �bvKTiQiB+ +QMp2`;2M+2 `�i2b Q7 i?2 //*PaJP �H;Q@
`Bi?KX hBK2b H2bb i?�M R b2+QM/ ?�p2 #22M `QmM/2/ iQ QM2X h?2 r�HH@iBK2b r2`2
Q#i�BM2/ #v bQHpBM; i?2 mM/2`HvBM; HBM2�` bvbi2K mbBM; i?2 .AAa �H;Q`Bi?K BMi`Q@
/m+2/ #v S2i2` SmH�v BM [m�MimK +QKTmi�iBQM�H +?2KBbi`v (ReN)X LQi2 i?�i i?2
.AAa �H;Q`Bi?K Bb bBKTHv �M/2`bQM �++2H2`�iBQMX h?2b2 �++2H2`�iBQMb �`2 �TTHB2/
iQ i?2 SaJ �b � bi�iBQM�`v K2i?Q/- r?B+? Bb 2bb2MiB�HHv 2[mBp�H2Mi iQ :J_1a
T`2+QM/BiBQM2/ rBi? i?2 SaJ (kyd)X h?2 �bvKTiQiB+ +QMp2`;2M+2 `�i2b r2`2 +�H@
+mH�i2/ mbBM; i?2 SaJ �b � bi�iBQM�`v K2i?Q/X X X X X X X X X X X X X X X X X X X X kRR

3Xk o�`BQmb ;2QK2i`B+�H T`QT2`iB2b Q7 2�+? #BQHQ;B+�H KQH2+mH2 +QMbB/2`2/ BM i?2 Mm@
K2`B+�H bBKmH�iBQMbX h?2 �p2`�;2 Qp2`H�T /Bbi�M+2 Bb +�H+mH�i2/ #v +QMbB/2`BM; �
T�B` Q7 M2B;?#Qm`BM; �iQKb- +QKTmiBM; i?2 /Bz2`2M+2 #2ir22M i?2 bmK Q7 i?2 irQ
`�/BB �M/ i?2 /Bbi�M+2 #2ir22M i?2 +2Mi`2b- �M/ i?2M i�FBM; i?2 �p2`�;2 Qp2` �HH
T�B`b Q7 M2B;?#Qm`BM; �iQKbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kRR

3Xj o�`BQmb ;2QK2i`B+�H T`QT2`iB2b Q7 2�+? #BQHQ;B+�H KQH2+mH2 rBi? i?2 �iQKB+ +�pBiB2b
+QMbi`m+i2/ mbBM; i?2 a�a /2}MBiBQMX X X X X X X X X X X X X X X X X X X X X X X X X kRj

3X9 h?2 MmK#2` Q7 Bi2`�iBQMb Q7 SaJ `2[mB`2/ iQ bQHp2 i?2 //*PaJP bvbi2K Q7
2[m�iBQMb mT iQ � }t2/ iQH2`�M+2 7Q` 2�+? KQH2+mH2X X X X X X X X X X X X X X X X X kRj

ked




	1 General Introduction
	1.1 Overview
	1.2 Electrostatics in Dielectric Media
	1.3 Mathematical Preliminaries
	1.4 Introduction to Boundary Integral Operators

	I Integral Equations for N-Body Polarisable Electrostatics
	2 Introduction
	2.1 Overview and Motivation
	2.2 PDE-based Formulation of the N-Body Dielectric Spheres Problem
	2.3 Integral Equation Formulation of the N-Body Dielectric Spheres Problem
	2.4 Existing Literature on Integral Equations for N-Body Problems and its Limitations

	3 Error Analysis of the Integral Equation Formulation of the N-Body Dielectric Spheres Problem
	3.1 Main Theoretical Results
	3.2 Supporting Numerical Evidence
	3.3 Proofs
	3.4 Conclusion

	4 Complexity Analysis of the Integral Equation Formulation of the N-Body Dielectric Spheres Problem
	4.1 Brief Recap
	4.2 Convergence Analysis of the Linear Solver and Solution Strategies
	4.3 Numerical Experiments
	4.4 Conclusion

	5 A Linear Scaling in Accuracy Numerical Method for Computing the Electrostatic Forces in the N-Body Dielectric Spheres Problem
	5.1 Definition of the Exact and Approximate Electrostatic Forces
	5.2 Error Analysis for the Electrostatic Forces
	5.3 Solution Strategy and Numerical Results
	5.4 Conclusion


	II Domain Decomposition in Implicit Solvation Models
	6 Introduction
	6.1 General Context
	6.2 The COSMO Implicit Solvation Model
	6.3 Schwarz Domain Decomposition Methods
	6.4 ddCOSMO: A Domain Decomposition Strategy for Solving COSMO
	6.5 Existing Literature on the Scalability of Domain Decomposition Methods

	7 The Scalability of the Schwarz Method in One Dimension
	7.1 Setting and Main Results
	7.2 Proofs

	8 The Scalability of the Schwarz Method in Higher Dimensions
	8.1 The Schwarz Method in Two Dimensions
	8.2 Extensions to More General Settings
	8.3 Numerical Experiments
	8.4 Application to Bio-Molecules: van der Waals and SAS Cavities
	8.5 Conclusions


	III Boundary Integral Operators in Domain Decomposition
	9 Continuity Estimates for Riesz Potentials on Polygonal Boundaries
	9.1 Introduction
	9.2 Basic Notions
	9.3 Riesz Potentials on Polygonal Boundaries
	9.4 Recap on Mellin Transform
	9.5 Detailed study of Mellin symbols of Riesz potentials
	9.6 Application to Corner Operators
	9.7 Conclusion

	10 Summary and Outlook
	Bibliography
	List of Figures
	List of Tables


